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Introduction 
 
The symposium series MACAS (Mathematics and its Connections to the Arts and Sciences) 
was founded in 2005 by an international group of researchers and held for the first time at 
the University of Education Schwäbsich Gmünd, Germany. Subsequent MACAS-meetings 
were held in Odense, Denmark (2007), and in Moncton, Canada (2009). For its 
10th anniversary in 2015 MACAS turned back to Schwäbisch Gmünd and in 2017 it 
returned to Denmark, this time Copenhagen. In 2019, MACAS was held in Montréal, 
Canada. 

The vision which the MACAS-initiative is based upon is to develop a humanistic approach 
to education that combines various disciplines in a single curriculum – an approach first 
suggested by renaissance philosophers. According to this philosophical notion, the aim is to 
educate students by enabling them to pursue diverse fields of research while at the same 
time exploring the aesthetic and scientific connections between the arts and science. In view 
of the challenges of the 21st century, a modern approach to education with a focus on multi- 
and interdisciplinarity is more important than ever. The field of mathematics assumes a key 
role in this approach as it is connected to all other disciplines and can serve as a bridge 
between them. This is the approach of MACAS – Mathematics and its Connections to the 
Arts and Sciences. 

MACAS brings together educators and researchers focused on or connected to these fields 
of study: both those well-established at the forefront of international research and practice 
and emerging young talents. The conference provides a breeding ground for scientific 
exchange, new partnerships and reflection on commonalities and differences between 
different viewpoints and approaches. 

MACAS-2019 targets researchers and educators from mathematics, sciences, arts, 
humanities, philosophy, educational sciences and other disciplines that are intrinsically 
connected to mathematics. Previous MACAS-meetings have shown that there is more than 
one way of approaching these connections in research and practice. By focusing specifically 
on the theme “MACAS in the Digital Era” and aiming to take a closer look at future 
challenges and the role of interdisciplinary mathematical education in the digital era, we are 
open to a broader spectrum of contributions. Hence, the following topics are also of interest 
for MACAS: 
• Theoretical investigation of the relation between mathematics, arts and sciences. 
• Curricular approaches to integrate mathematics and sciences. 
• The importance of mathematical modelling and interdisciplinarity for studying and 
 learning mathematics. 
• The importance of arts and humanities for the understanding of the connections between 
 arts, humanities and mathematics in ordinary everyday situations. 
• Historical and intercultural dimensions of studying mathematics. 
• Critical issues in STEM and STEAM education. 
• Mathematical creativity from an interdisciplinary perspective. 
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The 2019 MACAS symposium was held at the Faculty of Education of McGill University 
in Montréal, Québec from June 18 -21, 2019. The 47 international participants hailed from 
Austria, Belgium, Brazil, Canada, China, Denmark, Germany, the Philippines, Russia, 
Spain, Switzerland, the United States, and Vietnam.  Despite their geographic distance, all 
participants shared an interest in the intersection between mathematics, sciences, and the 
arts.  
 
From the symposium’s plenary sections, the paper by Richard Barwell (Canada) discusses the 
implications of a mathematics education for a sustainable future. Cécile de Hosson (France) 
shares her work on comics and science workshops.  A third plenary (without proceedings 
paper) was given by Michelle Wilkerson (United States) on including artistic and mathematical 
expression in computing.  All the videos of the keynotes are available at: 
https://mcgill.ca/macas2019/keynote-speakers 
 
These proceedings contain 19 peer-reviewed papers from the lectures presented at the 2019 
symposium. While the papers are diverse, they can be grouped into five general areas 
including mathematics and the arts; mathematics, games and technology; collaborative 
teaching; integrative learning in mathematics and science; and STEM.  
 
Six papers discuss explicit connections between mathematics and the arts. Uffe Thomas 
Jankvist, Lars Emmerik Damgaard Knudsen, and Line Rønn Shakoor (Denmark) write about 
students learning about mathematics, particularly how to shift between three-dimensional and 
two-dimensional measurements, through the designing and making of a skirt. Steven Khan 
(Canada) explores the impact of writer and cultural theorist Sylvia Wynter on Science, 
Humanities, Arts, Mathematics, and Education (SHAME) disciplines and projects. Eva Knoll, 
Paul Carreiro, Tara Taylor, Katie Puxley, and Wendy Landry (Canada) discuss the activities 
and methodologies fundamental to MathWeave. This collaborative research group, which 
examines the interplay between mathematics, arts, and education, was founded in 2011. The 
intriguing connection between Delaunay Triangulations and the artwork of Curra Rueda and 
Okuda is examined in the paper by Zoltán Kovács and Barbara Lichtenegger (Austria), Tomás 
Recio and M. Pilar Vélez (Spain), and Philippe R. Richard (Canada). Maria Kirstine 
Oestergaard, Anna Karlskov Skyggebjerg, and Uffe Thomas Jankvist introduce us to the 
Danish children’s picture book “Fermat’s Last Theorem” and consider whether it can be used 
to develop abstract mathematical thinking in children. Finally, Xavier Robichad and Viktor 
Freiman (Canada) investigate the connections between mathematics, music and technology 
though a study in which grade 8 students build and explore marimbas. 
 
In the area of mathematics, games, and technology, Vitkor Freiman and Jacques Kamba 
(Canada) examine the use of 3D printing in the context of makerspaces and how this may 
help students in grades 6-8 access more complex mathematics. Shuzhu Gao, Xikai Hu, Huan 
Yu, Lin Feng, and Mengyao Zhao (China) explore how students’ solutions to an ancient 
Chinese mathematics problem involving the number of birds and rabbits in a cage, can be 
used to access their mathematical understanding and dialectical thinking. In the paper by 
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Lester C. Hao, Joshua Adrian P. Paboroquez, Lorenz Raynald F. See, and John Philip F. Ty 
(Philippines), the use of digital game-based learning, specifically the use of a web-based 
quiz application called MyQBee, is used to increase student engagement and motivation in 
learning mathematics. Azadeh Javaherpour, Elena Polotskaia, and Annie Savard (Canada) 
discuss how early childhood play, in particular a balancing activity and sand and water table 
play, can develop children’s early mathematical thinking. Dennis Lee Jarvis B. Ybañez, and 
Catherine P. Vistro-Yu (Philippines) present a unique learning material to help students learn 
about probability. The authors use specially designed “komiks” (comics) based on stories of 
children playing the traditional Filipino game “teks” to enhance students’ level of mathematical 
abstraction. 
 
A number of papers explore the area of collaboration and collaborative teaching in order to 
improve students’ mathematics abilities and critical-thinking skills. Azadeh Javaherpour and 
Annie Savard (Canada) describe a study in which a mathematics teacher and a social science 
teacher attempt to undertake collaborative planning in order to teach financial literacy 
concepts. In the paper by Heather McPherson (Canada), the author reports on a 
multidisciplinary team of teachers and their development of tools to help improve students’ 
information literacy and research skills. This is a particularly important topic in our era of “fake 
news”. Finally, Arturo Portnoy, Dana L. Collins, and Héctor Jiménez (the USA) write about 
an innovative interdisciplinary course offered at the University of Puerto Rico, Mayaguez 
Campus, that explores the connections between music, physics, and mathematics. 
 
A group of papers relate to ways in which science and mathematics can converge in meaningful 
ways. Astrid Beckmann (Germany) talks about the use of natural science experiments and 
virtual learning environments and applications to help students understand the mathematical 
concept of function. Dominic Manuel (Canada) provides a literature review about inquiry-
based learning, which is common in science education, and its use in k-12 classrooms for the 
teaching and learning of mathematics. In the paper by P. Janelle McFeetors and Mijung Kim 
(Canada), the two authors have a conversation about their experiences as teachers and teacher 
educators and discuss how science and mathematics can be integrated to create a more 
interdisciplinary approach to STEM education. Elena Vysotskaya, Anastasia Lobanova, and 
Maria Yanishevskaya (Russia) and Iya Rekhtman (USA) explore how modules involving 
concepts from science can help elementary students improve their proportional reasoning skills 
and better understand ratios.  
 
Finally, one paper explicitly examines STEM issues. Priscilla Bengo presents a literature 
review exploring research about equity, diversity, and inclusion in STEM in K-12 settings in 
Canada.  
 
The success of the 2019 MACAS symposium can be attributed to the planning of Dr. Annie 
Savard and the local organizing team consisting of Alexandre Cavalcante, Azadeh 
Javaherpour, Dominic Manuel, Hans Peter Nutzinger, Rebecca Pearce, and Louis-Philippe 
Turineck. The intimate size of the gathering allowed for productive interactions between 
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participants, and the city of Montréal provided a stimulating urban backdrop. The next 
MACAS symposium will be held in 2022 in Odense, Denmark.  
 
Annie Savard 
Rebecca Pearce 
2020 
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IN DIALOGUE WITH PLANET EARTH: THOUGHTS ON A 
MATHEMATICS EDUCATION FOR A  

SUSTAINABLE FUTURE 

Richard Barwell1 
____________________________________________________ 
Abstract 
Over the past 50 years, there has been a growing concern for environmental 
sustainability, illustrated most notably by the United Nations Sustainable Development 
Goals. Mathematics plays a central role in thinking about sustainability. Mathematics is 
used to describe the multiple environmental crises we face, to model future developments, 
and to communicate this information to scientists, policymakers and the general public. 
So what mathematics do citizens need to know to engage with questions of sustainability? 
What and how should children learn in order to participate in democratic debates about 
the future of Planet Earth? How can mathematics teaching prepare children for their 
future? In this talk, I offer some preliminary thoughts about these questions. My thinking 
is informed by critical mathematics education, post-normal science and a dialogic 
epistemology. These ideas lead to a critique of “human exceptionalism” and the need 
for a relational approach, in which knowing is seen as contingent, situated, discursive 
and multi-voiced. As a result, the human activity of mathematics is understood as being 
in relation with the planetary ecosystem. 
____________________________________________________________ 

 
Planet Earth 
Our planet is in trouble: “around 1 million animal and plant species are now threatened with 
extinction, many within decades, more than ever before in human history” (IPBES, 2019). To put 
it another way, we are living through a mass extinction event. If hearing this makes you feel 
uneasy, there are many other worrying environmental trends. For example, in relation to climate 
change, observations and time series data indicate, among other things: global temperature rise, 
warming oceans, shrinking ice sheets, glacial retreat, decreased snow cover, sea level rise, 
declining arctic sea ice, more extreme weather events, and ocean acidification (IPCC, 2018). 
According to the Intergovernmental Science-Policy Platform on Biodiversity and Ecosystem 
Services (2019): 
 

• “Plastic pollution has increased tenfold since 1980.”  
• “300–400 million tons of heavy metals, solvents, toxic sludge and other wastes from 

industrial facilities are dumped annually into the world’s waters.”  

 
1      University of Ottawa, Ontario, Canada 
    richard.barwell@uottawa.ca 
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• “Fertilizers entering coastal ecosystems have produced more than 400 ocean ‘dead zones’, 
totalling more than 245,000 km2.”  

• “Three-quarters of the land-based environment and about 66% of the marine environment 
have been significantly altered by human actions.”  

• “More than a third of the world’s land surface and nearly 75% of freshwater resources are 
now devoted to crop or livestock production.” 

This ecosystem emergency has its origins in human activity and, in particular, our industrialised 
consumer society. An important feature of this society is the globalisation of risks associated with 
human activities such as production, transportation and agriculture: 

At the center lie the risks and consequences of modernization, which are revealed as 
irreversible threats to the life of animals, plants, and human beings. Unlike the factory-
related hazards of the nineteenth and the first half of the twentieth centuries, these can no 
longer be limited to certain localities and groups, but rather exhibit a tendency to 
globalization which spans production and reproduction as much as national borders, and 
in this sense brings into being supra-national and non-class-specific global hazards. 
(Beck, 1992, p. vi) 

In the context of an ecosystem emergency and the generalised nature of risk, “normal science” is 
no longer sufficient. In normal science, expert scientists solve carefully circumscribed problems 
in controlled laboratory settings in order to provide scientific advice to policymakers and 
politicians. This approach cannot suffice for the risk-laden problems of the ecosystem emergency, 
which are better thought of in terms of post-normal science: 

To characterize an issue involving risk and the environment, in what we call ‘post-normal’ 
science’, we can think of it as one where facts are uncertain, values in dispute, stakes high 
and decisions urgent. (Funtowicz & Ravetz, 1993, p. 744) 

A feature of post-normal situations is that human activity is an integral part of the system. For 
example, climate change is not simply caused by a surplus of greenhouse gases entering the 
atmosphere: these greenhouse gases come from myria,,d human activities, as diverse as driving a 
car or drinking a glass of milk. Decisions about what course of action to take must therefore involve 
the broader population: science must be democratised: 

When problems lack neat solutions, when environmental and ethical aspects of the issues 
are prominent, when the phenomena themselves are ambiguous, and when all research 
techniques are open to methodological criticism, then the debates on quality are not 
enhanced by the exclusion of all but the specialist researchers and official experts. The 
extension of the peer community is then not merely an ethical or political act; it can 
positively  enrich the processes of scientific investigation. (Funtowicz & Ravetz, 1993, 
pp. 273-753) 

And if science must be democratised, then education must prepare students to participate. 
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Nature 
If our industrialised consumer society is the driver of the ecosystem emergency, we must ask 
ourselves what it is about this society that leads us to treat the ecosystem so badly. How is it that 
humans, collectively, tolerate the exploitation and pollution of so much of our planet? Part of the 
answer to this question can be found in the worldviews that come with scientific late-modern 
capitalism. In particular, these worldviews are based the idea that humans are special, known as 
“human exceptionalism”. Catton and Dunlap (1980), for example, identified in the dominant 
western worldview the assumptions that humans are different from other creatures and that humans 
have a right to control other species. These assumptions fit into an idea of continuing human 
progress and limitless material resources. In human exceptionalism, moreover, social and cultural 
aspects of human activity, including technology, are seen as unlike anything found elsewhere in 
nature. For humans, social and cultural activity is paramount and the biophysical environment is 
largely secondary, a source of materials, resources or inspiration with which to realise any human 
dreams.  
 
These kinds of assumptions can be seen in the UN Sustainable Development Goals declaration: 

In these Goals and targets, we are setting out a supremely ambitious and transformational 
vision. We envisage a world free of poverty, hunger, disease and want, where all life can 
thrive. We envisage a world free of fear and violence. A world with universal literacy. A 
world with equitable and universal access to quality education at all levels, to health care 
and social protection, where physical, mental and social well-being are assured. A world 
where we reaffirm our commitments regarding the human right to safe drinking water and 
sanitation and where there is improved hygiene; and where food is sufficient, safe, 
affordable and nutritious. A world where human habitats are safe, resilient and sustainable 
and where there is universal access to affordable, reliable and sustainable energy. (United 
Nations, 2015, Article 7) 

This article makes clear that sustainability is framed almost entirely in terms of human needs. 
Article 9 does talk about nature, saying “We envisage a world … in which humanity lives in 
harmony with nature and in which wildlife and other living species are protected.” In this statement 
we see that humans are distinct from nature and in which humans should protect this nature, 
protection being a form of control. 
 
Many alternatives have been proposed to this separation of human exceptionalism, including Gaia 
theory (e.g., Lovelock, 2010), deep ecology (Drengson, 1995), post-humanism (Alaimo, 2012) and 
many Indigenous worldviews. These alternatives share a number of features. They tend to see 
humans as one unexceptional feature of the web of life on Earth. They tend to frame life on Earth 
in terms of complex systems and therefore see the place of humans in relational terms and de-
emphasise human control and dominance. More radical perspectives question the construct of 
nature itself as an artefact of human culture: 
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“Nature” fails to serve ecology well. I shall sometimes use a capital N to highlight its 
“unnatural” qualities, namely (but not limited to), hierarchy, authority, harmony, purity, 
neutrality, and mystery. Ecology can do without a concept of a something, a thing of some 
kind, “over yonder”, called Nature. Yet thinking, including ecological thinking, has set 
up “Nature” as a reified thing in the distance, under the sidewalk, on the other side where 
the grass is always greener, preferably in the mountains, in the wild. (Morton, 2010, p. 3)  

The decentring (in our thinking) of humans within the ecosystem, and the consequent removal of 
the assumption of human dominance, means that we must find a way of understanding our 
relationality. For this, I draw on Bakhtin’s (1981) dialogicality, in which meaning arises from 
relations between, unfolding over time. From a dialogic perspective, we do not control “Nature”; 
rather, we (individuals and our species) grow and change in relation with every other part of the 
planetary ecosystem. We are part of this ecosystem and everything we do is “natural”. The 
ecosystem includes not only “Nature” over yonder, wild and green, but also the products of human 
activity: airports and skyscrapers, computers and car parks, plastic pollution and petrol. These 
products are a result of our dialogue with the ecosystem and we are changed as a result. Moreover, 
from a dialogic perspective, there is no teleological progress, but rather possibilities unfolding at 
each moment. The notion of possibilities can be reassuring in the context of an ecosystem 
emergency: 

Bakhtin’s writing on “cosmic terror” sensitizes us to the consequences of different 
imaginations of the world which place us in positions of varying vulnerability to outside 
threats and diminishing political agency. Climate change is perhaps the most radical and 
literal example of how imagined relations between oneself and the planet – or cosmos – 
impact on one’s capacity to counter narratives which seek to close down avenues of 
political and ideological change … Bakhtin appears to propose a strategy whose primary 
aim is to “de-paralyse” populations, if only to create a temporary window of possibility. 
(Last, 2013, p. 75) 

Hence, the ecosystem emergency can be understood as an emergency within our relationship with 
the ecosystem. Rather than seeing our human future as a doomed and inevitable descent into 
apocalypse, we can see that many futures are possible. It is important to recognise that not all 
futures are possible, and that human interaction with the ecosystem, like the actions of everything 
from viruses to blue whales, open up pathways to some futures and close down others. But as in 
any relationship, we can find new ways to be together. A dialogic perspective is therefore one of 
humility, but also of hope. 

Mathematics 
Our understanding of most aspects of the ecosystem crisis depends on mathematics. Specifically, 
mathematics is used to describe, predict and communicate issues like climate change, pollution or 
species loss (Barwell, 2018). For example, with respect to climate change, mathematics is 
necessary to describe climate change, to model and make predictions about climate change, and to 
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communicate the nature and possible future of climate change to scientific and general audiences. 
Mathematics does not play a neutral role in these processes and mediates our dialogue with Planet 
Earth. Skovsmose (1994) has written about the formatting power of mathematics: 

 Mathematics intervenes in reality by creating a “second nature” around us, by 
 giving not only descriptions of phenomena, but also by giving models for  changed 
behaviour. We not only “see” according to mathematics, we also  “do” according to 
mathematics. (Skovsmose, 1994, p. 55) 

Thus a phenomenon like climate change is formatted by mathematics. That is, the mathematical 
treatment of climate change becomes climate change, so that in our response to climate change, 
we are responding to the descriptions, projections and models. What begins as a description 
becomes a “realised abstraction” to which humans orient their behaviour.  
 
Skovsmose (1994) proposes three discourses of mathematics in relation to society: mathematical, 
technical and reflective. The mathematical discourse of mathematics is concerned with its methods 
and processes. The technical discourse of mathematics is concerned with the application of 
mathematics as a tool to solve real-world problems. The reflective discourse of mathematics is a 
critical discourse concerned with the limits of mathematics and the nature of its goals and 
consequences, such as the way in which mathematics shapes our society and our lives. It is the 
development of a reflective discourse that is, among other things, the basis of critical mathematics 
education. 
 
This reflective discourse draws attention to limitations of mathematics which are often overlooked. 
Mathematics does not capture well the emotional, aesthetic or moral dimensions of climate change, 
for example, and the same point applies to other aspects of the ecosystem crisis (Barwell, 2018). 
Mathematics has this effect because it tends to be inscribed within a particular discourse, in which 
mathematics is: 

• Pure and objective – mathematics is seen as outside of nature and as providing an objective 
picture of natural phenomena; 

• An instrument for managing and controlling – mathematics is one of the tools of modernity 
for shaping the world to suit human ends and desires; 

• Unanswerable – it is difficult to argue with mathematical analyses, particularly due the 
perception of purity and objectivity.  

As a result, mathematics has a two-sided aspect with respect to the ecosystem emergency. 
Mathematics is essential to understand the emergency: it would be difficult to have a good feel for 
the global nature of climate change without mathematics. But mathematics is also implicated in 
the broad thrust of the human response to climate change, which is to continue to find ways to 
control Nature to suit our ends and desires, as though we can think of the climate system in terms 
of a greenhouse with a thermostat. If science needs to be democratised and citizens are called on 
to participate in policy formulation and decision-making, then education must promote a critical 
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understanding and awareness of the different roles that mathematics plays in formatting the 
ecosystem crisis. 

Education 
Let’s begin with a recap of how we got here. Our planet is changing (it always is). As humans, we 
perceive that our planet is no longer “Natural”. The discourse of human exceptionalism 
misconstrues our responsibility to the planet, in terms of stewardship, control and extraction of 
resources. Acting within this ecosystem emergency entails risk, uncertainty and values (whether 
we are trying to change things or not). Mathematics contributes to the ecosystem emergency but 
is also necessary to understand the situation. We are in dialogue with planet earth and mathematics 
is part of that dialogue. What, then, as mathematics educators, can we do? 
 
Unlike in science education, there has not been a great deal of attention paid to environmental or 
ecological concerns in mathematics education, although some initial thinking is starting to appear. 
Initial contributions include Renert’s (2011) exploration of how mathematics teaching needs to go 
beyond a superficial treatment of environmental topics as a context for doing mathematics, and 
instead needs to allow students to question economic, political and educational systems. Coles et 
al. (2013) examine various social and environmental issues drawing broadly on critical 
mathematics education, and propose open-ended entries into various mathematical topics drawing 
on these issues. Flood risks, for example, provide an entry into both probability and an exploration 
of one aspect of climate change. More recently, attention has been given to the role of uncertainty 
in mathematics education in post-normal situations (Hauge & Barwell, 2017), and various studies 
have begun to focus on applying the above ideas in classroom practice (e.g. Steffenson, 2019; 
Ryan, 2019). Contributions to a recent issue of the Philosophy of Mathematics Education Journal 
(Boylan & Coles, 2017) have expanded thinking to look at how environmental issues overlap with 
social, political and ethical considerations.  
 
This work represents an important beginning but remains rather peripheral within the field of 
mathematics education. Given the seriousness of the ecosystem emergency and the central role of 
mathematics in producing this emergency (in its role as a key tool of our industrial consumer 
economic system) and in understanding it, we must hope that such concerns will quickly become 
a central part of thinking in the field and may eventually lead to a radical new vision of 
mathematics education. This transformation is likely to draw on innovative theoretical and 
epistemological perspectives, including critical mathematics education, but there is also a good 
deal of other, potentially relevant work on which to draw. Critical studies on mathematical literacy, 
for example, are helpful for understanding the communication and miscommunication of different 
aspects of the ecosystem emergency. And the extensive body of work on mathematical modelling 
is valuable, since mathematical modelling is central to the intersection between ecosystem sciences 
and political decision-making (Barwell, 2013). 
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Of course, mathematics educators seeking to respond to the ecosystem emergency can draw on 
much valuable work in what is a largely distinct field of research, that of environmental education. 
In particular, the theoretical development known as ecojustice education is broadly aligned with 
the arguments I have made so far in this paper. Ecojustice education, for example, draws on the 
idea of “root metaphors” (Bowers, 2001) that are deeply embedded in how the relationship 
between humans and nature is constructed in the discourses of industrialised consumer society. 
These root metaphors include those of human exceptionalism, human dominance over the natural 
world and the ecosystem as a resource to be exploited and as a providing “services”. These 
metaphors are apparent in the sustainable development goals and the framework documents for 
the Intergovernmental Science-Policy Platform on Biodiversity and Ecosystem Services (e.g. 
2019). The project of ecojustice education is to imagine an education that reframes these 
metaphors, so that humans are seen as one part of the ecosystem. Ecojustice education also 
emphasises the intrinsic connection between social inequalities and the ecosystem emergency; root 
metaphors of dominance and hierarchy underpin sexism, racism and economic inequity and 
injustice just as much as they produce a destructive relationship between humans and the rest of 
the ecosystem (Bowers, 2001; Martusewicz, Edmundson & Lupinacci, 2014). 
 
My own thinking is informed by the philosophy of post-normal science and critical mathematics 
education, developed in collaboration with Kjellrun Hiis Hauge. Like ecojustice education, post-
normal science emphasises the importance of democratic participation and the necessity of 
including citizens in policy-making through an extended peer community (Funtowicz & Ravetz, 
1993). This participation is designed to address the often overlooked significance of values in 
science and policy-making. Values are the basis for decisions about what kind of data to collect, 
how to consult and how to present possible courses of action. These values extend to the role of 
mathematics and the discourses I have already discussed concerning the role of mathematics in 
society and in constructing our relationship with the ecosystem. More specifically, these values 
become significant in relation to risk and uncertainty. As Beck (1992) pointed out, risk is now 
globalised. Plastic pollution, for example, has been found thousands of kilometres from human 
habitation in the Antarctic (Lacerda et al., 2019). The interconnected nature of the ecosystem 
means that the effects of human activity have a global impact. Values are central to decisions about 
how to deal with the risks and the uncertainty associated with these decisions. Uncertainty is also 
relevant for mathematics educators because some forms of uncertainty are treated mathematically 
(e.g. statistical error) and because mathematics can give a false sense of reassurance about 
uncertainty, through the mathematical discourses of precision and control (Hauge & Barwell, 
2017). Navigating risk and uncertainty comes down to a question of values. Decisions about 
whether to defend coastal communities against rising sea levels or to abandon them have real 
human effects, and while science, data and mathematics can contribute to the decision-making 
process, values are critical.  
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The ecosystem emergency is certainly alarming and it is clear that our dialogue with Planet Earth 
is changing us and the Earth. But we are educators, and we have a responsibility to act 
(d’Ambrosio, 2010). To end these reflections, therefore, I summarise a set of pedagogic principles, 
developed in collaboration with Kjellrun Hiis Hauge with a focus on climate change and 
mathematics education (Barwell & Hauge, forthcoming). These principles are derived from many 
of the ideas I have referred to in this paper. In particular, they focus on preparing students to be 
critical citizens, to develop a reflective discourse of mathematics and to engage in a respectful 
mathematical dialogue with Planet Earth. The principles are organised in three groups: forms of 
authenticity, forms of participation, and reflecting on and with mathematics. 
 
Forms of authenticity are important in relation to students’ future role as citizens in democratic 
participation in policy-making and decision-making. As future citizens, students will be called 
upon to engage with complex problems and complex data characterised by high levels of risk and 
uncertainty. We therefore proposed the following four principles: students should engage with 
problems related to the ecosystem emergency that are relevant to their lives; students should work 
with real data; students’ own ideas and values should have a central role; and students should have 
the opportunity to engage in meaningful discussion and debate about the ecosystem emergency. 
Through these principles, students will experience the messiness of data, the role of values in 
choices (such as what kind of data to include) including their own values and those of others, and 
will participate in the debates that necessarily arise. 
 
The second set of principles relates to forms of participation, since democracy is a participative 
process. While many students experience participation in mathematical discovery at school, as 
future citizens who will be implicated in the decisions that will shape the future of our relationship 
with Planet Earth, they need to experience participation in relation to mathematics in other fora. 
Hence, for these four principles, we proposed that in relation to the ecosystem emergency students 
should experience participation in mathematics (i.e., not be passive consumers of mathematics but 
participate in its creation and use), in mathematics classrooms, in community (such as their school 
or municipality) and in public debate (such as in public and social media and in the political 
domain).  
 
The third set of principles is related to the development of a reflective discourse of mathematics 
that highlights the limits and often hidden role of mathematics in creating our world, including the 
ecosystem emergency. Drawing on several ideas I have mentioned in this paper, we proposed that 
students need to reflect on and with mathematics in relation to: how mathematics is useful to 
understand and respond to the ecosystem emergency; the limits of mathematics in understanding 
and responding to the ecosystem emergency; the role of values in mathematics in understanding 
and responding to the ecosystem emergency; uncertainty in our understanding of the ecosystem 
emergency and the related risks, both as treated mathematically, and in terms of the limitations of 
this mathematical treatment. 



In dialogue with planet earth: thoughts on a mathematics education for a sustainable future 
 

 10 

 
These principles are meant as a first proposal, open for educators to explore, apply and refine. 
They are derived from clear theoretical principles relating a critical reading of the ecosystem 
emergency, the discourse of human exceptionalism that supports the current situation, the 
discursive construction of Nature within this exceptionalist assumption, the ideas of critical 
mathematics education and post-normal science, and the assumption that mathematics education 
must play a role in preparing students as future citizens to participate in a democratic scientific 
response. Our hope is that these principles can contribute to a more respectful dialogue with Planet 
Earth, in which both humans and mathematics operate with greater humility. 
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WHEN THE STUDENT BECOMES AN AUTHOR: DIDACTIC 
ANALYSIS OF COMICS & SCIENCE WORKSHOPS 

Cécile de Hosson 1 
____________________________________________________ 
Abstract 
The "Comics & Sciences workshops", created in 2011 by the Stimuli association 
(France), aim to enable middle and high school students to become authors of a comic 
strip involving scientific knowledge. In concrete terms, a professional illustrator, a young 
researcher (PhD student) and a scientific mediator accompany a dozen teenagers of 
homogeneous age group in the creation of one-page comic strips dealing with a science 
topic discovered during the workshop. In this keynote I present the analysis of the impact 
of these workshops since some of them (7) have been the target of a research program 
involving mathematics and natural sciences education researchers. The instrumental 
genesis has been chosen as a conceptual framework to characterize the terms of the 
dialectical interplay between the specific attributes of a comic strip and the scientific 
knowledge to be translated. The results show that the students, as authors, followed the 
specific codes of the comic strip and took a certain distance with the scientific integrity 
of the staged knowledge. Nevertheless, being involved in the creative process likely 
allowed them to understand the reasons for some scientific illustration or narrative 
choices. This approach could encourage the emergence of a critical spirit towards 
reading scientific stories created in other contexts. 
____________________________________________________ 

Context: Science Education and Comics 
Most of the research addressing the interaction between comics and science education focuses on 
the use of existing works in the classroom. (Chevalier, 2013; Hosler & Boomer, 2011; Arguel et 
al., 2017). In this perspective, students are readers and their activity mostly involves the 
identification and memorization of scientific information whose accessibility relies heavily on the 
choices (texts, drawings, narratives, layout, etc.) made by the authors. The teacher plays the role 
of a guide who facilitates the identification of relevant information. Pedagogical experiences of 
this nature are numerous and are based on the use of comic strips of various types (Hosler & 
Boomer, 2011; Arguel et al., 2017). For example, some well-known albums of Tintin or Asterix 
have entered the science classroom (Chevalier, 2013; Blanquet 2016). In the latter case, the graphic 
and narrative format chosen by the author becomes a means of bringing to light the phenomena 
and knowledge hidden behind the words, images and their organizations. 
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As a counterpoint to this use, several research projects promote the creation, by students, of a 
comic strip in the classroom (Wright & Sherman, 1999; Morrison et al., 2002, Gonzalez-Espada, 
2003; Iacono & de Paula, 2011; Albrecht & Voelzke, 2012). In most cases, the creation of comic 
strips appears to be an effective way to create or increase students' motivation for science. 
However, beyond this aspect, researchers provide very little information on how science is 
represented, and more precisely on the reasons that lead students to select and transform the 
knowledge they portray. Even fewer studies analyse what students learn, scientifically, artistically 
and narratively. As Tatalovic (2009) points out: 

 
Research into these comics and their audiences embrace the use of comics as an exciting way 
of communicating science (. . . ). But none of them actually address critically the content of 
these comics or science itself. What image of science do these comics contain ? Who decides 
what image of science goes into comics? How do these comics represent science and the 
scientists, and how might this affect the readers beside the reported excitement of children of 
using comics in science classes? (Tatalovic, 2009, p. 13). 

 
These questions partially motivate the following research. Precisely, our work aims at studying 
the process of creation of 48 one-page comic strip (one board) produced by teenagers involved in 
“Comics & Science Workshops” (Bordenave, 2012) and introduced to a scholarly discourse 
delivered by a young researcher in exact or natural sciences. 
 
The Comics & Science Workshops and the SARABANDES Research Project 
Since 2011, the French Stimuli Association for science communication [2] has supported the 
creation of short, science-based comic strips through the organization of Comics & Science 
workshops. A group of volunteers aged 12 to 16 years (designated as Trainee Science Comic 
Authors [TSCA]) create a one-page comic strip involving science, during a 12-hour workshop held 
in their leisure time. The workshop begins with a presentation by a scientist (a PhD student) of an 
aspect (scientific content and/ or process) of his/her research to the TSCAs. This material is then 
translated by the TSCAs into the form of a one-page comic strip. More precisely, they are asked 
to create a comic strip inspired by the PhD student’s presentation; at the same time, they are totally 
free to select the aspects they want to adopt and the narrative, the text, and the visual organization. 
They are helped in the process of creation (both visual and narrative) by a professional comic artist 
and a science communicator. The artist explains the basics of comic design (characters, expression 
of emotions and feelings, composition of a frame, sequential movement, etc.). A science 
communicator participates, with the scientist, in the dialogue with the TSCAs; he/she explains the 
basics of writing a script, and helps the TSCAs to combine the design and the scientific information 
they want to present in the comic strip. At the end of the workshop, each TSCA exhibits their 
comic strip, and explains what motivated their choices, their intentions, etc.  
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Between 2014 and 2017, 7 of these Comics & Science workshops were studied in the context of 
the SARABANDES [3] research project. The main aim of SARABANDES was to characterize 
how scientific information is disseminated and transformed when translated by a student into a 
one-page comic strip. Specifically, the analysis focused on the terms of the dialectic operated by 
the TSCAs regarding the constraints and possibilities (narrative, layout, sequential drawing, text 
in balloons, etc.) of the comic form, and those of the science to be translated. The contents and the 
nature of the interplay between the various actors participating in the workshop were also taken 
into account.  
 
The Instrumental Approach: A Framework for the Analysis of the Comic Strips 
From a theoretical point of view, we choose to examine the process of creating a comic strip 
through the use of the instrumental approach as defined by Rabardel (1995). The instrumental 
approach is based on two fundamental concepts: the artifact/instrument difference and the 
instrumental genesis (see figure 1). An artifact can be considered as an object with multiple 
possible functions designed to respond to specific goals; an instrument is defined as an artifact 
inscribed in a situation of use to which a certain number of action schemes are associated. 
According to Piaget’s approach (Piaget, 1952), the human being constructs the world through the 
development of schemes on the basis of two mechanisms: assimilation and accommodation. 
Assimilation means the integration of exterior elements into existing schemes. Accommodation 
means that new schemes have to be developed in order to take into account new informations. The 
concept of instrumental genesis refers to the process of developing the instrument from the artifact 
by an individual throughout an activity. During the comics and science workshops, the TSCAs 
assimilates a certain number of elements (semiotic and narrative) and possible functions specific 
to the comic strip object as an artifact (i. e. the artifact is neutral in that it does not favour any of 
these functions a priori). A work of selection, of choice, guided by the instructions of the workshop 
on the one hand (i.e. the comic strip must reflect an element of the pHD student's presentation) and 
the function that the student author assigns to his comic strip on the other hand, leads to the 
elaboration of a contextualized (non-neutral) artifact, an instrument that includes certain 
characteristics of the artifact and the schemes that led to its creation. The identification of these 
schemes makes it possible to trace back to certain dimensions of the cognitive activity of the 
TSCAs. 
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Figure 1: Diagram of the instrumental genesis process through which a comic strip artefact 
becomes a science comic strip instrument. 
 
This theoretical environment supports two research questions that we have sought to answer over 
the past 5 years: To what extent and how does the comic strip artifact constrain the narrative 
process of the elements of the PhD student presentation (RQ1)? What are the "disciplinary" 
knowledge elements staged by students in their comic strip, and how are they staged (RQ2)? Both 
are based on a general assumption that the proximity between the artifact and certain schemes of 
"common sense" (Viennot, 2001) should encourage the instrumental development. For example, 
the chronological organization of the boxes within a layer may positively reflect the natural 
tendency of thought to organize events chronologically; similarly, the tendency to 
anthropomorphize non-human beings may be embraced by the usual representation of speaking 
characters, whether human or non-human. 

Methodology of the Research 
We studied 7 workshops, covering 4 different topics, in 4 different disciplinary areas: mathematics 
(MATH), physics (PHY), chemistry (CHEM) and biology (BIO) (see table 1). Each workshop was 
video-recorded and all the interactions between the different protagonists of the workshop were 
audio-recorded and some of them have been transcribed. We also recovered the 48 one-page comic 
strips and transcribed some of the presentations of the strips provided by the TSCAs during the 
exhibitions. 
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Table 1: Synthesis of the scientific content of each of the 4 Comics & Science workshops. 

 
The analysis of these data was carried out in two stages. First, we developed an analysis grid for 
the 48 one-page comic strips. We estimated the degree of interdependence between the scientific 
information staged and the storyline. This led us to distinguish two main categories, either the 
storyline and the knowledge are disconnected (cat. 1), or the knowledge is part of the storyline 
(cat. 2). Concerning the first category, we distinguished comic strips in which no scientific 
knowledge, no element of the PhD student's speech was provided (cat. 1A) and the others (cat. 
1B). We also sought to characterize how scientific information was represented, in particular 
whether or not it was valid. This work was carried out blindly by three separate pairs of researchers. 
In a second step of the analysis process, and when we considered it appropriate, we reconstructed 
the genesis of some comic strips by going back up the thread of its elaboration. We considered that 
the degree of interweaving of knowledge in the comic strip and its reliability can be signs of 
accommodation, on the one hand, and that the respect for comics semiotics can be a sign of 

MATH 
9 boards 

The overall theme of the workshop was cryptography. The PhD student 
gave a general, historical presentation of the field and described a few 
encoding (Caesar, Vigenère, asymmetric encryption) and decoding (key 
systems, letter frequencies) methods. The TSCAs were also asked to 
encrypt a sentence using various methods, then try to decipher a text, used 
encoding–decoding software. 

PHY 
20 boards 

General overview of the solar system and beyond (exoplanets), including 
the physical and chemical properties of the Sun. Presentation of detection 
and analysis instruments and devices. Description of the everyday 
professional activity of an astrophysicist. Elements of the history of 
science. 

CHEM 
7 boards 

Usual methods of separation and synthesis in the chemistry laboratory. 
Liquid distillation: set-up and function; crystallogenesis: set-up and crystal 
plates; paper chromatography, column chromatography; synthesis of 
nanomagnets: set-up with mechanical stirrer, centrifugal separation, 
ceramic production, analysis by electron microscopy. Some aspects of the 
activity in the chemistry laboratory. 

BIO 
12 boards 

The difference between bacteria, fungi and viruses, with a focus on 
microalgae (ecology, sampling and observation). Environmental 
microbiology with a focus on bacteriophages (structure, ecology and 
observation) and the everyday professional activities of a microbiologist. 
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assimilation, on the other hand. This allowed us to infer some dimensions of the students' cognitive 
activity underlying the instrumental genesis. 

Results 
Place and Role of the Scientific Information in the Narrative 
A small number of comic strips (9 out of the 48 - cat. 1A) do not provide any scientific information 
to the reader but they include one element of the PhD student's presentation that was isolated by 
the TSCAs in order to elaborate their story. For example, in Amin's comic strip (figure 2) a giant 
character catches the Sun and eats it. The transformation of the giant into a superhero (in the final 
box of the board) can be seen as a manifestation of the "energetic" nature of the Sun, an element 
widely addressed by the PhD student in his presentation. 
 

 
Figure 2: Amin’s comic strip (PHY WS) 

 
In Amélie's comic strip (figure 3), it is because the character has swallowed nanomagnets that he 
begins to attract to himself all the vehicles that, gathered together, end up becoming a 
“Transformer”. Here (as in Amin’s comic strip), the archetypal figure of the superhero drives the 
overall scenario. 

 
Figure 3: Amélie’s comic strip (CHEM WS) 

 
In 33% of the comic strips (16 out of 48 - cat. 1B) the TSCAs created comic strips in which 
scientific informations are delivered to the reader, but these informations are contingent and do 
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not take part in the structuring of the storyline. In other words, where knowledge is expressed (in 
the balloons most of the time), it could be replaced by any type of information and this would not 
prevent the story from unfolding. In Paul's comic strip (figure 4), Tom the cat is about to travel 
aboard his rocket and while preparing himself, he states a number of properties of the Sun. His 
scientific logorrhoea prevents him from hearing what Jerry the mouse is trying to tell him. This 
will not be without consequence since what Jerry is trying to tell Tom is that he has set his 
controller in the wrong direction... 

 
Figure 4: Paul’s comic strip (PHY WS) - trans: “Bu…” “I know that the Sun is huge” 

“‘The lev…’ I’m talking mouse! It turns round and round in 28 days”, “The lever” “It is 
in the Milky Way, and stop cutting me short!”. 

 
In Bastien's comic strip (figure 5), the Earth visits the Sun and offers to provide him with some 
information about him, his temperature, his mass, etc. 
 

 
Figure 5: Bastien’s comic strip (PHY WS) - trans: “Hey Sun, do you want to get 
informations about you?”. 

 
That said in nearly half of the comic strips created (23 out of 48 - cat. 2), the storyline is based on 
one or more elements of the PhD student's presentation. That is to say, the history and the scientific 
information staged are consubstantial.  
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Figure 6: Antoine’s comic strip (CHEM WS) - trans: “We are gathered to celebrate the 
union of two liquids: Mr. Syrup and Mrs. Water”. “Our children are so beautiful!” “Yes!” 
“I now now declare you.... United by the links of the mixture” “Don’t you think it’s hot?” 
“Oh, yes, it is… What the hell is that?” “Honey! No!” 

 
In some cases, the reader will learn something by reading the story, in others, it is necessary to 
know in advance the information staged to understand the story, which is for us a sign of a high 
degree of accommodation. As an example, Antoine's comic strip (figure 6) depicts the wedding of 
Mr. Syrup and Mrs. Water. By a zoom out effect one understands that the ceremony takes place 
within a distillation device, which has the consequence of prematurely separating the two spouses. 
  
In Amin's comic strip (figure 7), the principle of asymmetric encoding structures the storyline : 
Sponge Bob sends a padlocked box to Patrick the Starfish; Patrick sends the box sealed with a 
second padlock back to Bob who removes the first padlock whose key he kept and then sends the 
box back to Patrick who in turn opens the box with the key to his own padlock. 
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Figure 7: Amin’s comic strip (MATH WS) - trans: “Hi Patrick! I have a surprise for you! 
You have to send it back to me with a padlock” “Oh, that must be the package Bob sent 
me! I’m going to put a padlock like Bob asked me to. Last step” “I’m finally going to see 
what’s inside” "Poot" 

 
The Validity of the Scientific Information Given to Read and See 
With respect to the validity of the translated scientific information, several aspects can be 
distinguished. Most of the written information (text in balloons) shown in the comic strips of 
groups 1B and 2 is scientifically valid, as are the drawings of micro-organisms that reprise the 
images presented by the PhD student. The names of code breaking and encryption processes are 
consistent with the cryptographic information delivered. When they need to stage different time 
and distance scales, the TSCAs use the usual drawing resources (a telescope, a microscope, etc.) 
in order to present impossible visual effects and to provide the reader with the necessary distance 
and time perspectives. The preservation of the validity of the knowledge at stake benefits from a 
successful assimilation of the codes of the comic strip artifact. It is revealed in the plays of scales 
(time, space), the use of ellipses, ideograms, in the chronological organization of boxes, etc. In 
Mohamed's comic strip (figure 8), the cryptographic knowledge at stake, based on the use of a 
correct Caesar code, takes advantage of the time dimension of the comic strip. The comic strip 
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values the idea that the interest of a code is that it resists a fairly long time, here, the time of the 
classroom which corresponds to the reading time of the strip.  

 
Figure 8: Mohamed’s comic strip (MATH WS) - trans: Beginning of the course “Hey 
psst!” “Caesar cipher... Too bad for you, I can decode it! “Without the key, it might be 
difficult” “Need some help? Ahahah!” “Sir, the key is C” “Oh oh ! You just have to shift 
the letters by 3, so A corresponds to C then it means I.T. J.U.S.T. R.A.N.G.” “See you 
tomorrow Sir!” 

 
The integrity of knowledge will even resist the humour that drives the narrative in a very important 
way. For example, it is because the Sun is depressed about being halfway through life that he 
consults the psychoanalyst (who put on his sunglasses) in Marc's comic strip (figure 9). 

 
Figure 9: Marc’s comic strip (PHY WS) - trans: “Thank you, doctor. I have the impression 
I’m halfway through my life, I’m 4.5 billion years old, worn out, tired” 
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Of course, some freedoms are taken with the integrity of scientific information: for example, 
astronomical objects, bacteria, are here endowed with speech, intention, etc. And that's actually 
the challenge students face: finding the right balance between preserving knowledge and 
respecting the narrative and semiotic codes of comics (artifact). For example, it makes no sense in 
physics to make the Sun rises on a scale to measure his mass; the gravitational field is not repulsive; 
or no magnet is able to attract so much matter at the same time (figure 10).  

 
Figure 10: Excerpts of comic strips from Bastien (PHY WS), Aysun (PHY WS) and 
Amélie (CHEM WS). 

 
But these mistakes are not necessarily a sign of missed learning; they are sometimes made 
consciously for the well-being of the story and depend very largely on the function that the TSCAs 
assign to their comic strips. As Lily-Rose (CHEM WS) declares about her comic strip on the 
growth of crystals: “Yes I know it’s not really that big but I thought it was good for the comic strip 
to exaggerate a little bit, on the size and all that”. Considered from the perspective of the 
instrumental approach, these gaps in the scientific norm become "diversions", means of access to 
the subject's activity and no longer (only) instances of validation of students' scientific knowledge. 
As Rabardel points out:  
 
One of the advantages of the approach in terms of instrumental genesis is that it makes it possible 
to reinterpret in terms of the subject’s activity many facts usually described in a mainly negative 
way. (Rabardel, 1995, p. 12). 

Discussion and Perspectives 
For the moment, we have difficulty in precisely pinpointing the cognitive learning processes that 
emerge from the Comics & Science Workshop environment. We have made some inferences from 
two indicators: the degree of decontextualisation of scientific information (for example, the TSCAs 
manage to grasp an element of the PHD student's discourse and "bring it to life" in a correct way 
but in a completely different context from the initial context of enunciation - this is the case, for 
example, of Amin's comic strip, figure 7) and the explanation by the TSCAs of the choices of 
"denaturing" the information in the board. We see the emergence of action patterns that are 
certainly different from those at work in an ordinary class, but our methodological tools (here, we 
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use Rabardel's instrumental approach) do not allow us to fully appreciate them, nor do they allow 
us to know how they are specific to the workshops and perhaps influenced by a slightly different 
motivation. In particular, it would be interesting to grasp the role that emotions play in the creative 
process, since the first screenwriting activity required of the TSCAs is the writing of a story that 
"arouses emotion". Humour, in particular, is frequently used by the TSCAs to elaborate their 
stories. Considered as a support for cognitive memorization activity (Falk and Gillespie, 2009), 
the emotion aroused by the workshops (the scientific theme chosen, the creative process, peer 
interactions, the playful dimension, etc.) or sought by the TSCAs (the one he wants his/her comic 
strips to provoke in his/her reader) could usefully join our conceptual framework.  
  
Moreover, our analysis of the processes of instrument making was limited to a few aspects of a 
complex reality. In fact, the Comics & Science Workshops are full of interactions (especially 
between peers) that have been taken into account very little here. Similarly, it was difficult for us 
to integrate the role played by the PHD student, since his/her presence and interactions with the 
TSCAs varied not only from one workshop to another, but also within the same workshop, from 
one TSCA to another. Nevertheless, the richness of the data collected and the possible angles of 
analysis will allow us to refine our work in order to enrich the dimensions of the instrumental 
genesis at work. 
  
Finally, the fact that the TSCAs are involved in the creative process should enable them to 
understand the reasons for certain illustration or narrative choices in their scientific comics. We 
argue that this approach can foster the emergence of a critical thinking attitude towards the reading 
of science stories created in other contexts. 
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PUTTING ARTISTIC AND MATHEMATICAL                  
EXPRESSION INTO                                                     

CONVERSATION THROUGH COMPUTING 
 

Michelle Wilkerson1 
 

____________________________________________________ 
Abstract 
As educators, we hope that students will come to see mathematics as a language—
something they can use to express the relationships and patterns they care about. My 
research explores how we can introduce learners to the expressive value of mathematics 
by connecting mathematical representation to other familiar forms of expression, such 
as sketching and storytelling, through computing. In this talk, I'll describe projects we 
have been exploring in the Computational Representations in Education research group 
that attempt to bridge art and mathematics, with a focus on expressivity. I will focus on 
one recent project, DataSketch, that allows students to explore patterns and relationships 
in large datasets by creating their own data-driven digital ink sketches. The project 
demonstrates a sophisticated interplay between students' artistic and epistemic activities 
whereby decisions in one domain motivate or constrain possibilities and discoveries 
within the other. 
____________________________________________________ 
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SEWING A SKIRT: A DESIGN FOR AN                
INTERDISCIPLINARY MATERIAL ACTIVITY IN      

MATHEMATICS AND ARTS & CRAFTS 
 

Uffe Thomas Jankvist, Lars Emmerik Damgaard Knudsen1                                                    
& Line Rønn Shakoor2 

____________________________________________________ 
Abstract 
In this paper, we describe and analyze the design of a teaching and learning activity 
between mathematics and arts & crafts, centered around the making of a skirt. A group 
of 8th grade girls is encouraged to make a skirt that they would actually want to wear 
and hence become engaged in a process of expressing themselves, making choices of 
taste, but also taking measures of their own bodies, feeling the fabric and observing 
drafts in the mirror before refinement. In this process, they activate mathematics when 
needed, performing several shifts between different representational registers. In 
particular, we focus our analysis on their shifts between representations in two and three 
dimensions. 
____________________________________________________ 

 
Introduction 
When school students reach a certain age and enter middle school, the mathematics teaching they 
encounter often becomes rather non-material and very little hands-on. Some students may find the 
‘new’ abstract mathematics, which they encounter at this school level, to be almost alienating. At 
the same time, it is well-known that students may experience mathematics as more relevant if it 
takes its departure point in their own reality (e.g. Skovsmose, 1990; 2011). The teaching and 
learning activity described in this paper attempts to do exactly this through an interdisciplinary 
activity between mathematics and arts & crafts.  
 
In the Danish primary and lower secondary schools, interdisciplinarity currently has good 
preconditions in the newly implemented requirement of so-called ‘open school’ activities 
(Knudsen, 2919). The requirement makes it possible to invite specialists from local organizations 
to the school to participate in or organize activities with the students. Because such specialists 
come from museums, sports associations, companies, etc. they do not necessarily distinguish 

 
1 Aarhus University, Aarhus, Danemark 
2 Absalon University College, Næstved, Danemark 

 utj@edu.au.dk; lada@edu.au.dk 
  



Jankvist, Damgaard Knudsen & Shakoor 

 27 

sharply between disciplinary subjects in order to accomplish their end goals (Resnick, 1987). 
Hence, the activities they bring to school are often interdisciplinary by nature. 
 
In the study of this paper, an educational specialist (third author of the paper), originally a trained 
dressmaker, implemented an activity designed for teenage girls with the aim of them designing 
and sewing a skirt based on their own measurements of their bodies. The specialist involved the 
local school arts & crafts teacher and the girls’ everyday mathematics teacher in the activity. The 
question that we are particularly interested in here is: how the students worked with the two-
dimensional (2D) to three- dimensional (3D) shifts and vice versa, when transforming their skirt 
designs from paper to fabric, making sure that skirt followed the shape of their bodies. 
 
Before we get to the actual description of the activity and presentation of data from this, we first 
account for the setting and methodology of the study as well as the collection of empirical data. 
Following this, we offer two analyses, one from the point of view of mathematics education and 
one from the point of view of arts & crafts education. We conclude the paper by addressing the 
potential of the interdisciplinary material activity of the study—not least in the light of an attempt 
at answering our question phrased above. 
 
Methodology and Empirical Data 
This article is based on a single case study (Simons, 2009) focused on a session, where a local 
specialist is invited to run a teaching activity on sewing a skirt and applying mathematics. To this 
end, we have conducted qualitative fieldwork of one school class (15 students) for one session 
(seven hours) and non-formal, in-situ interviews with the two teachers including talks with ten 
students as they worked. The invited specialist has a background as a teacher in this school but has 
also established her own company. The session takes place at a school that is located in an upper-
middle class area in Denmark. It is newly renovated and so popular among the local parents that 
the management has allowed more students in than the buildings are designed for. Observations 
were semi-structured and accompanied by photos (Pink, 2015) with focus on how the specialist, 
the teachers and the students relate arts & crafts and mathematics, and especially how the students 
try to apply mathematics and are motivated to do so in designing and sewing the skirt. Interviews 
with teachers and talks with students were non-formal (Kvale, 1996), and with the same focus as 
the observations, sited in the classroom and based on the activities present. Through this research 
design, we were able to grasp and document the students’ concrete work with sewing and 
measuring, the processes of the specialist’s instructions, the students’ learning and the teachers’ 
intentions including the students’ prior work with mathematics through hands-on tasks. The case 
study takes place under favorable conditions, and if success in motivating the students for applying 
mathematics and making a skirt is not achieved here, it would likely be difficult in other situations. 
In this light, the case study can be characterized as a critical case study with analytical 
generalizable conclusion (Flyvbjerg, 2006). 
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Pictures 1 and 2: A student is following the instructions and applying the calculations of her 
measures onto the paper. 

Case: Designing and Sewing a Skirt Using Math and Arts & Craft 
The session takes place in the arts & crafts classroom. The invited specialist, Line, is a professional 
seamstress. She greets the students when they enter the room and invites them to a large table, 
where she has spread out different fabrics, elastic bands and zippers. The mathematics and arts & 
crafts teachers already know Line. Line asks the students what experiences they have with sewing, 
and even though there are some differences, none of the students are complete strangers to the 
craft, and some are even quite experienced. 

Line: You begin by finding the fabric you want to use. Afterwards, you  
measure yourself so you can construct your own designs. 
  

 
 
Pictures 3 and 4: Line presents the fabrics she has bought and invites the students to select what 
they prefer for their skirt.  
 
The students begin to feel the fabrics and “try it on” by wrapping it around themselves. Line says, 
she selected the fabrics based on what she was recommended as most fashionable but 
acknowledges that the students might be of other opinions. They discuss the colors, the texture of 
the fabrics and the thickness. They laugh about the black fabric with white dots that might make 
them look like a cow, try them all in front of a mirror and discuss in small groups what to select. 
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Most students choose the denim, but Line has bought plenty and everyone gets their favourite 
fabric. Most of the students end up making their own individual skirt, but one group of two decide 
to make one skirt together. 
 
Taking Measures 
When the fabric, elastic band and zippers are chosen, the students begin to take concrete bodily 
measures of themselves and each other in order to construct a design and pattern for a skirt. They 
are given a measuring tape for measuring their bodies and a protractor for applying the numbers 
onto a large piece of paper. They are very particular about this, because Line has emphasized that 
these measures are vital for making a skirt that they would actually want to use. So, the students 
assist each other based on the given stepwise instructions provided by Line. 

Line: When you take your measures, it is important that you know how  
tall you are, or how long your arms are. There are a couple of specific measures that you 
need. These are the measures of you hip and your waist. And the distance between the two. 
And then you need to decide on the length of your skirt. 

 

 
 
Pictures 5 and 6: The students help each other finding their waist and hip. They take measures of 
the distances between waist and hip and the length of the skirt. 
 

Line: It is easy to make mistakes! If you twist the measuring tape or  
bend it, it will result in giving you the wrong measures. Try to identify the waist on each 
other. It is actually not that difficult. What is really challenging is finding the hip. 
Student 1: It is almost like measuring your butt. 
Line: That is the point! You must be able to take the skirt on, to pull up  
past the widest place. 
Student 2: Do you have to measure the distance between waist and hip  
again? 
Line: Yes. It is very important that you also correct that number, if you  
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have to re-measure your hip. 
Line raises her voice and tells this to all the students. She and the teachers assist the students 
in measuring the widest place on their hip, as most of them have to do it again 

 
Drawing the Arch  
After taking their measures and applying them onto a piece of paper the students use mathematics 
to make transformations between two-dimensional paper into a three- dimensional model and 
ultimately a skirt. In this process they switch between applying the three-dimensional measures of 
their bodily curves found by trying the model on and putting that information into a two-
dimensional design in the lines on the paper and trying it on again. They learn how to do this 
through working with paper, bodily measures, fabrics and their models. 

Line: Once you have the measures of your waist and hip, you need to  
half this once – and then half this number also. This is your waist-hip-measure; half of it, 
and then a quarter of it.  

 

 
 
Pictures 7, 8 and 9: Line displays how her numbers are to be applied onto the paper, a student 
sitting on the floor uses a protractor to keep the lines perpendicular and another student is trying 
her paper pattern on. 
 
The students measure and note down the numbers. Some of them have difficulties dividing by 
2⸺the mobile phones come out!  

 
Line: If the front of the skirt is cut askew, the lines in the fabric will  
draw the skirt to one side – meaning that you will have to pull it  
back several times while wearing it.  
The students pay attention to the lines in the fabric and how to keep these “parallel” to their 
body when designing the skirt. For this they use protractor and ruler. The task is to design 
a realistic skirt! 
Line: Now you have to construct the upper part of the skirt, so that you bottom will fit in 
the skirt. It curves more than you stomach, you know. So, you’ll need more fabric. And 
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this must be reflected in your pattern. You do so by making a point 5 cm above the middle 
line on the back piece and 2 cm above the side. Then you draw an arch between the two. It 
must be like a toboggan run. This is so  
the skirt will fit around your waist, i.e. you belly. On the front pattern you also mark 2 cm 
up in each side. But the line from this point must be an arch down to the middle line. This 
must also be a toboggan run. 

 

 
 
Pictures 10 and 11: Line demonstrates how to design the pattern in two dimensions in a way that 
makes room for the three-dimensional body. 
 
The students begin. They draw a coordinate system and begin to mark down their measures. It 
differs if they do the “toboggan run” as a concave or convex arch. The students discuss whether 
Line made it explicit, if it was to be one or the other! “Do you know?” they ask the observer 
(second author of this paper). The students do trial and error. They pay attention to getting a 
symmetrical arch. Some of them make an acute angle towards the middle line on the front pattern. 
Line corrects this and explains why this will not work.  

Line: It must be a vaguely arched form when the lines meet on the  
middle line. This way it fits best to the body. 

 
 In the end, and after extending the session by one and a half hours beyond schedule, all 
students have finished their skirts and are able to walk home with a new piece of clothing that 
actually fits their own body—and is made by themselves. 
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Picture 11 and 12: A student tries on her skirt in the mirror to look for possible refinements of the 
design and the exhibition of three final skirts. 
 
Analysis: From a Mathematics Point of View 
In order to address the students’ shifts between different mathematical representations, we shall 
rely on Raymond Duval’s (2006; 2017) framework on semiotic representations. The outset for 
Duval is that we cannot directly access mathematical objects. We can only do so through their 
semiotic representations. In relation to mathematics learning, the important thing is the 
transformations—or shifts—between the different semiotic registers that we have at our disposal 
rather than the representations in themselves. 

 
Duval (2006) distinguishes two different kinds of semiotic registers. The first kind is the mono-
functional: “Some semiotic systems can be used for only one cognitive function: mathematical 
processing… within a monofunctional semiotic system most processes take the form of 
algorithms” (p. 109). The second is the multi-functional, which “can fulfil a large range of 
cognitive functions: communication, information processing, awareness, imagination, etc.” and 
“within a multifunctional semiotic system the processes can never be converted into algorithms” 
(p. 109). Next, Duval distinguishes between discursive and non-discursive representations. 
Discourse here refers to something like ‘articulation’. It is difficult to articulate geometrical 
representations and transformations through words, hence these are non-discursive, while natural 
language and symbolic systems are discursive (see figure 1 and 2).  
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Figure 1. A simplified version of Duval’s registers.  
 
 

 
 
Figure 2. A more elaborated version (Duval, 2006, p. 110). 
 
As for the transformations between registers, Duval distinguishes two: treatments, which take 
place within the same register (e.g. transforming a mathematical expression within a symbolic 
system); and conversions, which take place between two registers (e.g. taking the mathematical 
expression from the symbolic system and displaying it as a Cartesian graph). In addition, 
conversions can be of two kinds; congruent or non-congruent, which refers to it being possible or 
not to do the conversions in both directions. For example, a conversion between a symbolic system 
and Cartesian graphs can go both ways, hence is congruent; while a conversion between natural 
language in the form of an ‘equation story’ leading to an equation in a symbolic system is non-
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congruent, because the resulting equation can be translated back to a multitude of different 
‘equation stories’. In figure 2, fat bended arrows illustrate treatments. Conversions are illustrated 
with straight-line arrows; the dotted line arrows illustrate the possibility for non-congruent 
conversions, while the normal line arrows illustrate congruent conversions.  
 
From 2D to 3D and Back Again—and Again, Again 
In a conversation with the observer, the mathematics teacher points out that it is difficult to have 
the students make realistic approximations in class. She believes that this is to do with the 
presentation of ideal figures (triangle, square, etc.) in kindergarten. When working with the design 
and construction of the skirt, the figures are however far from ideal. They are images of the 
students’ own bodies, their waists, hips, the length of their legs, the shape of their bellies and their 
behinds. In particular, in relation to the measures of their bellies and behinds, the students are 
challenged. From the literature, it is well-known that students’ visualization abilities are important 
(Sack & Vazquez, 2016). Yet, at the same time, from Duval (2017) and others, we also know that 
shifts between multi-functional and mono-functional registers are not necessarily straightforward 
for students. 
 
In our case study, the students first measure their bodies, in 3D, after which they transform these 
measures (and approximations) onto 2D in the form of patterns that they insert in a coordinate 
system constructed on paper. Having made their concrete models on paper (2D), they ‘try’ these 
out on their bodies (3D). Next, they transform the paper models onto fabric and begin to sew. 
Trying on their skirts (3D) often gives rise to changes, e.g. in relation to the length or tightness of 
the skirt, resulting in further adjustments (2D).   
 
In Duval’s model (figure 2), the students are thus working in the non-discursive representation on 
the right side, doing congruent transformations between iconic drawings (sketches and patterns) 
and their diagrams (coordinate system), variating between two dimensions and three dimensions. 
In particular the students’ work with the arc in 2D—top of the skirt—that is to become a more or 
less straight line in 3D—when wearing the skirt, posed a challenge to the students. Yet, this poses 
a very hands-on way of working with mathematics; the concave arch on front of the skirt (the 
belly) and the concave arch on the back (the behind).  
 
As mentioned, once students reach middle-school they come to work in what might be perceived 
as more abstract domains of mathematics. In Duval’s model this often corresponds to doing 
transformations between the natural language register to the symbolic register and further to that 
of diagrams of graphs, i.e. working in the left-hand side and bottom of the model. In the 
interdisciplinary activity described here, however, the students work mainly in the right-hand side, 
and of course also the top, when transforming the specialist’s natural language descriptions into 
iconic drawings, etc. 
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Furthermore, the students get a feeling of their own body by transferring measures of this onto 
paper, transferring this onto the fabric, and finally trying on the skirt. This also makes it possible 
for them to obtain some idea of how the fabric is constructed— which of course is different for 
different fabrics—and take into account how the fabric will ‘feel’ once it becomes an actual skirt. 
In order to avoid that the front of the skirt is cut askew, so that the lines of the fabric will draw it 
in one (horizontal) direction, the students must pay attention to the lines in the fabric. From a 
mathematics point of view, this illustrates the need for cutting perpendicularly to the lines of the 
fabric, thereby also illustrating a very practical need for a protractor outside the mathematics 
classroom.  
 
Analysis: From an Arts & Crafts Point of View 
Viewing this session from an arts & craft perspective, the students’ learning processes are closely 
related to the materials, their bodily engagement and involvement and the aesthetic elements of 
producing a skirt they actually want to wear. From a motivational perspective, the session 
constitutes strong intrinsic motivation, because the students experience an affiliation to the class, 
their autonomous choices are supported, and they have the necessary competences for making the 
skirt (Deci & Ryan, 2017). These motivational factors are initiated by the specialist’s focus on the 
students’ aesthetic learning processes and the end-product-based-organization of the session. 
These are intertwined in the session’s progression of students’ reception of an impression 
(selecting fabrics and receiving instructions) and transforming that (receiving instruction and 
making individual choices) into an expression (making an individual design and refinement) 
(Brodersen, 2015). In detail, the impression, the transformation and the expression processes 
involve two forms of aesthetics: An aesthetic element of beauty and taste, when choosing the right 
fabric and reflecting on the design, and an aesthetic element of bodily sensation of the fabric, when 
fitting the design to the students’ body and evaluating the feeling of putting on the final skirt 
(Brodersen, 2015).  
 
When the students exchange between these aesthetic processes and learn about arts & craft, sewing 
and making usage of mathematics in the shifts between 2D and 3D, it constitutes what Etienne 
Wenger (1998) calls a central element in learning: a dualism between participation and reification. 
They participate by listening to the specialist, they collaborate on measuring and openly discuss 
their process, and during that, they make reifications of these processes as patterns, models and 
finally a skirt (Wenger, 1998). Participation is relatively dynamic as the students are guided to act 
in certain ways and to make individual choices, while reification is more static as the patterns 
momentarily fixate their choices. Through this dualism, the students strengthen their affiliation to 
the class as the specialist’s instructions enable them to make a visible product. They express 
themselves through individual aesthetic choices of fabrics and design, and the specialist’s demands 
meet the prerequisites. So from an arts & craft perspective, the session in the case proves to be 
strongly motivating, because the intrinsic motivational factors are met by a well-organized 
emphasis on the students’ processes of producing a real and relevant product, while making 
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choices of beauty, sensing the fabric and design, and applying mathematics in the shifts between 
2D and 3D. 
 
Of course, it can be argued that not all the students’ interests are met in this case, since not all of 
them may wish to wear a skirt. Even though this true, it does not undermine our basic points. Other 
tasks with less gender specific constructions, but with the same motivational and mathematical 
issues, can be suggested and conducted by the teachers and guest teachers, i.e. sewing a cap (see 
pictures 13 and 14). When sewing a cap, just as when sewing a skirt, the students must take 
measures of themselves. Then they will have to transform the measures of the head in 3D into 
patterns on paper, and later cut them out in fabric in 2D. When sewing the pieces of fabric together, 
students will need to adjust them to their head, and hence make another shift in registers from 2D 
to 3D. 

  

 
Picture 13 and 14: An example of a cap and the parts of a pattern. 
 
Some students may also dislike sewing a cap, but as in the case of the skirt, the students will 
apprehend basic competences in both arts & craft and mathematics that will help them construct 
an even wider range of clothes. In this respect, motivation is also expected to follow, when gaining 
general competences in sewing and not only when making specific pieces of clothing. 
 
Conclusion: An Interdisciplinary, Material Activity 
In this article, we have investigated the question of how the students worked with the two- 
dimensional (2D) to three-dimensional (3D) shifts and vice versa, when transforming their skirt 
designs from paper to fabric and making sure that skirt followed the shape of their bodies. To 
answer this, we have presented a critical case study of an interdisciplinary lesson of arts & craft 
and mathematics in 8th grade. From a mathematical perspective, the students’ abilities to make 
shifts between 2D and 3D representations are supported by the non-discursive task of designing 
and constructing a skirt. This is particularly visible when they design the skirts’ part around their 
waist and are forced to adjust the 2D paper pattern into a 3D model. From an arts & craft 
perspective, the students’ shifts between 2D and 3D are related to the material, aesthetic and 
embodied form of learning as well as the intrinsic form of teaching, that encouraged the students 
to proceed 1½ hours beyond the set schedule. This is the case because students are encouraged to 
make a skirt that they would actually want to wear and hence become engaged in a process of 
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expressing themselves, making choices of taste, but also taking measures of their own bodies, 
feeling the fabric and observing drafts in the mirror before refinement. However, an 
interdisciplinary perspective is also relevant to include. In this respect, the specialist’s role and the 
teaching aids are of particular interest. The specialist’s background as a professional tailor 
automatically puts focus on making a product of the best possible quality and much less on specific 
subject content, learning goals or didactics. To this end, she applies a blend of functionalistic and 
authentic, semantic teaching aids (Knudsen & Aamotsbakken, 2008; Selander & Skjelbred, 2004). 
The protractor, the measuring tape and the white board are examples of functionalistic learning 
aids, defined as aids to learn with. On the other hand, the specialist also applies authentic, semantic 
teaching aids such as the fabrics, zippers, elastic bands, sewing machines and patterns paper, which 
are defined as aids to learn in (Hansen, 2010). The semantic learning aids in this case are authentic, 
because none of them are designed for learning or teaching, but for producing. So, when they are 
applied as learning aids, they play a central role in the perceived meaningfulness of learning how 
to actually use approximations in mathematics, and hence support the interdisciplinary transgress 
of the barriers between arts & crafts and mathematics, including more fundamental barriers 
between producing and learning and between school and a local organizations (Knudsen, 2020). 
 
References 
Brodersen, P. (2015). Oplevelse, fordybelse og virkelyst: noter til æstetik i undervisningen. 

København: Hans Reitzel. 
Duval, R. (2006). A cognitive analysis of problems of comprehension in a learning of 

mathematics. Educational Studies in Mathematics, 61, 103-131. 
Duval, R. (2017). Understanding the mathematical way of thinking – the registers of semiotic 

representations. Springer International Publishing and Proem Editora, São Paulo. 
Flyvbjerg, B. (2006). Five misunderstandings about case-study research. Qualitative Inquiry, 

12(2), 219 - 245. 
Hansen, J. J. (2010). Læremiddellandskabet: fra læremiddel til undervisning. København: 

Akademisk. 
Knudsen, S. V. & Aamotsbakken, B. (ed.) (2008). Tekst som flyter grenser. Oslo:  Novus Forlag.  
Knudsen, L. E. D. (2020). Introduktion til åben skole. Om baggrund, bredde og sammenhænge i 

åben skole. In: L. E. D. Knudsen, L. Lundager, M. Fredslund and A. V. Thomsen (eds.) 
Åben skole. Odense: Syddansk Universitetsforlag. 

Kvale, S. (1996). Interviews. An introduction to qualitative research interviewing. Thousand 
Oaks: Sage Publications, Inc. 

Pink, S. (2015). Doing sensory ethnography. London: Sage Publications. 
Resnick, L. B. (1987). Learning in school and out. Educational Researcher, 16(9), 13-20+54. 
Ryan, R. M. & Deci, E. L. (2017). Self-determination theory: basic psychological needs in 

motivation, development, and wellness. New York: Guilford Press. 
Sack, J. & Vazquez, I. (2016). A 3D visualization teaching-learning trajectory for elementary 

grades children. Springer International Publishing AG Switzerland 
Selander, S. & Skjelbred, D. (2004). Pedagogiske tekster for kommunikatiokasjon og læring. 

Oslo: Unniversitetsforlaget. 
Simons, H. (2009). Case Study Research in Practice. London: Sage Publications Ltd. 



Sewing a Skirt: A Design for an Interdisciplinary Material Activity in  
Mathematics and Arts & Crafts  

 

 38 

Skovsmose, O. (1990). Mathematical education and democracy. Educational Studies in 
Mathematics, 21(2), 109-128. 

Skovsmose, O. (2011). An invitation to critical mathematics education. Rotterdam, the 
Netherlands: Sense Publishers. 

Wenger, E. (1998). Communities of practice: learning, meaning, and identity. Cambridge: 
Cambridge University Press. 

 
 
 
 
 



 39 

AFTER THE SHAME OF MAN: MAKE KIN FOR 
MULTISPECIES’ FLOURISHING 

Steven K. Khan 1 
____________________________________________________ 
Abstract 
The goal of this paper is to bring the challenging and unsettling thought of, and 
scholarship on, Sylvia Wynter into conversations around our Science, Humanities, Arts, 
Mathematics and Education (SHAME) projects. 
____________________________________________________________ 

 
There is a palpable strangeness to revising a presentation for a conference proceedings after almost 
a year during which time individual and collective priorities, responsibilities and attentions have 
shifted in response to a global pandemic. Some of the ideas originally presented in this paper have 
since been elaborated in Khan (2020). In this revision I present a much condensed argument. My 
goal remains however to extend an invitation to readers to engage with the thinking of Sylvia 
Wynter and other scholars not in the mainstream of mathematics education in thinking about 
mathematics and its connection to the arts and sciences.        
 
Logical Rough Sketch: After SHAME  
Science, Humanities, Arts, Mathematics and Education — what I call SHAME  — are caught up 
in and profoundly implicated and imbricated in an overrepresented patho-colonial, patho-logical 
genre or order of Being, Doing, Knowing, Learning, Teaching that is an essential part of what has 
been called Man by Sylvia Wynter. The recent history of the world, at least the one with which we 
are likely more familiar, is literally the story of Man’s SHAME. In the disciplinary formulations 
many students in elementary pre-service teacher education arrive with a profound and crippling 
sense of shame about their previous performance in SHAME disciplines often manifested in 
ongoing trauma responses such as anxiety, PTSD, violent acting out and disengagement. 
 
I use the acronym SHAME because of its potential for strong emotional arousal in many societies 
as something to be avoided. It provokes and unsettles many readers or listeners to be forced to 
confront the possibility of their complicity in acknowledging that their (our) beloved disciplines 
might be continuing to actively contribute to human and planetary harms. 
I also use the SHAME acronym as a foil against other more acceptable, less taboo, though still 
controversial formulations such as STEM or STEAM. Following Davis et al. (2019), I draw a 
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distinction between STEM and STEM Education. I take the emergence of ‘STEM’ discourses, and 
the underlying economic press for ‘more’ and ‘better’ in education, as an initially adaptive, albeit 
conditioned and habituated, response of a specific, historically emergent, and evolving set of inter-
related, imbricated, and complex global systems in which a small fraction of humanity is 
irrevocably complicit. This fraction’s repeated and ongoing actions have unnecessarily 
complicated and dangerously compromised the ongoing conviviality (Illich, 1973; Reinert, 2017) 
and potential for flourishing of all of human and multispecies kin for multiple generations past and 
for multiple generations to come. 

 
In using SHAME to call attention to a world imagined and theorised differently I find example 

in Appelbaum’s (2018) formulation of SAMBA (Science, Art, Mathematics, Bio-sustainability, 
Action) and Wise’s (2019) call for MESH (Media Literacy, Ethics, Sociology and History 
Education).  

 
Emotional shame is not, though, the terrible thing we make it out to be. Yes, shame is one of the 
most powerful emotions humans can have as a social species. Shame feels painful, but this pain is 
a place of learning, recognizing, and acknowledging; speaking about how shame affects us and 
our learners is necessary in developing shame-resilience, i.e. ways to recognise when we use 
shame-avoidance as a strategy that limits learning. Caveat: This does not imply that we 
intentionally set out to cause pain to others through shaming as any sort of justification. Here the 
work of Brown (2006, 2012) is valuable. In that we need to come face-to-face with our shame and 
that of our students in our SHAME disciplines. This is an act of choosing to come face-to-face 
with our pain, our suffering, or the faces of those who have suffered as a result of our actions. 
Following Levinas and others, this coming face-to-face is an ethical act in which our 
responsibilities for Others are occasioned (see Khan, 2010 for the background to this part of the 
argument).  
 
In thinking about SHAME and shame the work of Sylvia Wynter has emerged for me as an 
important framework to rethink the relationship of mathematics and its connection to the arts and 
sciences and other disciplines.  
 
Sylvia Wynter, born in Cuba to Jamaican parents, was educated in Jamaica and London, and worked 
in the Caribbean before becoming a professor of Comparative and Spanish Literature at the 
University of California at San Diego. She is (at the time of writing) Professor Emerita at Stanford 
University. Wynter’s fifty-year oeuvre is a carefully fashioned theoretical bricolage that draws upon 
and strategically deploys a wealth of concepts from across the landscapes of human inquiry. Her 
work seeks to effect a rupture and displacement among the complex configurations and accretive 
articulations of institutional associations within which she has traced a dominant bio-cidal 
episteme, cultural logic, or order of consciousness that engendered and accompanied the rise of 
Western Humanism, rationalised colonial expansion, and undergirded the rise of the modern world 
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(Wynter, 2003). The over-representation of this episteme that she calls Man, as the only ‘true’ logic 
or way of being human, enacts a pandemic genre, which negatively marks otherness and difference 
as defect, deficit, or deviance. Man, she explicitly declares, is not the human, although it represents 
itself as if it were. It is, rather, a specific  

local-cultural conception of the human … Its “Other” is therefore not  woman … Rather because 
Man conceives of itself through its Origin narrative … of Evolution … its “Other” and 
“Others” are necessarily those categories of human who are projected … as having been bio-
evolutionary dysselected – i.e, … [all] who are negatively marked as defective humans within 
the terms of Man’s self-conception and its related understanding of what it is to be human. 
(Wynter, 2000, p. 25, italics in original) 

Wynter (1995) names the problem she sees as “understanding” itself and indicts scholars, “who 
formulate, elaborate and represent “local cultur[al] understanding as if it were a universally 
applicable and acultural one” (p.25). This problem of understanding is one that is a primary 
concern of the SHAME disciplines. Man then is, “one ‘local culture’s’ conception of the human 
Man...strategically presented as it its referent were the human species itself, as if its culture-
systemic ‘world’ were the new ‘Church,’ its ground of actuality, supracultural, its speech...rational, 
logical, and alone experienceable as true” (Wynter, 1995, p.30).  
 
The world of Man is a supra-normative mythology, in this case a literal fiction and fallacy 
(phallusy), as no human, vulnerable as we are to the effects of disability, disease, and disaster, can 
keep pace with the eventuality of having to be contained within Man’s mono-archical category of 
‘evolutionarily dysselected’ and defective. The result is a series of false certainties, expanding 
spheres of vulnerability (Butler, 2020; Khan, 2014) and eternally compounding fractalising fears 
and anxieties.  
 
Wynter’s goal in her work is to effect a rupture with its epistemic apparatus/ assemblage, to invite 
us to ‘re-enchant’ Humanism through finding ceremonies (Wynter, 1984, 2015) that are not 
master-codes but ways to make a life anew amongst the lingering legacies and fallout of Man’s 
inhuman hubris.      
 
Over-representation (and consequent under-representation of diversity) is the leitmotif here. For 
example, when we examine who is represented as the child of Man (here in North America, Canada 
in particular) we find the (fictive) child is imagined as white, European, usually male, heterosexual, 
able-bodied and of the merchant or governor class (Kromidas, 2019). Bodies of colour, different 
abilities, sexualities, genders, neuro-diversities and levels of income are not the images that pre-
service teachers bring to their initial work in learning to teach SHAME disciplines. In mathematics 
curricula certain branches of mathematics are also over-represented (Algebra for example) and 
others under-represented (statistics and discrete mathematics for example).  
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Harouni’s (2015) genealogical analysis of why North Americans teach the mathematics they do 
posits that at least three different institutional settings - the Shop floor, the Grammar school and 
Reckoning schools, and their associated cultures and values, as bequeathing, to varying degrees, 
their genetic legacies to modern mathematics education, with a hybrid of Reckoning and Grammar 
school curriculum and pedagogy most aligned with those of today. The Reckoning school was the 
place where the children of merchants learned accounting and basic arithmetic, while the Grammar 
school was where members of the future clergy and governing class would be schooled in the 
disciplines and states craft.  
 
Finally, when one considers forms of current assessment practices in SHAME disciplines the 
bubble-sheet multiple choice test is overwhelmingly over-represented as a tool to measure 
students’ learning (and at times taken as an index of teachers’ ability to foster learning). The image 
of the child, the nature of the curriculum and the tools learn for assessment of learning are examples 
that fit with the logic of Man and the need to identify those who are to be dysselected, denied full 
participation or access or consigned to the dustbin.   
 
Wynter’s challenge to SHAME disciplines is to attempt to simultaneously re-imagine Humanism 
outside and beside the epistemic and sociogenic apparatuses employed by Man to move towards 
an “autopoiesis of the human” (Wynter & Thomas, 2006), that is, “to redefine what it is to be 
human” (Wynter, 2000, p.25, cited in Headley, 2006, p.61, emphasis in original). Her ultimate 
concern is with human freedom and its trans-formative potential. This is the foundation of her 
‘after Man’ proposal in which she wonders.  

How then shall we reimagine freedom as emancipation from our present ethno-class or 
Western bourgeois conception of freedom?  And therefore, in human rather than as now, 
Man’s terms?...beyond those of Man’s oppositional sub-versions – that of Marxism’s 
proletariat, that of feminism’s woman (gender rights), and that of our multiple 
multiculturalisms and/or centric cultural nationalisms (minority rights), to that of gay 
liberation (homosexual rights), but also a  conception of freedom able to draw them all 
together in a synthesis (Wynter, 2000, pp. 41-42, cited in Roberts, 2006, p. 184) 

According to Headley (2006) the ‘after’ in Wynter’s ‘after Man’ proposal functions neither as 
teleological nor temporal deixis, nor should it be read as heralding “some utopian androgynous 
society, a world beyond gender…(p.59).  Rather, he suggests, the ‘after’ in Wynter’s proposal 
serves to re-orient our consciousness to “approaching otherness structurally rather than temporally, 
that is by framing otherness in terms of differences in cultural-specific orders of 
consciousness…[which] is a significant step beyond understanding otherness as reciprocally 
achieved intersubjectivity and as singularity…” (Headley, 2006, p.59).  To think “after Man” is to 
ask what (or who) is already besides, already existent, and thus more than potential but not yet 
afforded recognition or full value as being, and to begin to wonder how and why this might have 
come to be so. 
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In discussing the resistance to her discussions of gender by feminists, Wynter elaborates a position 
that draws attention to the instituting of ‘kind’ or genre associated with any type of taxonomic or 
nomenclatural system, the discursive making and marking of difference. 
 
It is the fixation on these sub-versions that prevents an effective systemic critique of the logic that 
pervades all of these different types of oppressions. Wynter’s autopoiesis of the Human requires a 
moving beyond stale binary logics to consider simultaneously the multiple vectors of oppression 
that limit human flourishing and freedom. In her most recent work (Wynter, 2015) she argues that 
such an “autopoetic turn” requires a “Second Emergence” to parallel the first emergence that begat 
Man at the end of the Western-European Middle Ages.  
 
In the extended version of this work (Khan, 2020) these sub-versions are extended to not just those 
humans considered as sub-human, i.e. below some arbitrary cut-off for human belonging and 
dignity but more significantly to the other-than-human multispecies world with whom human sub-
versions have been historically conflated with an attendant right of all to pursue flourishing as an 
end for themselves.   
 
The longer thesis then is that SHAME disciplines must find ways to re-establish relationships of 
responsibility, care, and compassion and become kin once again with the rest of the multispecies 
world. In the mathematical world, however, this means helping learners to recognize their kin-
ship, their relatedness and sense of belonging, to the discipline that they study and to the entities 
therein. 
 
But what exactly is the ceremony to be found After Man, the autopoiesis of the Human that re-
enchantment of Humanism at the heart of SHAME disciplines and discourses? The current position 
that I am working towards as a complete argument is summarised in the complex expression, 
“Make Kin Place of Loving Kindness for Multispecies’ Flourishing to unsettle Algorithmic 
Sovereignities of Plantation-logics through Maroon Mythopoetics and Multimodal learning 
experiences.” I had thought it possible to provide a sketch of the argument in these proceedings, 
but I believe the work deserves additional time and space (see Khan, 2020).  
 
Make Kin  
Make kin takes its inspiration from Donna Haraway’s (2016) work and its call for a multispecies 
ethics. It is also an obvious play on making and a small critique of those approaches to Makerspace 
in SHAME learning environments which as McKenzie (2013) has noted is not about modes of 
production and labour, but about craft knowledge and “a kind of fetishism.” A descriptive counter-
example to such approaches is provided by Gonazlez (2019). 
 
A critical feature (Marton, 2014) and core logic of mathematics, mathematics education and 
mathematics teacher education is the making of kinds — a taxonomically oriented culture of 
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discerning ‘necessary’ and ‘useful’ distinctions that underpins the making of hierarchies. For 
example, in my methods courses we annually trace the frequency of the word ‘sort’ across the 
Program of Studies (Truong & Khan, 2019) and connect with sorting activities at a variety of 
development levels involving button sorting, pentomino sorting, 3D solid sorting, and the 
classification of triangles and quadrilaterals (Usiskin & Griffin, 2008). In the past, with in-service 
elementary teachers enrolled in a graduate course, we have worked on simple knot classification, 
and I have used Hartnett (2017) to explore why noticing, naming, sorting and classifying are 
fundamental to doing mathematics.  
 
In elementary teacher education in relation to mathematics, the making of kinds is annealed at the 
most fundamental level with processes of learning to make ken — or a focus on individual and 
collective sense-making (Khan, 2006) as well as on teacher understanding of student 
understandings most notably through frameworks like Variation Theory (Marton, 2014), Learning 
Trajectories (Battista, 2011; Clements & Sarama, 2014; Confrey et al., 2019) and Mathematical 
Knowledge for Teaching (MKT/M4T) (Ball, 2017; Davis & Renert, 2014). However, for many of 
the pre-service teachers I have worked with, make ken is a prelude to their (teachers’) attempts to 
‘classify’ and ‘sort’ learners into petrified categories often based on learning styles (kinesthetic, 
visual), and much less frequently called upon, multiple intelligences, which ignores the shameful 
ethnocentric origins of the concept (Fallace, 2019). 
 
For example, in learning to anticipate student responses using the concrete-pictorial- symbolic 
(abstract) modes of representation, several pre-service teachers rationalize the pedagogical value 
of this sequence with statements like, “[f]or visual learners it is helpful to draw out the fractions 
being used.” Gradually, over a course of study this sort of justification usually shifts to ones like 
“I think the visual and kinesthetic aspect helped to make the ideas...much more concrete,” which 
recognizes these as modes of human sense-making not tied to learner categorizations based on 
rapid and limited teacher observation/data.  
 
Indeed, as Fallace (2019) has argued, in the North American context, the learning style myth was 
seeded “in the 1960s as part of a broader effort to reach inner-city African American youth that 
certain educators deemed culturally deficient. By the time scholars developed learning style 
inventory instruments for mostly white children, they removed the race-specific language, and 
educators quickly forget the ethnocentric origins of the learning style idea” (p. 349). This is another 
example of Man’s monologic in SHAME research and practice. The necessary shift to making kin 
with learners (who are making kin with mathematics and each other) and learning through teaching 
depends on a shift in the beliefs about the purpose/intentions of teaching and what one intends for 
learners to learn or discern.   
 
In the methods course for pre-service elementary teachers, I have recently begun to refer to First 
Nations, Métis and Inuit (FNMI) perspectives in a variety of ways. I would not characterize what 
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I am doing as ‘incorporating’ as yet but that is indeed a longer term goal. I have been able to do 
this because I have come into relation with members of communities and so have a safe epistemic 
community in which to ask sit, listen, learn, and ask questions and also because of policy initiatives 
at the Provincial level. I do land/territory/treaty/nation acknowledgements at the start of every 
class. In several instances I have received feedback from students in their written reflections on 
the significance of this to making them feel welcome in this class. For example, the following is 
an excerpt from a student reflection after the fifth session:     

In today’s class we started as we always do, by acknowledging the Indigenous land that we 
are privileged to study on. This is something that is done in many classes, however strictly 
on the first day and then rarely spoken of again. It is different in our 316 class because it is 
made a crucial part of each class which I think is very important. The practice of 
acknowledging the land helps Indigenous students feel more welcome and valued but I do 
not believe a brief mention is always enough.  
 
What was even more special about today’s class was the discussion about the Indigenous 
murders happening all over Canada. This isn’t an easy topic to talk about but those are the 
topics that are the most important to discuss. I rarely hear about these 
murders/kidnappings/rapes in my classes which I believe is a shortcoming...Of course not 
all current events can be discussed in class time but this is something that is very close to 
home that will affect us as teachers in Canada that we need to be aware of. One of our jobs 
as teachers is to make ALL of our students feel safe and welcome which we cannot do if 
we are oblivious to the alarming events that are very real to our students. [Student 
Reflection, 2019] 

In the session referred to in the excerpt above, we looked at sorting and classifying tasks in the 
early grades and noted that this is a human cultural universal (Bishop, 1988) that is primarily 
utilitarian in that we sort, group, and name things that are of value to us in some way and which 
enhance survival and well-being or bring pleasure. We then moved on to discussing the dangers 
of sorting and classifying within hierarchical social systems and institutions that have emerged 
from and still carry traces of their ethnocentric, anthropocentric, nationalist, sexist, racist, and 
eugenicist origins. In particular, we discussed the usage and transformation of the concept of the 
Great Chain of Beings (Lovejoy, 1950), which as Ogunnaike (2016) argues,  

distorted by rationalism and temporalized, formed the philosophical backbone of modern 
racism. This anthropocentric chain of being generated the quest to classify and rank the 
human species into sub-groups and produced a physical, mental, and socio-political ideal 
of humanity against which all other human types were judged and ranked. Thus, a 
combination of scientific, biological racial essentialism and a hierarchical arrangement of 
these essential racial categories combined to form modern racism (p. 802). 

Though I do not use Wynter’s language of ‘Man’ with elementary pre-service teachers, it is one 
of the scholarly rudders that I steer by on these rough cold seas. From as early as possible, I want 
to dispel any notion that Mathematics (as we know it) and it connection to the Arts and Sciences 
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in the ‘real world’ are, or have historically, ever been politically neutral or anodyne in practice 
(Harouni, 2015), and that the way we choose to teach mathematics is always an engagement with 
relationships and discourses/cultures of power. This conversation takes place in the context of 
relating to the virtue of humility as a recognition of relationships of kinship with other beings.  
 
Beyond land/territory/treaty acknowledgments, in working to do a very small amount of justice to 
the challenges put forth to Canadian educators in multiple reports, including the Truth and 
Reconciliation Commission Calls to Action (2015) and the Final Report of the National Inquiry 
into Missing and Murdered Indigenous Women and Girls (2019), I have turned to the seven 
ancestor/Elder/Grandparent teachings (Empowering the Spirit, 2019), in particular the way the 
values or virtues related to each teaching are associated with the behaviour and spirit of our animal 
relatives.  
 
Spending time with these teachings and study I come to appreciate more deeply Lopez’s (1981) 
insight that, “[i]n North America the indigenous philosophy grew out of the lives of animals” and 
the centrality of the geography, topology, and sonic ecologies of places of learning to the forming 
of situated epistemic communities (Irobi, 2006; Knies, 2006; Maldonado-Torres, 2006) and to the 
formation of languages, words, concepts and valued logics themselves in those communities (Elder 
Stan Peltier, personal communication). This extends and grounds the ideas of embodied and 
enactivist thinking differently through the implication of thinking in and with multispecies ways 
of being as an ethics.   
 
A Turn to Ethics 

...ecojustice has no allowable one-variable approach to the cascading exterminations, 
immiserations and extinctions on today’s earth. But blaming Capitalism, Imperialism, 
Neoliberalism, Modernization, or some other “not us” for ongoing destruction webbed with 
human numbers will not work either. These issues demand difficult, unrelenting work; but 
they also demand joy, play and response-ability to engage with unexpected others” 
(Haraway, 2015, p. 164). 
…mathematics teaching is, in my opinion…not amoral, as it claims, but indisputably 
immoral. In allowing itself to forget that its subject matter is a humanity, it has become an 
inhumanity. It is thus that we have created a system that values compliance over creativity, 
that spawns destructive behavior by destroying our experience, and that conditions learners 
to reach for the formulaic ahead of the imaginative (Davis, 1996, p.281).  

Like other areas of the social, human and life sciences, Mathematics Education has been affected 
by the ‘ethical turn’. Ernest’s (2012) ‘quest’ for a first philosophy for Mathematics Education for 
example leads him to reject in turn Aristotle’s metaphysics, Descartes’ epistemology, Heidegger’s 
ontology, philosophy of mathematics and Critical Theory as suitable candidates and concludes that 
Levinas’ ethics provides a grounding for mathematics education. Ernest notes that, “[o]ur species 
depends for its survival on our ethical and cooperative behaviour with regard to our fellow 
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humans” (p. 13). As discussed in Khan (2010), the ethical imperative that emerges from a 
consideration of Levinasian ethics is not a prescription for action but an open uncertain space from 
which emerges the choice to “perform oneself differently.” A form and practice of ethics rooted 
in Enactivist thought, but compatible with Levinas’ ideas (a discussion of this is beyond the scope 
of this paper) is, as Simmt and Kieren (2015) describe, not about institutionalized ethics or morality 
but, “the implications of the moment by moment and day by day interactions we have as autopoetic 
and structurally coupled beings to others and otherness” (p.314). More recently Boylan (2016) has 
argued that the choices made by mathematics educators are ethical ones and such choices usually 
occur in situations of ambiguity, complexity and uncertainty. He proposes the concept of an ethical 
dimension which refers to “awareness, action and sources of ethical thought” (p.401). He considers 
4 dimensions - relationships with others, society and culture, ecology and the self. If is the 
ecological that concerns us of which he says, “An ecological ethics implies the need for an 
environmentally informed critical mathematics education but also for a critique of the social 
construction of mathematics itself as separate and disconnected from nature” (p.403).  
 
In reconnecting with the other inhabitants of the Earth, Donna Haraway (2015) proposes “make 
kin” as a way to move past our cultural obsession with making kinds. Hers is a multispecies (Earth-
based) ethics and allied politics. Making kin, she says, involves collaboration and co-labouring 
with other terrans to “make-with - become-with, compose-with” (p.161) —some good examples 
of this are maroon communities, maroon narratives (James, 2002; Khan, 2016), and communal 
activities such as communal buffalo hunting on the plains (Brink, 2008). 
 
Rose (2012) addresses the specific question of “how we may encounter ethics in the world of 
multispecies differences and connectivities” (p.135). She pushes beyond the Levinasian ethical 
relationship of the human face-to-face to the interface between species in which ethics becomes, 
“a site of encounter and nourishment” (p.136). One such example is discussed below. 

The children encounter another time in the forest that is neither human nor animal: the 
vastness of geologic time. There is a boulder we think has been there for millions of 
years...connecting us to this forest’s past and present...because stones are objects of long 
duration, they tell us a lot about life and deep time, and can generate fascinating inquiries 
(Pacini-Ketchabaw & Kummen, 2016, p.434).  

 
Things inhabit the forest that speak to the children about another kind of time - our waste 
futures are foretold by discarded plastic bags and cleaning rags, glass jars, an old plastic 
toy truck and many cigarette butts...The toxicity to many life forms of the waste we 
encounter becomes a topic of conversation among the children...In collaboration with 
children, we curate the exhibit ‘A Walk in the Park’. The exhibit invites us to stay with the 
trouble of waste… (Pacini-Ketchabaw & Kummen, 2016, p.435) 

The two excerpts above from an early childhood multispecies ethnography illustrate an important 
principle for the work we are yet to do in mathematics education to address global challenges. In 
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the work of Pacini-Ketchabaw and Kummer (2016) they deliberately and explicitly seek to draw 
attention to different temporalities of different species. This is a first step in shifting from making 
kind (categorization) to making kin alluded to by Haraway - the recognition that the other elements 
of the earth - both living and non-living (in the biological sense) have a duration, a life, which 
varies from that of the range of (current) human (cyborg) life-spans. The question thus arises as to 
How do we communicate the temporal durations of the mathematical concepts, objects, artifacts, 
creators and their stories? Again, this is a call for situating mathematics in its multistoried history. 
This too is part of our ethical imperative. Mathematics educators seek to show how the Life of 
Mathematics can sustain a Life in Mathematics. We must no longer be afraid to engage each other 
and children with stories of the Death of Mathematics - to show that ideas have their time, not all 
of which is the mythical forever and ever. How do we analyse time, or rather temporalities, in our 
research reports - is it always synchronous, linear time, human time, or do we borrow from the 
myth of mathematical time(lessness). We perhaps need more diversity and attention to temporal 
analyses in learning mathematics for addressing climate change. We need to attend to the 
topological knottiness of ethical times to make kin dread and kindred, not to unknot but to “stay 
with the trouble.” We perhaps need to reverse the direction of the relation ‘kinàkenàkind’ or at 
the least make it bi-directional and multi-temporal. A first step for SHAME in addressing the 
fallout of Man’s hubris is to re-establish a kin-ship with the rest of life (and more daringly with 
what is currently scribed as non-living and once-living).  
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Abstract 
At MathWeave, we have been researching the connections between mathematics and 
fine/visual arts since 2011. We question how this push for integrated teaching can remain 
compatible with the “Unreasonable Effectiveness of Mathematics” that both Hamming 
(1980), Wigner (1960) support and which is ultimately reflected in the strong tendency 
in various environments to use mathematics as a gatekeeper (Stinson, 2004), and in the 
declining enrolment in mathematics programmes at university. In effect, the overarching 
project is to investigate the practices and processes of artists and mathematicians 
ranging from novice to expert, that could be used in order to effectively ‘bridge the gap’ 
between these disciplines. In this paper, we present the evolution of our group and how 
it led us to this focus. 
____________________________________________________________ 

 
Since 2011, a group of researchers and educators have been getting together to explore ideas 
around the connections between art, mathematics and education. This paper provides a brief 
history of the group, together with some of the insights that have emerged from the collaboration. 
In particular, it delineates some of the questions raised through the participants’ engagement in the 
diverse practices this work entailed. 
 
MathWeave: A Group Comes Together 
MathWeave is a research group that has been working since 2011 on the interplay between visual 
art, mathematics and education. It started when Eva Knoll, mathematics educator and artist, and 
Wendy Landry, weaver and independent scholar, came together to investigate a weaving about 
which they were curious. Both Dr. Knoll and Dr. Landry also have training in architecture. Dr. 
Landry has a strong interest in the history of weaving, fibre and craft in general. 
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Based on the artefacts that they had been studying, they embarked on an exploration of the forms 
that could be made using paper strips as an accessible and cheap medium, first replicating designs 
and then exploring ever-increasing possibilities from these designs. They quickly realized that they 
were not only seeing possibilities in craft, they were identifying and using mathematical analyses 
to describe and then extend what they were doing. 
 
Within a year, they began to communicate with Dr. Tara Taylor, a mathematician with whom Dr. 
Knoll had worked in the past, and invited her to extend the mathematical analyses of the artefacts 
they were producing. 
 
As the group began to have longer and deeper conversations about what they were doing, the topic 
of possible educational outcomes began to emerge. A public-school classroom teacher, Paul 
Carreiro, who teaches both math and art to junior high age students joined the group.  
 
A fifth member also joined. Katie Puxley is a university librarian and a fibre artist in her own right, 
with a strong interest in mathematics and classical philosophy.  
 
Collectively, we identified ourselves as MathWeave. From the earliest meetings, the group began 
to dig into questions around the relationships between mathematics and art. Each member was, 
and still is, engaged by these questions. A series of interconnected questions about math and art 
arose. Could math be taught more like an art? (Lockhart, n.d.). What can mathematical reasoning 
bring to an artist’s practice? Can engaging in art making lead to mathematical insight, in itself? 
The more we discussed, the more we realised that the overarching project was to investigate what 
actual practices and processes artists and mathematicians ranging from novice to expert, would 
have to use in order to effectively ‘bridge the gap’ between these disciplines. 
 
Obstacles and Opportunities in Answering the Question 
Any group of this kind functions within a context of political and educational ideologies. Given 
that we have interests and aptitudes in both the arts and mathematics, we are bound to be both part 
of the context of these practices and affected by it. In particular, MathWeave exists in a part of 
Canada that is focussed on raising test scores in mathematics while reducing art to an exploratory 
subject (Thompson, 1995, p. 38), thereby leaning towards a pedagogy that emphasizes creating art 
as a mode of personal expression rather than to develop specific skills. This is sharpened by the 
fact that the test results for mathematics on both local and international measures are average at 
best with specific groups appearing to fall behind (Council of Ministers of Education, 2018). This 
results in increasing pressure to improve those same results. 
 
One by-product of this pressure is the increasing control exerted on teachers from central 
authorities to teach in prescribed ways, in prescribed sequences with prescribed assessment and 
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reporting processes, which is part of an increasing de-professionalization of teachers (Nova Scotia, 
2015). All members of the group experience this as teachers, as parents of students or as academics 
in faculties of education or mathematics. 
 
Conversely, there are intermittent movements to make mathematics relevant to the real world but 
they do so using contrived word problems that still have students exercise skills in prescribed ways. 
There are also movements to try to include mathematics experiences that are supposed to build 
math capacity through attractive activities such as video games, coding, and maker spaces. 
However, it is often assumed that the mathematics is inherent in the activity and therefore that 
participation will necessarily translate into mathematics skills. 
 
Many students around us also opt out of mathematics learning long before the end of school, and 
few elect to pursue studies in mathematical fields (for example, U. S. Department of Education, 
2013). This can involve simple disengagement associated with a self-identified ‘not being good at 
mathematics’. It can continue with students making choices to avoid taking mathematics courses 
as soon as feasible, after which mathematics becomes an important gatekeeper in restricting their 
post-secondary options (Stinson, 2004). In part, this circles back to the idea that being good at 
mathematics is associated with doing well on tests, especially government-organised tests or 
curricula that move students steadily towards pre-calculus or calculus (Seeley, 2016).   
 
As a group, we share experiences of these pressures as both educators and parents from different 
points of view and diverse analytical skills. Each member of the group brings multiple identities, 
multiple pieces of professional knowledge and side skills developed over years of individual and 
collaborative work. It is likely that working in such a milieu has forced the group to be aware of 
the need to articulate its point of view and to work to imagine alternatives to the current status quo. 
It is possible that working in resistance to prevailing ideas has caused the group to tap deeply into 
multiple identities, knowings and skills in order to articulate alternate views. 
 
Core Methodologies for Investigating the Questions and Going Beyond the Obstacles 
Given our questions about bridging math and art and given the obstacles we face to engage in 
conventional practice, the group evolved a number of practices and methods for investigating the 
questions over the years. First and foremost, were regular, reflexive meetings. The group met 
regularly for at least the last seven years, often monthly. Given that no one person was from the 
same institution, this commitment to engage in regular, sustained conversation about all aspects of 
the questions is a significant piece of our approach. 
 
Furthermore, the content of the reflexive meetings was diverse. Over the years, there have been 
sidetracks into a number of smaller research questions, philosophical questions, and writing 
projects. Discussions and interests can turn sparked by a question, a debate or an article. Thus, 
another key piece of our process is a willingness to consider matters both broadly and in depth 
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without having to reach a conclusion within a specified time frame. This is a ‘slow’ approach to 
investigating a question and it was explicitly understood that this was a key part of our approach 
(Berg & Seeber, 2016).  
 
Within these regular meetings, one of the structures we employ is the use of regular readings. The 
discussions about the readings meet an expanding list of questions ranging from philosophy and 
practice of mathematics to cognition to pedagogy to the nature of craft, and allow us to begin 
aligning our thinking, across disciplines. At any given time, readings that are in the comfort zone 
for some members of the group are difficult for others, depending on the topic. This shared reading 
is not only important for expanding the knowledge base but builds common and shared 
understandings. It also offers insights into the different disciplines and perspectives of the group. 
It is no surprise that this takes time and requires commitment and open-mindedness. 
 
At other times, meetings are all about a collective piece of writing that is often edited line by line. 
The collective editing and writing of a paper is slow and often requires long discussions about 
shared meanings of a single word, providing a forum for further deep reflexions about our mutual 
practices. Other activities include the planning and preparing for different types of outreach 
activities (workshops for teachers, sessions with girl guides, etc). Again, the differing experiences 
and learning to explain ideas to different audiences builds shared knowledge and works on 
bridging these gaps.  
 
Over time, the group began to realize and actively comment that it was not just a multidisciplinary 
group, but a transdisciplinary group. Being transdisciplinary is an active part of our methodology 
for investigating our questions. Moreover, we recognized and inventoried the wide range of skills 
across a large number of disciplines that we collectively possess. On a deeper level, we realized 
that we are unified by a sense of mutual curiosity about many interrelated questions about the 
relationship between mathematics, art and education, as well as a shared purpose.  
 
Thus, a key element of our practice is that because each member of the group brings several 
disciplines and fields of knowledge to the table, some of which overlap while others seem to be 
only remotely connected, it can be obstructive even to attempt to keep them distinct within our 
practice. What did remain were occasional remarks as to the similarities of practice, for example 
between mathematics research and art making practices. 
 
Developed Methodologies 
Embracing the Role of the Novice  
More deeply, the group has developed, and continues to develop, collective insights and 
discoveries about how to look at the process of integrating mathematics and art. As we move past 
individual fields of knowledge, going from inter-disciplinarity to transdisciplinarity, we generate 
more elaborate practices.   
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Sometimes the group engaged in learning to make a new object such as a woven paper structure. 
By itself, this has a similar impact as reading articles. Some members are greatly skilled, others 
are novices, and this disparity of expertise creates a productive friction: a key discovery of the 
group is that experiencing the perspective of a novice is also beneficial to the expert, especially if 
she also teaches. As we read an article outside our previous base of knowledge, or engage in an 
unfamiliar practice, we become novices again, struggling with vocabulary, concepts and ideas that 
are novel to us. As we learn to make new things, we experience the frustrations of a learner who 
cannot see how a small, technical detail in the process can be critical to how something is made. 
More than that, however, all members of the group also play the role of expert and as such, teach 
the (novice) others and thus become more aware of ways of showing, highlighting and extending 
a skill. This interplay between expert and novice is often reflected-upon carefully as we look at 
our own processes for how teaching and learning takes place (Lave, 1988).  
 
On several occasions, this practice has extended to Mr. Carreiro’s classroom, or a teacher 
workshop, where the group ‘field-tests’ this practice. In a tangible breaking of institutional 
boundaries, Dr. Knoll would come to visit Mr. Carreiro’s classroom over the years; sometimes she 
was an active participant in teaching a lesson on origami for example. At other times, she was 
simply part of an ongoing after school art club that had multiple opportunities for mentoring 
students as they investigated and experimented with all kinds of making from beading to origami 
to painting. Ms. Puxley has also come and done lunchtime workshops on crochet resulting in 
students taking up the craft. On a few occasions most of the group has come to do some work with 
fibre arts (making rag dolls from yarn). Aside from bridging institutions, the group, individually 
and collectively, was able to extend understanding of how novices approach a new task. Finally, 
the shared experience of teaching deepened the collective understanding of how links between 
math and art could be made explicit. 
 
Diagrams as Methodology 
This interplay between expert and novice has led (and continues to lead) to deeper considerations 
about how to maintain the integrity of a discipline while moving outside its traditional boundaries. 
All members of the group experience significant moments of being in and out of their comfort 
zones for what they know. In the process of doing this, professional boundaries become looser and 
new hybrid skills begin to emerge. For example, during a nearly yearlong investigation of the role 
that diagrams and diagramming play in both mathematical competency and artistic endeavour, all 
members would have developed substantially greater insights about these roles from multiple 
perspectives (Knoll et al., 2017). In Dr. Taylor’s case, for example, this meant that she brought 
new insights to her teaching of university level math courses through activities done in the 
classroom as well as different types of questions on assessment tools. 
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Mutual Interrogation 
One of the specific tools that we found useful for moving past professional boundaries and 
developing hybrid ideas is the notion of mutual interrogation. As outlined by Mendoza (2001) and 
Alangui (2010), this is where mathematicians and craftspeople are brought together to learn about 
each other's practices. While mathematicians were comfortable analysing and reporting their 
observations, the local craftspeople, for all their skills, did not feel comfortable reporting what and 
how they thought about their craft to the mathematicians. Both Mendoza and Alangui suggest that 
issues arise from the power dynamic that is established by the hierarchical perception of the 
disciplines and practices in play. To counteract this power imbalance, the authors propose to 
introduce the method of mutual interrogation, between craftspeople making and mathematicians 
mathing6, which we found compelling. The idea is that, in theory, two fields of knowledge could 
engage in a mutual dialog with each other: a mathematician could analyse a craftsperson's work 
for its mathematical properties, and, in the original intention, the craftsperson, in turn, could 
interrogate the mathematician's knowledge for ideas that would be of interest to her. This can be a 
problematic process because of the mismatch of intentions and power between the parties 
involved.  
 
One of the obstacles to practices of mutual interrogation, and indeed integrating mathematics into 
a transdisciplinary practice in general, is what Wigner describes as the ‘unreasonable effectiveness 
of mathematics in describing the physical world’ (1960). Mathematics, it is argued, has become 
so effective at describing physical phenomena that it is assumed, by its practitioners, that 
everything can be described through it, which can cause them to cast them in an over-reductive 
light. Hamming (1980), in his response, argues that this effectiveness can be limiting in our 
understanding of many phenomena. Taking this into account, our group was taken with the idea 
of mutual interrogation and has worked to make it part of our practice, bearing in mind that 
mathematical analysis needs to be part of the process without dominating it. Over time, our take 
on mutual interrogation has evolved. We have forced the presumption that all disciplines have 
equal status and are of equal interest, finding that there can be tangible insights for the craftsperson, 
the mathematician and the educator in each of us.  
 
Using mutual interrogation, we therefore set up a dialog between a number of relevant disciplines 
and fields of knowledge, whereby they explicitly 'interrogate' each other. We do this by:  

● reading about and discussing mathematics, philosophy, cognitive science, art theory, and 
educational perspectives on any of these topics;  

 
6 We distinguish 'mathing' from mathematising as follows: the latter is used in the mathematics education 

literature to describe the process of extracting the mathematical structure from a “real life problem” in order to solve 
it out of context before reinserting the solution into the context for verification (Freudenthal, 1973, p. 133). The former, 
we define here as engaging in mathematical activities, in any context. In some cases, furthermore, the latter includes 
the former, creating a parallel between mathing and making. 
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● discussing the roles of language and cognition in relation to both art and mathematics, 
separately and together;  

● making things together and examining our own learning as we go through the process of 
being either mentor or student from our multiple points of view. 
 

In these last activities, we force a slowing down of the various steps of the processes of both 
making and mathing to dig down into the very process and its minutiae. We consider the designing 
of something from conception to plan to creation. We work at making explicit the mathematics 
implicit in numerous forms of the making process. We make explicit the analogies and 
commonalities between the creative processes in mathematics and art—finding a problem to 
investigate, posing a 'what if' problem and then using both skills in making and mathing to solve 
problems. 
 
Maintaining Integrity of the Disciplines  
When we engage in this kind of activity, we build a collective experience and praxis that is an 
amalgamation of different practices. At the same time, much discussion revolves around 
maintaining the integrity of the original disciplines with which each came to the group. 
Maintaining integrity of a discipline is critical to us as a transdisciplinary group and also to the 
melding of art and mathematics. Each member brings a different ‘expert’ element that would come 
to the fore at different points in the cycle of making, writing, reading and discussing. In such a 
collective, trust and respect for the skills of others is increased and leads to further risk taking. 
While members of the group have somewhat specific functions, any member could suggest a turn 
in topic, bring a reading or take a turn writing or editing. The motivation emanates from the 
questions and investigations themselves. 
 
Some ideas and practices are recurrent. Dr. Knoll and Dr. Landry continually make objects that 
the group collectively discusses. Considered issues about the creative process, methodologies and 
classification of objects come up regularly. This is one place that problem-posing takes centre 
stage with questions like “Can you make it this way? Or that way? How did you do that? Did you 
have to draw a diagram first? Did you know that would work? How did you figure that out? How 
many colours did you use?” 
 
One of the main, recurring questions involves the articulation of the ways in which the making of 
meaningful art and the doing of meaningful mathematics can be done in this practice, while 
maintaining the integrity of both. This has entailed a lot of discussion about how meaningful art 
and meaningful mathematics can be recognised as such. 
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Results and Reflections 
Making with Rigour: A Pedagogy of Integration of Art and Mathematics 
One of the results of these discussions is the idea of making with rigour, the process of creating a 
continual dialogue between making and mathing. The group hypothesizes that this process 
involves developing not only skills in mathematics and art making practices but also developing 
an awareness of these skills and when and how to use them. The group calls this awareness 
sensitivities. This framework is the basis of the kinds of pedagogy that we will be advocating in 
the years to come. From these discussions, further investigations and pedagogical methods are 
being developed. Enriched understandings are made by increased skills and understanding of both 
the craft and the mathematics that is embedded in the process. 
 
What is important in this dialogue is not so much this particular position but that it is a position 
about integrated practice in mathematics and art generated by a group that, by engaging with 
questions such as this, became transdisciplinary (Thompson-Klein, 2010) as part of how to answer 
the question.  
 
Publications, Presentations and Public Displays 
At the same time, we have published both as individuals, pairs, trios and as a collective on topics 
arising from our investigations about the relationships between mathematics and art (Gerofsky et 
al., 2018; Knoll et al., 2013, 2015, 2017; Knoll & Taylor, 2009; Taylor, Knoll & Landry, 2016). 
We have given workshops at art and mathematics conferences and teacher groups demonstrating 
some of our pedagogical practices and given workshops to students on how to make with rigour. 
 
Dr. Landry and Dr. Knoll have displayed their artwork in a number of venues. As well, Ms Puxley, 
as librarian, is working on developing an archival catalogue of all of the paper-strip woven objects. 
In doing so, she is solving problems about how a genre of objects with both mathematical and 
aesthetic functions can be described and organised. 
 
Dr. Taylor has described mathematical properties she has found in some of these objects and 
worked with Dr. Knoll and Dr. Landry to publish these results. For example, one paper presents 
an exploration of concepts from abstract algebra (groups, permutations, subgroups) that can be 
visualised in a series of woven figure eight artefacts (Taylor, Knoll & Landry, 2016). A manuscript 
in progress investigates the mathematics that inspires the aesthetics of the colour choices in a range 
of woven, open-work artefacts. We have included an example, below, of an artefact and its 
planning diagram. 
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Figure 1: A “figure eight” and its diagram 

 
An Active Transdisciplinary Group 
While we have forged a collective sense of identity in the times in which we work together, our 
professional or personal aspirations are not equal, though they are compatible. For example, Dr. 
Knoll and Dr. Taylor are subject to the demands of universities to be engaged and productive in 
publishing. Dr. Landry, as an independent scholar, is driven to articulate her knowledge about the 
history of the craft of weaving through books and conference presentations. All members of the 
group have contributed to collective writing. Each member of the group has different types and 
levels of skills in making and yet all members participate in making, art and craft activities. 
Similarly, all members of the groups are at different levels in their understanding of mathematics 
and yet all members of the group still see themselves as students of mathematics. All members of 
the group see themselves as educators who regularly communicate understanding to others in a 
variety of contexts. Issues of teaching and pedagogical practice regularly consume the group. 
Finally, all members of the group see themselves as reflective practitioners who look back on their 
own growth and continually ask deep questions. Thus, while the professional and personal 
aspirations are not equal, each member of the group supports the aspirations of the others both 
formally and informally. 
 
Still, while each member functions with different aspirations, the group has further cemented its 
identity as a transdisciplinary group by developing a theoretical framework of our practice. We 
take the various identities, knowledge and developed skills and use them to articulate a vision of 
what we think, based on the way we have discovered how we have learned as a group. We have 
begun to articulate and share our experiences and our model for transdisciplinary practice, because 
it is not only interesting to reflect on but seems to be integral to how we have come to view the 
links between art and mathematics. Our way of investigating links between fields of knowledge 
and how to maintain their integrity while melding them has been developed as we have melded 
our personal and disciplinary knowledge 
 
Conclusions 
In the end, one of the ongoing challenges of the group has been to connect itself and position itself 
in the wider debates and global understanding for many of the issues outlined here, including the 
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successful bridging of the gap described, by our audience as well as ourselves. Group members 
are active in the Bridges Mathematics and Art organization, a group that hosts an annual 
conference and publishes proceedings. There are also new movements that purport to integrate 
mathematics into making; the maker's movement holds that making things of all kinds makes its 
participants use mathematics skills in the process. Art education varies widely around the world 
but remains caught between the art as making personal meaning and expression and art as a set of 
skills to learn. Mathematics education, of course, is always caught between political forces calling 
for some degree of reform about how students learn mathematics. Finally, we see ourselves as part 
of the small community of scholars and activists around the globe who are looking to 
transdisciplinary models to promote new changes. 
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EXPLORING ARTWORK THROUGH DELAUNAY 
TRIANGULATIONS 

Zoltan Kovács1, Barbara Lichtenegger2, Tomás Recio3,                                
Philippe R. Richard 4 & M. Pilar Vélez5 

____________________________________________________ 
Abstract 
In this proposal we deal with a well-known Computational Geometry construction: the 
diagram of Delaunay. We will show how the GeoGebra implementation of the 
corresponding command brings the opportunity to explore, through Delaunay eyes, some 
recent artwork from two Spanish artists. This visual exploration leads, from our 
perspective, to a conjecture involving both some relevant open mathematical questions 
and a new, intriguing connection between Art and Mathematics. 
____________________________________________________________ 

 
Voronoi/Delaunay Diagrams  
Borís Nikolaevich Delaunay was a Soviet/Russian mathematician who developed the notion of 
Delaunay triangulation 𝐷(𝑃) of a given set of points, 𝑃, a dual to the Voronoi diagram 𝑉(𝑃) of 
the same collection of points, named after Georgy Voronoi, another Russian mathematician, who 
was quite influential on Delaunay’s ideas (Delaunay, 1934). See de Berg, Cheong, van Kreveld, 
and Overmars (2008) for a detailed treatment of the main concepts and properties of the 
Computational Geometry objects we are dealing with here.   
 
Shortly: the Voronoi diagram 𝑉(𝑃) partitions the plane in cells located around each point p in P, 
where the cell associated to 𝑝 collects the points x in the plane that are closer to	𝑝 than to any other 
point in 𝑃.  Then, technically speaking, duality implies that 𝐷(𝑃) has a vertex for each face of 
𝑉(𝑃) and an edge for every two faces of 𝑉(𝑃) that have a common boundary through a 𝑉(𝑃)-
edge. 
 
There is a key property of Delaunay triangulations that plays a fundamental role in the conjecture 
we would like to present in this paper, namely: for any triangulation of 𝑃, 𝑇(𝑃), let us consider all 
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the triangles in 𝑇(𝑃) and all the angles at the different vertices. Consider, for every 𝑇(𝑃), the 
minimum of such angles. Then 𝐷(𝑃) is characterized, among all possible triangulations of 𝑃, as 
the one that maximizes this minimum angle. See, for a detailed statement, Theorem 9.9, p. 199, 
and the Introduction to Chapter 9 of de Berg et al. (2008), where the advantages of such 
triangulations, for approximating a terrain by constructing a polyhedral terrain from a set 𝑃 of 
sample points, are described. Also, the on-line course (Sacristán, 2019) is an excellent reference, 
specialized in triangulations of point sets, addressing all these properties of Delaunay diagrams. 
 
The artistic impact of Voronoi diagrams has been already subject of reflection many times, but 
Delaunay triangulations seem to have attracted less attention from this perspective.  In this context, 
our contribution is devoted to sketch the main ideas we would like to address concerning a line of 
research dealing with the potential esthetic power that can hold beneath Delaunay triangulations.  
 
Our approach begins by analyzing---with the help of GeoGebra’s Delaunay command, see next 
Section---some artwork by two different Spanish artists, that “seems” to be related to Delaunay 
triangulations. Visual inspection seems to conclude that the relation is not casual, but a rigorous 
argument should have to rely on some statistical evidence (of the kind: 90% of the triangles in this 
painting or drawing agree with those of the Delaunay triangulation; and the same holds in many 
other works of these artists). But, the mathematical soundness of such statistics, to test our 
hypothesis, requires first developing some probability issues on triangulations. What is the 
expected number of coincidences for two triangulations at random on some specific set of points? 
Ditto, when comparing a random triangulation and a Delaunay triangulation of the same cloud of 
points. Not to speak about the consideration of the randomness of the set of points we are working 
with… Unfortunately, we have not been able to find in the literature any results on these issues, 
so our conjecture remains, for the moment, as an intriguing research proposal, supported by some 
visual (and thus subjective) evidence.  
 
Finally, if the above conjecture is validated, it should yield to another, meta-mathematical 
conjecture, concerning why, in the case of Delaunay diagrams, these artists have been driven to 
include in their works such triangulations. That is, we would like to discover both the mathematics 
behind some artwork and the anthropological reasons for this presence. The Conclusion section 
provides some hints on this issue. 
 
Delaunay Diagrams and Artwork  
Our first example is that of the Spanish woman artist Curra Rueda (Currarueda.com, 2020), in 
particular, concerning her collections “Amando en el país de las sombras” or “Candida nubem” 
(see Figure 1). We have built with GeoGebra, first, a polygon or an ellipse, etc. roughly bounding 
a region similar to the one depicted by the artist (see Figure 1). Then we have asked GeoGebra to 
display a random list L1 of, say, 3000 points inside this region and to compute the Delaunay 
diagram of this collection of points. Alternatively, we have directly used a slider within GeoGebra 
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to create Delaunay’s diagrams for n random points (shown in Figure 2 for	𝑛 = 1180) and 
compared the result with some artist work. 
 
 
 

 
Figure 1: An example of Curra Rueda’s artwork (above) and an attempt to mimic its 
internal structure (below by using GeoGebra’s Delaunay’s command over a random list 
of points). 

Certainly, we think that the similarity observed in Figure 1 between the artist’s drawing and the 
mathematical construction resulting from the described procedure is quite remarkable; a 
coincidence that appears, once and again, in many of the drawings from Curra Rueda’s above-
mentioned collections (see Currarueda.com, 2020 for further examples). Moreover, such “visual 
feeling” could be, even within all the limitations we have described in the Introduction, statistically 
supported by checking, for instance, that the average number of edges concurrent to a point is less 
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than six, and this is a mathematical property for Delaunay triangulations (see de Berg et al., 2008 
for the dual property, concerning the average number of vertices in a Voronoi cell). 

 

 
 
Figure 2: Left, using a slider to create Delaunay’s diagrams for n random points and 
comparing the result with some artist work (right). 

 

   
 
Figure 3: Two Okuda artworks: right, Rainbow Skull1, and left, portrait from the 
AsiaAfricalism exhibition2.  

 
Another remarkable example appears when considering the work of Okuda, a Spanish artist of 
international reputation, with artworks present in the museums, walls and monuments of many 
cities around the world (Okudasanmiguel.com, 2020). Okuda is well known for his colorful 
murals, sculptures, etc. made with triangles (see Figure 3 for a couple of examples). 
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We have placed images of different works by Okuda over a GeoGebra screen and then have started 
the following process: first, we have manually created a collection P of points by identifying the 
vertices of the triangles made by the artist. That is, the points here are defined by the artist (not at 
random, as in the previous case of our analysis of Curra’s work). Next, we have asked GeoGebra 
to display over the image the corresponding Delaunay diagram 𝐷(𝑃). The result: see, Figure 4 for 
the amazing (in our subjective opinion) coincidences of the Delaunay triangulation with the planar 
projection of the triangulation made “a priori” by the artist…something that happens, as well, in 
many other cases. The example here is taken from the bear head sculpture in Okuda’s City Hall 
Falla (Valencia, 2018)3. 

 
Figure 4: The original head (left) and the same sculpture with the Delaunay triangulation 
superposed (right). 

 
Summary and Conclusions 
In summary: we think that Delaunay triangulations have some inherent esthetical value, as shown 
in the works of the two artists we have analyzed. Why is this so? Of course, the reasons for this 
artistic appreciation could be multiple, involving sociocultural or artistic tendencies, a priori 
having little to do with the mathematical properties of the artwork. Yet, what we are claiming here 
is that some artistic works, implicitly involving Delaunay triangulations, are now being developed 
and well appreciated by society. The fact that this is the result of a cultural or an artistic movement 
is not the issue for us; rather, we would like to understand why these mathematics properties have 
arisen at all in the artistic world. That is, we are not interested in the history of this phenomenon, 
but in its existence: there are many possible regularities featured in artistic creation, so, why has 
this specific one (Delaunay triangulations) arrived to be present in artwork (leaving aside the 
historical reasons for this arrival)? 
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Mathematical facts are, after all, observations of some regularities perceived by human beings; 
and choosing to highlight in our vision of a given object a certain structural fact (and not another 
one) is surely related to sociocultural trends. The posed question, then, should not be addressed by 
considering a kind of dichotomy between sociocultural vs. mathematical perception, but to explain 
why artists and mathematicians, why sociocultural movements, human beings…. have arrived to 
be, implicitly or explicitly, interested in Delaunay triangulations. We conjecture that the 
anthropological reason behind this could be related to the fact that handling an artist tool (a brush, 
for instance), when painting triangles, becomes easier—and the artist is implicitly pushed to do 
so—when maximizing the minimum displayed angle, and thus yields, as explained above, to 
Delaunay’s triangulations.  
 
We plan, in the near future, to implement in GeoGebra the automatic drawing of the Delaunay 
triangulation for an Okuda-like or Curra-like input figure, to facilitate testing in more instances 
the analysis of this conjecture. But, as mentioned in the Introduction, the mathematical relevance 
of such testing will also require the future development of an interesting---and yet totally open, to 
the best of our knowledge---line of research concerning the statistics of triangulations. 
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Notes 
1. From  http://okudasanmiguel.com/archive/, 2019. 
2. Solo exhibition “AsiAfricalism”. Kalembach Gallery. Amsterdam, The Netherlands, 2016. See, 
forexample,https://arrestedmotion.com/2016/04/showing-okuda-asiafricalism-kallenbach-
gallery/  
3. See Okuda San Miguel. Fallas 2018: https://www.youtube.com/watch?v=a5ILXbgM3lw 
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MR. FROG CHALLENGED BY FERMAT’S LAST THEOREM 

Maria Kristine Oestergaard, Anna Karlskov Skyggebjerg                                                        
& Uffe Thomas Jankvist1 

____________________________________________________ 
Abstract 
Is it possible to communicate abstract mathematical thinking to children? This is what 
the Danish picture book “Fermat’s last theorem” attempts to do. Our paper discusses 
the mathematics educational potential from both a literary and a didactical perspective, 
basing the latter on the Danish mathematics competencies framework and its 
characterization of mathematical overview and judgment. On the one side, the book 
serves an aesthetic purpose, with its colourful illustrations and form of a fairy tale, by 
combining conventional elements of a picture book with an unconventional mathematical 
content. On the other side, it contravenes with traditional children’s book standards by 
introducing a problem with no solution and rejecting magic. This unexpected turn invites 
the reader to mathematical and philosophical thinking, abstract reflection and dialogue, 
which may contribute to the development of the critical child. Without even mentioning 
Fermat’s last theorem, the book’s application of mathematical formulations, 
considerations and methods to a non-mathematical problem as well as the implicit 
example (Fermat) of the historical development of mathematics displays the nature and 
characteristics of mathematics as a discipline. Thereby the book has the potential of 
developing children’s mathematical overview and judgment. However, if the invitation 
to abstract thinking is to be met and exercised, the rather complex content requires 
facilitation from a qualified adult. 
___________________________________________________________ 
 

Introduction 
In 2016, a new and unusual children’s book saw the light of day in Denmark. The book is simply 
called “Fermat’s last theorem” (Egesborg, Töws, & Bertelsen, 2016a). The book is written and 
illustrated by a group of Danish artists, who state their purpose as communicating “the joy of 
abstract thinking” to children. As the reader will know, Fermat’s last theorem states that 𝑎! +
𝑏! = 𝑐!, where integer n ≥ 3, has no non-trivial solutions a, b, c ∈ Z. Pierre de Fermat formulated 
this around 1637 in the margin of his copy of Diophantus’s Arithmetica:  

Cubum autem in duos cubos, aut quadrato-quadratum in duos quadrato-quadratos, et 
generaliter nullam in infinitum ultra quadratum potestatem in duos eiusdem nominis fas 
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est dividere cuius rei demonstrationem mirabilem sane detexi. Hanc marginis exiguitas 
non caperet. In translation: 

It is impossible to separate a cube into two cubes, or a fourth power into two fourth 
powers, or in general, any power higher than the second, into two like powers. I have 
discovered a truly marvelous proof of this, which this margin is too narrow to contain. 
(Nagell, 1951, p. 251-253)  

Despite numerous attempts through history (e.g. Heath, 1964), the theorem was not proven until 
Andrew Wiles did this between 1993-1995 (for an account of this, see e.g. Singh, 1997). Fermat’s 
last theorem is of course an example of a mathematical ‘impossibility theorem’, which is exactly 
the thread that is picked up by the Danish group of artists in their children’s book.  
 
The main author of the book is Jan Egesborg, who is originally educated in mathematics. The 
mathematician Johan P. Hansen from Aarhus University acted as a consultant on the book. The 
book was published by a small publishing house in Denmark. The medium is a traditional picture-
book with a narrative told in verbal and visual language. Looked upon in the context of children’s 
literature, the book can be described as more or less conventional in media and genre, yet quite 
unconventional in purpose and content. As with most picture-books, it is presumably aimed at 
preschool children, and the expected reading situation is a shared reading experience in an informal 
context with an adult reading aloud, while the child (or maybe a couple of children) is listening 
and looking at the pictures.  
 
In this paper, we discuss the didactical potential of the book by looking at it from two perspectives. 
Firstly, we look at how the book deals with traditional picture-book conventions—and in particular 
traditional mathematics picture books. This also involves the issue of how the mathematical 
content is combined with artificial expression such as literary language and illustrations. This 
analysis is based on picture book analysis according to Nikolajeva and Scott (2001) and Sanders 
(2018). Secondly, we analyze the potential of the book from what might be referred to as a ‘nature 
of mathematics’ point of view, i.e. what aspects of ‘mathematics as a discipline’ (Jankvist, 2015a) 
might the narrative of the book highlight. The mathematics education analysis of the book shall 
rely on the Danish mathematics competencies framework (KOM) and in particular, its notion of 
‘overview and judgment’, which can be summarized as a set of views that concern the application, 
the historical development and the character of mathematics (to be explained in more detail later). 
The two perspectives amount to a discussion of the mathematics educational potential of the book, 
which of course also involves addressing how Fermat’s last theorem is—or is not—explained in 
the book, and how it may give room for abstract thinking for the listeners (and/or readers). Yet, 
we begin by providing the reader with a short description of the book, displaying also a few of the 
book’s illustrations. 
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A Challenge for Mr. Frog 
“Fermat’s last theorem” is situated in the forest, where the wise and proud Mr. Frog sits on a stone, 
awaiting questions from the animals of the forest. He dreads the day that he will not be able to 
answer, so he spends all his time exercising his power of thought. Normally though, he finds the 
questions rather trivial, but one day a small beetle comes by (Figure 1.), carrying a red apple on its 
back. The beetle asks a question that appears to be stunningly easy to answer:   

Let us assume that this completely red apple that I am carrying around is the solution to 
a riddle, which I do not want to tell you. But I would still like to ask you this question: 
Does this red apple exist? (Egesborg, Töws, & Bertelsen, 2016a, p. 18, our translation). 

 

 
Figure. 1: Mr. Frog meets the beetle with the red apple and encourages it to ask him a 
question. The text reads: ‘“I am just a beetle who wants to enjoy the spring in all its glory,” 
Beetle answered. “And why should I ask you a question, by the way?” he continued. 
“Because I am so clever and can answer anything,” replied Mr. Frog’. (Egesborg, Töws, 
& Bertelsen, 2016a, p. 17, our translation) 
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Paralyzed with fear that he might give a wrong answer to such an easy question, Mr. Frog 
decides to think it thoroughly through. While searching his mind for an answer, Mr. Frog 
suddenly realizes that the color of the apple has changed. It is now blue. A little while 
later, it turns black. Puzzled, yet excited, Mr. Frog is now able to answer the beetle’s 
question:  
Figure 2: Mr. Frog explains to the beetle why he thinks that the apple does not exist 

(Egesborg, Töws, & Bertelsen, 2016a, p. 25) 

An apple cannot be entirely red, entirely blue and entirely black at the same time. Hence, the 
apple does not exist, which means that there is no solution to the beetle’s riddle (Figure 2.). 
The satisfaction and pride of Mr. Frog concludes the story. The actual theorem of Fermat is 
never mentioned in the story. However, there is one—very subtle—reference in the corner of 
one of the book’s illustrations, where a caterpillar is writing the theorem on a stone (Figure 
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3.). Thus, it is not the theorem itself that is the mathematical focus of the book, but rather the 
logic behind it. 

Figure 3: A caterpillar is writing Fermat’s last theorem on a stone. (Egesborg, Töws, & 
Bertelsen, p. 16)  

An Unconventional Children’s Book  
In the following section, we look at the book’s potential from the first perspective 
concerning the literary and artistic aspects of the book and how they relate to the 
mathematical content as formulated in the first research question about traditional picture 
book conventions, and in particular traditional mathematics picture books. The method in 
this section is picture book analysis depending on theory about fictional and non-fictional 
picture books (Nikolajeva & Scott 2001, Sanders 2018). It is quite clear already from the 
summary that “Fermat’s last theorem” is not a traditional picture book, although it appears 
to be on the first glance. It is neither a fictional narrative with progress and a clear solution, 
nor a traditional non-fiction picture book that aims to enlighten the reader about a subject 
(i.e. mathematics), but it is clearly a book which draws on both these categories.   

The medium—the picture book—allows the content to be communicated in two modalities, verbal 
and visual language, which support or even extend each other’s production of meaning (Nikolajeva 
& Scott 2001). The genre could be interpreted as an animal tale (or a modern fairy tale) as the story 
takes place in a forest, and the characters are anthropomorphized animals as frogs, wild boars, 
mice and snakes. The style of the illustrations is appealing with recognizable fairy tale figures 
(frogs and mice), bright colors and contrasts on every spread. The main character is an old and 
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clever frog living in a forest surrounded by natural elements (trees, plants, animals), and the story 
is told as a narrative with a quite traditional plot, where the main character is tested by different 
tasks (and questions) and finally tries to find a solution to a difficult problem (with a magic apple). 
With these examples, it is clear that the narrative contains fantasy elements, which are already a 
part of the repertoire for the presumed child reader at preschool or beginning of school age, and 
he/she may expect a text in one of the well-known fantasy genres.  
 
In addition, the beginning of the narrative with the animals asking questions is built on a fairy tale 
structure. Yet, if the reader expects a traditional animal or fairy tale, he/she may be surprised by 
the questions. The first two questions from the animal characters are of traditional mathematics 
(addition), while the last one is an abstract task with no solution (with reference to Fermat’s last 
theorem). This is the unconventional part of the book and where the story turns into a more 
philosophical text—and a book with a clear pedagogical purpose including an invitation to 
dialogue. In particular, the ending is unconventional for this kind of plot, since the solution is that 
the magic apple does not exist, and hereby, traditional belief in magic is rejected. Instead, abstract 
reflection and cleverness is celebrated. 
 
The proclaimed intention of the author and the illustrators is to communicate the joy of abstract 
thinking, and the premise is that the reader will identify with the main character’s thinking, which 
is—at the same time—naïve and complex (due to the abstractions). Both the narrative and the 
illustrations invite the reader to wonder about Mr. Frog’s experiences as well as the logic of the 
story. The described anti-solution may be challenging and at least a point of departure for a 
discussion between adult and child. The entire picture book shows a mix of aesthetic and didactic 
(educational) purposes, which is quite normal in children’s books (Weinreich, 2005). The aesthetic 
purpose is here understood as an ambition to engage the child reader through a sensory appeal, 
which is made by the pictures and the literary language. The pedagogical purpose is connected to 
the training of the child reader’s capacity for mathematical and philosophical thinking.  
 
From a more traditional, literary point of view, the picture book is not quite convincing, because 
the story and the pictures draw on conventions and clichés. Nevertheless, rather than seeing the 
book as a little disappointing fairy tale, it must be interpreted as a hybrid between fiction and non-
fiction; a subject-oriented picture book with fictional elements addressed to the development of 
the critical child (Sanders, 2018). In this context, the book is a renewing book for children about 
mathematics. Not the least, because mathematical picture books for this age group usually are 
counting books without any opportunities to ask questions. 
A Potential for Developing Children’s Overview and Judgment 
We now turn to the second perspective concerning the mathematics educational potential of the 
book. If the didactical purpose of the book concerns abstract thinking, how is this expressed in the 
narrative? And how might the story support children’s awareness of the nature of mathematics? 
To address these questions, we analyse – theoretically – the content of the book using an 
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educational framework, which contains a description of what it means to possess mathematical 
overview and judgment. 
 
At all educational levels, the mathematics programs in Denmark partly rely on the competencies 
framework described in the so-called KOM-report “Competencies and Mathematical Learning” 
(Niss & Højgaard, 2011) [1], which was first published in Danish in 2002. In this report, 
mathematical competence is defined as:  

[H]aving knowledge of, understanding, doing, using and having an opinion about 
mathematics and mathematical activity in a variety of contexts where mathematics plays 
or can play a role. (p. 49).  

Two main pillars form the basis of mathematical competence. The first one is eight action-oriented 
mathematical competencies, defined as “well-informed readiness to act appropriately in situations 
involving a certain type of mathematical challenge” (p. 49). (The distinction between competence 
and competency is intentional.). Three types of overview and judgment constitute the second pillar 
– this is the one we are concerned with here. Unlike the mathematical competencies, these are not 
behavioral, but are characterized as a set of views that aim to develop active “insight into the 
character of mathematics and its role in the world” (p. 50). They are thus based on both knowledge 
and beliefs about mathematics as a discipline (Jankvist, 2015b). The three forms of overview and 
judgment (OJ) concern:  

OJ1. the actual application of mathematics in other subjects and practice areas  
OJ2. the historical development of mathematics  
OJ3. the nature of mathematics as a subject area 

Here, OJ3 includes the characteristics of mathematical problems, mathematical thinking and 
mathematical methods, as well as the philosophical aspect of mathematical concepts and results. 
As we shall see, all of these aspects of the third form of overview and judgment are represented in 
the book “Fermat’s last theorem”. 
 
First of all, the book manages to introduce the child reader (or listener) to the nature of mathematics 
through the formulation of the main problem. The existence of the apple is a problem in a non-
mathematical situation; it has nothing to do with mathematics as such. But even though neither the 
content nor the context of the problem is mathematical, it is formulated as a theoretical assumption, 
which is quite characteristic for mathematical problems. It is as such a very simple question of 
existence, but the choice of expression has the characteristic precision, accuracy and high degree 
of detail that mathematical problems generally require. For example, it is essential for the 
following argumentation to mention that the apple is completely red. Furthermore, the apple is not 
just an apple, but also becomes an image of the solution of a riddle. This makes the question more 
complex, and the reader might need to repeat it to perceive all the details. Yet, it prepares the 
reader for the comprehensive considerations that Mr. Frog is about to undertake and inserts the 
problem into a philosophical frame. 
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Secondly, Mr. Frog deals with the non-mathematical problem by applying mathematical 
considerations and methods. The considerations concern the apple’s existence and advance from 
the observation of the changing of color, over the contradiction of the apple being both entirely 
red and entirely blue or black, to the inference that the existence of the apple is impossible.  

“Now, listen,” said Mr. Frog. “The world is not arranged in such a way that something 
can be both completely red and at the same time completely blue or black. Hence, the 
apple here does not exist and therefore there is no solution to your riddle. (Egesborg, 
Töws, & Bertelsen, p. 24, 2016a, our translation) 

In an interview, the aforementioned consultant mathematician of the book, Johan P. Hansen, even 
calls the story “a fairytale of the proof of contradiction.” In this book, this classical mathematical 
method leads Mr. Frog to the conclusion that the beetle’s riddle has no solution.  
 
That something does not exist can be rather difficult to comprehend, especially for a child. The 
problem of the apple is therefore of a philosophical nature concerning existence—when does 
something exist and how can we be sure? Considerations of this sort might be challenging, but the 
story of Mr. Frog and the apple provides the reader with an example of how to deal with them. 
The book addresses a complex and maybe even incomprehensible philosophical question in a 
simple and safe context. After reading the book, the reader might still be left wondering how and 
why the apple changed its color, yet still enriched by the idea of non-existence. In that way, the 
problem is a perfect example of the philosophical aspects of mathematical concepts and results. 
 
Thus, the third form of overview and judgment (OJ3)—the nature of mathematics as a subject—
is indeed present in this children’s book. In addition, it also addresses the first form of overview 
and judgment (OJ1), concerning the actual application of mathematics. Without even mentioning 
mathematics, it illustrates the role and application of mathematics in the world by applying 
mathematical formulations, considerations and methods to a problem in a non-mathematical 
situation. Furthermore, the book provides an implicit example (the mathematician Pierre de 
Fermat) of the second form of overview and judgment that concerns the historical development of 
mathematics, and it offers a possibility of epistemological and philosophical reflections.  

Discussion of the Book’s Mathematics Educational Potential 
As previously mentioned, the authors had the professional mathematician Johan P. Hansen from 
Aarhus University act as a consultant for the book. In an interview around the time of publication, 
a reporter asked the main author of the book, Jan Egesborg, and Johan P. Hansen: “What can the 
children, their parents and all the rest of us use Fermat’s last theorem for?” The mathematician 
replied, dragging out the answer: “No … thing … at … all! Isn’t mathematics wonderful?” This is 
true, of course. Fermat’s last theorem itself cannot as such be used for much by the average reader. 
Yet, from a didactics of mathematics (mathematics education) point of view, the children’s book 
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inspired by Fermat’s last theorem may indeed serve a purpose—if not several—other than just 
illustrating “the joy of abstract thinking” to children.  
 
Overall, the main didactical (educational) potential of this book seems to be the development of 
mathematical overview and judgment. Mathematical formulations, considerations and methods 
(OJ3) are applied to a problem in a non-mathematical situation (OJ1). The story illustrates the fact 
that not all problems have a solution (OJ3). And last but not least, the book provides an implicit 
example (Fermat) of the historical development of mathematics with the possibility of 
epistemological and philosophical reflections (OJ2). 
 
The authors’ original idea of the book was to explain Fermat’s last theorem to the children. Yet, 
in the process of doing the book, they changed their minds about this after talking to the 
mathematician Johan P. Hansen. In the newspaper interview mentioned above, the author Jan 
Egesborg explained: “It wouldn’t fit into the artistic universe…” The mathematician Johan P. 
Hansen added: “It wouldn’t be possible either! It is simply too difficult.” Instead, he explained, 
the book has become “a fairytale about proof by contradiction” because this is how mathematicians 
have been working with Fermat’s last theorem. Jan Egesborg followed up on this: “We challenge 
the younger ones with some of the huge, difficult and sometimes completely incomprehensible 
themes that mathematics and the Arts occasionally address.”  
 
As we have discussed above, the authors of the book have tried to use a literary form (a fictional 
picture book) with aesthetic appeal to support an educational purpose about mathematics and 
children’s abstract and critical thinking. This includes colorful illustrations, fairytale elements, 
poetic language, funny questions etc., which are used to catch the reader’s attention and 
engagement. In addition, since the book is written for reading aloud, there is a potential for 
dialogue between adult and child reader. However, if the child reader has to recognize the 
mathematical content in the story, he/she has to be guided by an adult, who points to this content. 
This is to say, if the educational potential is to be realized, we see the book primarily as a tool for 
teaching in preschool programs or in schools, where the teachers have the qualifications to 
facilitate a dialogue about Fermat and his “last theorem”. 
 
At any rate, just knowing that in mathematics there exists something like Fermat’s last theorem 
may be of great educational and scientific value. The story of Andrew Wiles, the mathematician 
responsible for finally proving Fermat’s last theorem, illustrates this. In an interview from 2000, 
Wiles explained how he first became acquainted with Fermat’s amazing problem: 

...the best problem I ever found, I found in my local public library. I was just browsing 
through the section of math books and I found this one book, which was all about one 
particular problem—Fermat’s Last Theorem. This problem had been unsolved by 
mathematicians for 300 years. It looked so simple, and yet all the great mathematicians 
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in history couldn’t solve it. Here was a problem, that I, a 10 year-old, could understand, 
and I knew from that moment that I would never let it go. I had to solve it. 

This is to say, children must come to hear about the great—and unsolved—problems of 
mathematics from somewhere, be this from browsing bookshelves at the local library or from a 
children’s book about an old and wise Frog. 
Notes 
1. The authors of the KOM-report recently published an update to the competencies framework 
(Niss & Højgaard, 2019). Still, we choose to draw on the 2011 version, since the newly added 
changes made to the relation between mathematical competence, mathematical competencies and 
mathematical overview and judgment shift the balance between these concepts. The Danish 
mathematics programs also rely on the definitions in the original version. 
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CREATIVITY AS A LEARNING FACTOR IN AN 
INTERDISCIPLINARY ENVIRONMENT INCLUDING 

MATHEMATICS, MUSIC AND TECHNOLOGY 
Xavier Robichaud & Viktor Freiman1 

____________________________________________________ 
Abstract 
The purpose of this ongoing study is to investigate creativity as a learning factor in an 
interdisciplinary environment including mathematics, music, and technology. In 
collaboration with the authors, two grade 8 teachers were working with their students 
on making musical instruments using PVC pipes, to introduce them to mathematical-
musical connections and sound exploration by creating music for the instrument "in 
situ". Qualitative data collection (classroom observations, interviews with students and 
teachers) allowed us to analyze students' experiences and their emerging creativity. This 
paper shares the first results of this study by describing the scenario and its 
implementation, by providing examples of student productions and account of their 
experiences. We were specifically interested in studying transformative learning 
moments through the students’ creative process. Our preliminary analysis seems to 
indicate that pleasure and enthusiastic engagement emerges from students’ creative 
moments. This helps the students to see connections between mathematics, science, and 
music, from a curricular (subject-related) perspective, as well as from the more holistic 
view of transforming the self. It also points at the need for a better understanding of 
underlying pedagogy and of conditions that allow for its implementation on a more 
sustainable basis.  
____________________________________________________________ 

 
Context / Issue 
The paper reports initial insight into an ongoing collaborative study with elementary (K-8) teachers 
integrating mathematics, music, and technology. It builds investigation on the first author’s 
doctoral research (Robichaud, 2016) on the use of iPads and Garage Band software to foster 
musical creativity. Possible mathematical connections, such as patterns emerging from students’ 
spontaneous explorations with the sound while enriching transformational creative paths were 
already discussed at MACAS 2015 (Robichaud, 2016). Furthermore, we employed Piagetian and 
Vygotskian views to analyze the diversity of those transformational creative paths in musical and 
mathematics problem solving contexts. We concluded that such developmental paths seem to rely 
on sensitivity to self-regulated technology-mediated experiences and might lead to a relationship 
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to knowledge that takes into account “not only the characteristics of what is taught, but also its 
epistemic, social, and identity-related nature”(de Champlain & al, 2018, p.20). 
 
Over the past five years, the New Brunswick, Canada, provincial school system has shown 
increasing interest for learning activities that encourage the development of creativity in STEAM 
(Science, Technology, Engineering, Arts, Mathematics) related environments, such as, for 
example, school makerspaces (Freiman and Robichaud, 2019; Freiman, 2020). In these 
environments, objects are made, and ideas are often produced by the students’ inspiration. This 
increase opportunities for interdisciplinary connections like the ones ignited by our work with 
Grade 8 students who were collectively building and exploring a musical instrument in May - June 
2019.  
 
The design of this environment and the corresponding teaching-learning scenario was made 
collaboratively with two teachers, one math teacher and one science teacher. The teachers were 
both enthusiastic in incorporating music in their teaching and in looking for a more 
interdisciplinary approach which is promoted by the latest provincial strategic documents, namely 
a so-called 10 Year Education Plan (Province of New Brunswick, 2016) and, specifically for the 
French schools, the Profil de sortie d’un élève d’une école acadienne et francophone (MÉDPE, 
2016). Both documents define a competencies-based, career-oriented, interest-driven, and holistic 
view of education. Teachers also saw in this project potential for students to reach specific 
curriculum goals, such as rational numbers and patterns in mathematics, or inquiry-based 
approaches in science.   
 
These factors allowed us to look more closely into the role of music in connection to STEAM 
education and creativity. Indeed, we share growing concerns that in today’s school curricula, at 
least in Canada, music education is “drastically cut” and “not valued” (Howe, 2018). For example, 
in New Brunswick, the above mentioned provincial 10 Years Education Plan values literacy 
education, entrepreneurship, and STEM (which is described as a combination of goals related to 
science, technology, and numeracy viewed as rather, so to say, parts of one bloc of disciplines) 
and does not mention the development of visual arts or music in its objectives (Province of New 
Brunswick, 2016). At the same time, a recent article in Forbes promotes a different, more holistic, 
perspective in which arts and STEM are integrated into STEAM-based education to “spark 
connections for many more students to engage creatively, critically, and confidently in their 
learning” (Milgrom-Elcott, 2019). 
 
However, the creativity of the learner and the way in which the STEAM learning environment 
enhances it is not well understood by researchers and practitioners (Herro & al., 2018). Therefore, 
as the first objective, in our projects with teachers and elementary students, we look into the main 
steps of implementation of an interdisciplinary teaching-learning scenario which integrates music, 
mathematics, and technology, and, as the second objective, into the potential of such experiences 
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to unleash students’ genuine, in-situ, creativity thus enriching and diversifying learning paths 
through what we call creative transformative journey (Robichaud, 2016). In the forthcoming 
sections, we will clarify some theoretical concepts that guide our inquiry, describe the scenario 
and its implementation, as well as a first insights from data.  
 
Theoretical Perspective 
Already a combination of four letters S, M, E, and T, could be a subject of debates about their 
meaning in the context of education. In fact, brought forth in the 1990s by the Committee on Equal 
Opportunities in Science and Engineering (CEOSE), its original aim was in “assuring that all 
individuals are empowered and enabled to participate fully in the science, mathematics, 
engineering, and technology (SMET) enterprise” (CEOSE, 1998). Further, along with the change 
of the order of letters to S.T.E.M., several meanings of the acronym have emerged over the past 
two decades. Among them, Chesky and Wolfmeyer (2015, p. 3) mention (1) the need to respond 
on increasing demand in STEM-related competencies in the modern workforce; (2) the need to 
provide an access to STEM education for all citizens, and in particular those who come from 
underrepresented groups, and (3) the need to develop a clear understanding of STEM disciplines 
as being inherently interconnected while providing the learner important skills to tackle real-life 
and hands-on projects. Moreover, depending on the chosen perspective, the role of each of the four 
disciplines within STEM, for example, mathematics, needs to be clarified (LeBlanc & al, 2018).   
 
Furthermore, the latest development in education has led to yet another trend in STEM, namely its 
shift to an integrative view where arts must be considered in the interconnectivity, communication, 
and interaction of our evolving society. Through this cross-disciplinary approach, arts help dealing 
with the complexity of modern world because of its focus on creativity (Boy, 2013). For instance, 
according to Liao (2016), arts integrated into a STEM project might provide a “transdisciplinary 
space” to encourage students to see connections of their knowledge, skills and abilities when 
dealing with creative problem-solving. Moreover, this approach enabled teachers to design 
STEAM lessons that engage with multiple disciplines and thereby nourish students’ ability in 
transferring learning, a viewpoint we share when designing our scenario. 
 
From the learner’s perspective, this viewpoint of STEAM education might be considered as a 
transformative learning experience. Transformative learning refers to experiences that create a 
change in a person mindset. The idea is that learning is a “process of making a new or revised 
interpretation of the meaning of an experience” (Mezirow, 1990). According to the work of Piaget 
and Vygotsky, a person in the act of making and thinking is in a creative process which depends 
on the person’s sensitivity to the environment and the possibilities available to her (de Champlain 
and al., 2018).  
 
Education could be viewed as an act of provoking a transformation in the students’ knowledge. 
Developing cross-curricular approaches as STEAM education would generate “bridges and 
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meeting places” of different disciplinary knowledge as a gateway to learners’ creativity (de 
Champlain and al., 2018). In such environment, the art integration should be essential for a creative 
transformative journey and “creative problem solving through artmaking should be at the center 
of this approach” (Liao, 2016, p.46). 
 
We are therefore interested in studying transformative learning moments in the activities or tasks 
of students through their creative process. Moments which foster students' capacity to create 
artefacts that are both novel and adapted to the environment, an environment that aims to be in situ 
(contextual). For instance, a model developed in a context of musical creativity using iPads and 
Garage Band (Robichaud, 2016) describes how the students, when they create their music pieces, 
engage themselves into a transformative journey where their exploration deepens, their thinking 
evolves, and creative potential unfolds. This process is continuous, as the product is being built 
gradually; the student going back and forth into the creative cycle while either refining their actual 
artefact or starting something new (in this case, the product remains unfinished but still valuable 
result of students’ creative process). Further on, through this transformative journey, an experience 
of knowledge building is refined and becomes a part of a student’s self (microworld) (Papert, 
1980).  
 
When building and implementing our scenarios, as well as interpreting collected data, we consider 
this transformation of ‘self’ as a core aspect of so-called holistic learning which was envisioned 
by several alternative pedagogies, such as Montessori model, or Waldorf schools and which is 
essentially “integrated, themed, inquiry, discovery or reality-based” (Yakman, 2008). According 
to the author, such a view of learning is based on the “interpretation of each person’s sphere, or 
universe, of influence”, so to say the “whole learner” (Yakman, 2008).  
 
In this perspective, the nature of knowledge and knowing is also being transformed while 
becoming authentic, contextualized, and situated (in situ). Learning is understood here as a form 
of involvement in a context which can be both physical and virtual and is defined as in situ 
learning. For music, according to Risse (2010), it is about occupying a territory and making it a 
free space to find new ways and new material, a very concrete context of music. Small (1998) uses 
the term musicking to define participation in any way in a musical performance by playing, 
listening, rehearsing, or practicing, improvising, by providing material for a performance, or by 
dancing. Such context could also provide an authentic environment in which people can engage in 
some different kind of mathematics, so a kind of creative endeavor that we intuitively consider as 
reflecting a new type of an integrative, holistic, and in-situ STEAM view which has potential to 
unleash students’ in-the-moment (spontaneous, off-task) (Smeekens and Kane, 2016) creativity 
we will try to exemplify through our inductive and iterative process of data collection and analysis.  
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Methodology 
General Description 
In connection to the first objective, following a collaborative qualitative research methodology 
(Desgagné, 1997), we co-constructed and implemented, with two participating Grade 8 teachers, 
an interdisciplinary scenario integrating mathematics, music, and technology. After a series of 
meetings with teachers (one math teacher and one science teacher), we opted for building a musical 
instrument, a marimba, which would allow us to incorporate the concept of fractions (for each 
musical note of the scale). Also, teachers decided to incorporate science curriculum which 
emphasizes inquiry-based learning. This inquiry-based learning engages students in “authentic, 
problem-based learning activities, experimental procedures, “hands-on” activities, self-regulated 
learning sequences and discursive argumentation and communication with peer” (Constantinou, 
Tsivitanidou and Rybska, 2018, p. 16). It also has a potential to promote interdisciplinarity with 
the STEM-oriented project-based learning (Sahin and Ozsoy, 2015); our teachers thought there 
was a possibility to connect music and mathematics to the concept of frequency in physics (see, 
for example, Konar, 2019).  
 
In regards to our second objective, the scenario served as an anchoring point to engage students in 
the creative transformative journey which has potential, according to our model (Robichaud 2016), 
to foster students’ musical creativity while also looking into possible connections to mathematics 
creativity (de Champlain & al, 2018) in a STEAM experience. The scenario was tested with two 
groups of students from an elementary school (K-8) from which 15 students whose parents signed 
the consent form participated in the data collection. Their two teachers also participated in the data 
collection. The elementary (K-8) school was located in a town of the North-East part of New 
Brunswick, Canada.  
 
To facilitate elaboration of the scenario, we organized two half-day workshops for teachers. During 
different moments of implementation of the scenario, our research team conducted data collection 
by video recording of students’ work samples and interviews with students during their work on 
the project. The video recordings were aimed to capture transformative learning moments in action 
and the interviews for the students to discuss their creative process. An explanatory interview 
technique (Vermersch, 1994), which aims to describe an activity as precisely as possible to gain 
access to the experience of the action, was used to conduct the interviews. Questions like “Tell me 
about what you did”, “Tell me more”, “Tell me why” were asked. Some of the students and the two 
teachers were also interviewed after the end of the project to allow them to express their 
experiences. 
 
Description of the Data Collection Environment 
Ethical considerations were addressed. After approaching the numeracy education officer in the 
school district, she put us in touch with different schools; the principal of one of the schools agreed 
to support the project. He organized a meeting with two Grade 8 teachers who agreed to collaborate 
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on the project. The teachers decided to co-teach and group together their two classes to do the 
project.  
 
All students of both groups took part in the project. Among them, 15 students whose parents signed 
the consent form participated in the data collection. The activity took place for a period of nine 
weeks in May – June 2019 with 8 sessions of 90 minutes each. The sessions were held in two 
different rooms depending on the tasks to be accomplished, a large room with various workspaces 
(tables with several chairs for collaborative work, a space with sofas and ottomans) and a carpentry 
workshop. 
 
The large room was reserved for whole-class activities which consisted of the presentation of the 
main ideas of the project and the planning and design of different parts of the instrument in small 
groups (3-4 students) where students shared their ideas and experiences. In this room, in one 
specific session, students were also asked to create musical patterns using specially designed cards.  
A group of 8-10 students were selected to build the instrument in the carpentry workshop under 
supervision of one of the teachers. This carpentry workshop was equipped with several tools that 
were needed to build the musical instrument.  
 
Data collection took place at 5 different times from the very start of the activity to the very end. 
The collection consisted of observing and questioning the students at work, taking notes of the 
teachers' instructions, and retrieving the written documents. In the last data collection, the students 
and then the teachers were interviewed for their feedback on the activity as a whole. When possible 
and according to ethical norms, video-recording was used.  
 
Preliminary results  
Description of Implemented Scenario  
In accordance to the first objective, a learning scenario prepared in collaboration between 
researchers and teachers allowed for construction by the students, of a musical instrument that 
consisted of a scale of musical notes made of PVC pipes built by the students according to the ratio 
representing each note of the scale. 
 
The instrument called the marimba is made of PVC pipes (or tubulum) and became famous for its 
usage by the American performance art company Blue Man Group (Welch, 2008). These are PVC 
pipes linked together, like a pan flute, by pitch, but instead of blowing into the pipes, players tap 
them with rubber strips to make them ring. 
 
The project was organized in three major parts, planning, and designing pipes (part 1), building 
the marimba (part 2), and making music (part 3). 
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Part 1 - Planning and Designing Pipes  
According to an inquiry-based method usually employed in science courses in New Brunswick 
schools, a particular technique of formulating questions (Rothstein and Santana, 2011) was used 
by teachers to engage students in formulating their own questions based on a briefly described 
real-life situation which ignites the students' interest and provokes their questioning.  
First, students were presented with the situation describing a person who likes to reproduce a 
melody heard on the radio. To do so, the person found a piece of a pipe in the garage and thought 
it could be used to make the melody. But the sound produced was always the same. Secondly, the 
students were asked to question the situation and make suggestions about how different sounds 
could be produced. Students working in small groups suggested solutions such as cutting the pipe, 
hitting it with different objects, and drilling holes in the pipe to allow it to produce different sounds. 
Each solution was tested and collectively, students arrived at the idea which they considered as the 
most plausible, to cut the pipe into pieces of different sizes to be able to make sounds by tapping 
on each piece.  
 
With a limited amount of material (number of pipes available), students had to think about how to 
use it to build two instruments, each having 8 notes. The lengths of the pipes had to respect the 
ratio according to the scale of musical notes (C, D, E, F, G, A, B). The students were asked to 
work in teams to calculate the length of each pipe (according to the note/ratio it represents). Tulga’s 
(2004) Musical Fraction Bar (a diagram with each note presented as a fraction) was used to help 
the students with calculations and measurements.  
 
In order to solve this problem (to design each note using the minimum cuts with available material 
- number of pipes was limited - to get the correct ratio and to be able to build two marimbas), the 
students used paper strips to model the scale (8 notes per marimba for 2 marimbas, one of which 
had all lengths doubled). Hence, having the initial length of each pipe equal to 3 meters (300 cm), 
it was decided to have the maximum length for one marimba equal to 100 cm and for the other, 
200 cm. Figure 1 presents students’ models for each marimba with ratios converted into 
appropriate measurements (left side, for a small marimba and the right side, for a big marimba).  

 
 
 
Figure 1. Paper strips 
representing the musical 
notes of the scale  
 
 



 Creativity as a Learning Factor in an Interdisciplinary Environment Including Mathematics, 
Music and Technology 

 

 86 

 
 
 
 

Figure 2.  Layout of the musical notes considering 
initial length of pipes (300 cm)  

 
 
 
 

Figure 2 shows students’ work in trying to plan how to cut the initial pipes of 300 cm in pieces, to 
respect the lengths for each musical note and to have a minimum of material wasted. After this 
step, a group of student volunteers was chosen to cut the pipes and make a wooden structure to 
support the marimbas. Other students chose to paint the pipes to add an esthetic touch to the 
project, with each pipe having different color. 
 
From that moment, two different workshop sessions took place in parallel. There were 1) sessions 
to build the marimbas (support for pipes) and 2) musical creation session to explore ideas for 
rhythmic patterns. 
 
Part 2 - Marimba Building Sessions 
In the first session, all the students were asked to think about how to find a disposition of pipes on 
the wooden support (according to angles and lengths of the pipes) to be able to play the instrument 
without any ergonomic issue. Following this whole-class discussion led by the math teacher, a 
group of volunteer students worked with the math teacher to do the initial calculations and choose 
the material needed to build the support for the pipes (Figure 3). 
 

 
Figure 3. Calculation for the support structure of the marimba 
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Once the parameters were established, during the following sessions, the volunteer students built 
the two marimbas in the school's carpentry workshop thus applying the measurements and layouts 
they planned during the design phase. 
 

  

Figure 4 and 5. Measures for the support structure of the marimbas 

  

Figure 6 and 7. Building the marimba support structure 

Part 3 - Music-Making Session 
For the students that were not from the group who was building the marimbas, a music-making 
session was organized to explore ideas for rhythmic patterns. The students grouped themselves 
and were asked to create music collaboratively with a series of cards presenting different rhythmic 
figures (whole note, half note, quarter note, eighth note). They were free to arrange the rhythmic 
figures cards as they wished and were shown how to produce the rhythmic figures by saying their 
value in spoken rhythm (but some chose to clap the rhythm instead or using both techniques). 
Some students’ unleashed imaginations gave them other ways to make rhythm patterns such as 
making a rhythmic choreography with their hands. One group of students even made a link 
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between the marimba pipes they just painted in different colors and a musical instrument called 
Boomwhacker (lightweight, hollow, and colored plastic pipes, tuned to different musical pitches 
of the diatonic scale – like the marimba pipes) that was available in their music classroom. These 
Boomwhacker pipes were used by 4 groups of students to create rhythm patterns using different 
techniques (for example, by striking the Boomwhacker pipes together, or striking them in the palm 
of the hand or against an object). 
 
Once the marimba-building group completed the work, the project ended with a session where 
students were able to test the finished marimbas and assess the sound it produced. Finally, a group 
of participating students were delegated to present the instruments to the community (including 
parents) during an open-door day at the end of the school year. 

Exploring Math – Music – Technology Connections to Unleash Students’ Creativity 
According the second objective, we provide some examples of the moments of students’ creativity 
at different stages of the project.  
 
Moments of Students’ Creativity - Hands-on Learning About the Math -Science Foundations 
of the Instrument  
In the first workshops, prior to the music-making session, the learning scenario engaged students 
into activities which helped them to make connections to the specific subject-related content 
already seen in the classroom in mathematics and science (e.g., divide a given length, measure, 
put a fraction into a decimal number, produce strip charts, formulate hypotheses, test hypotheses). 
However, the authentic and complex task created a meaningful context where students could see 
how this knowledge and these skills helped them move through the creative problem-solving while 
eventually increasing their understanding, as shown in the following quotation: 
 
Student A: You had to measure the pipe to get the right length so that it would make the G note. 
We had a big ruler and we measured the pipe and then we put a line to cut it. (…) Then we built a 
simple strip chart, by entering the note and the length in centimetres of the pipe that will produce 
that note. This is to understand that the lower note is the longest pipe with the most resonance. 
 
The group which was building the support for the instrument had to use the Pythagorean theorem 
to calculate the lengths, here is the explanation of one of the students: 

Student B: We had to do the Pythagorean theorem to be able to find the length of our 
support (of the marimba). Because the pipe was going to be at an angle, we had to 
find the length of the pipe grounded up, to be able to make the support straight and 
hold the pipe. 
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Moments of Students’ Creativity - In-Situ Music-Making Experiences  
In the music-making session, the students' in-situ creativity brought each group to a different 
creative process of specific rhythm patterns. Here are a few examples: 
Group 1  
This group used the Boomwhackers and the distributed cards to create their music. They decided 
to make a potpourri of songs they knew using their problem-solving skills to match the appropriate 
pitch of the pipes and appropriate rhythm card to the songs they knew. 

Student C: “We took some common music we already knew, and by trial and error we found 
out which pipe would go with it. We were able to re-create this music right away 
(...) that was really interesting. We also tried different ways, clapping, saying the 
sound (G, C...), to build our music.” 

 
Figure 8. Group 1 playing their music 

Group 2 
Group 2 arranged on a large table a long, rhythmic pattern with the cards they had been given. The 
rhythmic figures on the cards were interchanged for a while according to the students' appreciation 
of the final auditory result (the rhythms were clapped with the hands and said with the mouth). 
Then, carried away by their creativity, the students made a choreography with their hands and put 
lyrics to the rhythms to make a song. Here is what one student had to say: 
 
Student D: We changed things up a bit. We tried to make some movements. That's the fun, it 

makes us learn new things. These are things that we have never done before in 
music. For every beat, we did a different movement. For the quarter note, we hit the 
table with the fist, for the half note, we clap with both hands, for the eighth note, 
we clap our hands in our friends one, and for the whole note, we slide our hands on 
the table. (Our song is) a story about potatoes (…) We tell the fact that we like all 
potatoes of any shape. Mathematics is the beats, there are only 2 beats, 1 beat, 4 
beats... 
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Figure 9. Group 2 playing their music 
 
Group 3 
Of two students, this group took some Boomwhackers and a plastic container to explore different 
rhythms by playing them with a technique similar to drumming. They stroke the plastic container 
with the Boomwhackers in different places, creating different sounds (Figure 10). One of the 
students said: 
 
Student E: “I found this (the plastic container) on the table, and I thought we could borrow it. 

(Our music), it's a kind of rhythm, an accompaniment... (Mathematics), it's the 
addition of beats. For example, one beat you add up with two beats and that's three 
beats.” 

 
Figure 10. Group 3 playing their "accompaniment" 

In Group 1, students seem to be in a “transdisciplinary space” that encouraged them to see 
connections between their knowledge and skills (reproducing songs is a well-known specific 
subject-related content to music class) when dealing with creative problem-solving (Liao, 2016). 
The student in-situ creativity emerged 1) from linking the Boomwhackers to the PVC marimba, a 
new instrument they just discovered, and by the fact that they tried different ways to reproduce the 
music. 
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In Groups 2 and 3, the in-situ creativity is more spontaneous and off-task, hence, we see music 
and mathematics come into play without explicit connection to the curriculum or the desire to 
directly reproduce the music already heard. Students did not directly apply mathematical 
knowledge, but they experienced mathematics by creating, for example, rhythmic patterns. 
Transformative learning moments emerged when, for example, the students made a collective 
decision to choreograph the rhythmic patterns (Group 2) or improvised rhythmic patterns on a 
plastic container with Boomwhackers (Group 3). Even if this was done in one session, those 
moments could lead to a creative transformative journey since their exploration deepens and their 
thinking evolves by, for example, the decision to choreograph the rhythmic patterns and add lyrics. 
This process was continuous, as the product (a music creation) was being built gradually. 
 
Moments of Students’ Creativity: Having Fun and Sense of Novelty 
According to the students we could interview at the end of the project, the project seemed to add 
fun and novelty to their school experience, allowing them to live new forms of activities and make 
new connections between school disciplines:  
Student D: “It's using subject you've already seen, but instead of doing tests, exams  
 and all that, you use it for something really fun.” 
 
Student F: “It's fun to do something different, because all these years we were just  

doing work that didn't lead to anything, math work with no purpose, just for tests. 
(...) Basically, we wrote on a piece of paper that we threw away at the end of the 
year. This was more fun, since there was a project that came as a result of our 
calculations.” 

Student E: “It's a way of making a connection between the subjects we learn in school, (...) that 
together it makes a whole.(…) It's more interesting than just making music or just 
doing math, it's more interesting to mix the two. It creates... How can I say this? A 
harmony.” 

Student G: “It brings me a lot because I play the piano (...) seeing the frequency  
between notes and intervals, I find it very interesting.” 

Students seem to be motivated by what they experienced (high level of interest) and emotionally 
involved in the project (strong presence of positive emotions). This could support the importance 
of a holistic approach to STEAM education which needs to provide a positive emotional 
experience and motivation to help students not only to ‘see’ connections between knowledge and 
skills of different disciplines but also to ‘feel’ and ‘live’ them in-situ. 

Discussion and Conclusive Remarks 
The interdisciplinary project we discussed in this paper allowed two participating teachers to 
elaborate on and implement with their students a scenario of building and exploring a musical 
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instrument, a marimba made of PVC pipes, each pipe representing a note of a scale according a 
specific ratio. From the researchers’ perspective, this process consisted of collaborative elaboration 
of the scenario during workshops with teachers and collecting evidence of its implementation with 
two groups of students. It allowed us to make some preliminary conclusions which need to be 
further validated with ongoing data analysis and other projects we continue within this innovative 
initiative in other schools.  
 
First, we noticed that in such a project, teachers’ willingness to innovate with a more holistic 
approach resulted in several decisions in building the scenario. They saw an opportunity to teach 
‘differently’ by integrating music to engage students into creative problem-solving. This promotes 
inter- and transdisciplinary oriented teaching, which aligns with hands-on, experiential learning 
and collaborative work by students. These three ways of learning are emphasized in the recent 
provincial 10-Year Education Plan (Province of New Brunswick, 2016). At the same time, teachers 
were still concerned with meeting the curricula-driven learning outcomes for both core subjects, 
mathematics (fractions and measurements) and science (inquiry-based learning, frequencies). 
 
In this context, at some stages of the project, students were more closely guided by teachers toward 
some practices suggested by the curriculum (like using formulas to operate with ratios to find an 
appropriate length of the pipe). Yet in a more complex and authentic context, this could potentially 
create a different meaning for the knowledge and skills required for ‘traditional’ tasks that could 
be useful in real-life situations. This kind of transformation of teaching and learning is behind the 
OCDE call for “Knowledge and Skills for Life” (OCDE, 2000). 
 
At other stages of the project, students were left with their own spontaneous imagination, and 
different moments of creativity have emerged thus enriching students’ microworlds (Robichaud & 
Freiman, 2016) while making them feel wonder and joy (L’Ecuyer, 2014; Thievenaz, 2013). These 
moments were particularly appreciated by students and teachers who shared with us their overall 
satisfaction with this STEAM project. For instance, the teachers seemed to appreciate having more 
flexibility with respect to the curriculum allowing for introducing students to other forms of 
learning such as hands-on, experiential, and inquiry based (Andrini, 2016). From the students’ 
perspective, during the spontaneous moments of the music-making session where they could go 
beyond(!) the curriculum, the diversity of expression of students’ creativity in-situ was striking. 
Each group of students did something different and new to them. These moments also allowed the 
students to reconnect with music, a school subject they had not seen for at least two years.  
 
On a more general note, this collaborative research suggests that in a context of STEAM education, 
an interdisciplinary environment can enrich students' in-situ creativity. We seemed to witness two 
in-situ STEAM-related types of transformative learning experience. 
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One experience arose when students were planning and designing the marimbas (and for the group 
involved, the construction of the marimba itself). The ability to transfer learning might be 
considered here as a transformative learning experience that creates a change in a person’s mindset 
in a “transdisciplinary space” that encourage students to see connections between their knowledge 
and skills when dealing with creative problem-solving (Liao, 2016). 
 
Another experience was when, during the artistic music-making session, students did not have to 
apply prescribed way of doing mathematics (according to curricular goals) but could experience 
mathematics ‘live’ when creating rhythmic patterns. Here, the students could mobilize themselves 
as human beings to create something spontaneous and new, according to their spirits, feelings, and 
inspiration. We claim that this type of creativity is also essential for learning. This transformative 
self experience could enrich and diversify learning through what we call creative transformative 
journey.  
 
The student’s self is therefore being transformed by moments where a holistic approach comes 
into play. A holistic approach seen as a harmonization that gives equal value to the physical, 
spiritual, rational and emotional aspects of the individual (Canadian Council on Learning, 2007) 
to create something new. As result, quoting Reid and Davidson (2018) about in-situ mathematics, 
we can say on behalf of participating students, teachers and ourselves: “In our case, we learned. 
That is, we changed our beings in interaction with our worlds. We left as different people than we 
arrived” (p.8). Overall, the preliminary analysis still leaves us with open questions about the nature 
of creativity itself emerging from this kind of experiences, as well as about pedagogy which 
supports the environments that could facilitate the emergence of such creativity in the holistic 
perspective envisioned by the MACAS community. 
 
References 
Andrini, V. S. (2016). The Effectiveness of Inquiry Learning Method to Enhance Students’ 

Learning Outcome: A Theoritical and Empirical Review. Journal of Education and 
Practice, Vol.7 (3), 38-42 

Boy, G. (2013). From STEM to STEAM: toward a human-centred education, creativity & 
learning thinking. 10.1145/2501907.2501934. 

Canadian Council on Learning (2007). Redefining how success is measured in First 
 Nations, Inuit and Métis learning. Ottawa, ON: Canadian Council on Learning. 

de Champlain, Y., DeBlois, L., Robichaud, X. & Freiman, V. (2018). The nature of 
 knowledge and creativity in a technological context in music and mathematics: 
 Implications in combining Vygotsky and Piaget’s models. In V. Freiman & J. Tassel 
 (Eds), Creativity and Technology in Mathematics Education. Dordrecht: Springer 
International Publishing. 

Chesky, N. Z. & Wolfmeyer, M. R. (2015). Introduction to STEM Education. In N. Z. Chesky & 
M. R. Wolfmeyer (Eds), Philosophy of STEM Education: A Critical Investigation. New 
York: Palgrave Macmillan US. 



 Creativity as a Learning Factor in an Interdisciplinary Environment Including Mathematics, 
Music and Technology 

 

 94 

Committee on Equal Opportunities in Science and Engineering (CEOSE) (1998). 1998 
 Biennial Report to The United States Congress – executive summary. 
 https://www.nsf.gov/pubs/2000/ceose991/ceose991.html 

Constantinou C.P., Tsivitanidou O.E., Rybska E. (2018). What Is Inquiry-Based Science 
Teaching and Learning? In O. Tsivitanidou, P. Gray, E. Rybska, L. Louca, C. 
Constantinou (Eds), Professional Development for Inquiry-Based Science Teaching and 
Learning. Contributions from Science Education Research, vol 5. Springer. 

Delory-Momberger, C. (2016). La création partagée : une biographisation collective. In R. 
Martins, I. Tourinho, E. C. de Souza (Eds). Pesquisa Narrativa: interfaces entre histórias 
de vida, arte e educação. Santa Maria: UFSM, Brasil 

Desgagné, S. (1997). Le concept de recherche collaborative : l’idée d’un rapprochement entre 
chercheurs universitaires et praticiens enseignants. Revue des sciences de l’éducation, 23 
(2), 371–393. https://doi.org/10.7202/031921ar 

Freiman, V. (2020). Issues of Teaching in a New Technology-Rich Environment: Investigating 
the Case of New Brunswick (Canada) School Makerspaces. In: Ben-David Kolikant, Y., 
Martinovic, D., & Milner-Bolotin, M. (2020, Eds.), STEM Teachers and Teaching in the 
Era of Change: Professional expectations and advancement in 21st Century Schools. 
Dordrecht, The Netherlands: Springer. 

Freiman, V. & Sriraman, B. (2011). Interdisciplinarity for the Twenty-first Century: 
 Proceedings of the Third International Symposium on Mathematics and Its 
 Connections to Arts and Sciences, Moncton 2009. Information Age Publishing. 

Freiman, V. & Robichaud, X. (2019). Short history of computational devices (from Pascal 
 to Newman). In A. Volkov & V. Freiman (Éds.), Computations and Computing 
 Devices in Mathematics Education before the Advent of Electronic Calculators. 
 Dordrecht: Springer. 

Herro, D., Quigley, C. & Cian, H. (2018). The Challenges of STEAM Instruction: 
 Lessons from the Field. Action in Teacher Education, 41:2, 172-190, DOI: 
 10.1080/01626620.2018.1551159 

Howe, E. R. (2018). Music also matters in the real world. https://theconversation.com/music-
also-matters-in-the-real-world-104388  

Konar, S. (2019). The Sounds of Music: Science of Musical Scales. Reson 24, 1125–1135. 
https://doi.org/10.1007/s12045-019-0880-7 

Leblanc, M., Freiman, V. & Furlong, C. (2018). Steaming soft-skills in makerspaces: What are 
the mathematical connections? Mathematics as a Bridge Between the Disciplines: 
Proceedings of MACAS – 2017 Symposium. Copenhagen, University of Southern 
Denmark. https://auinstallation43.cs.au.dk/fileadmin/conferences /2017/MACAS-
 2017/MACAS_2017_Proceedings.pdf  

L’Ecuyer, C. (2014). The Wonder Approach to learning. Frontiers in Human Neuroscience, 
 vol.8, 1-8 

Liao, C. (2016). From Interdisciplinary to Transdisciplinary: An Arts-Integrated Approach to 
STEAM Education, Art Education, 69 (6), 44-49, 
 DOI:10.1080/00043125.2016.1224873 

Mezirow, J. (1990). Fostering Critical Reflection in Adulthood. San Francisco: Jossey Bass. 
Milgrom-Elcott, T. (2019). When STEM Becomes STEAM, We Can Change the Game. 

 https://www.forbes.com/sites/taliamilgromelcott/2019/11/07/when-stem-becomes-steam-
we-can-change-the-game/#182c78ad6905 



Robichaud & Freiman 

 95 

Ministère de l’Éducation et du Développement de la petite enfance (MÉDPE) (2016). Profil de 
sortie d’un élève du système scolaire acadien et francophone du Nouveau-Brunswick. 
 https://www2.gnb.ca/content/dam/gnb/Departments/ed/pdf/K12/ 
 Francophone/Profil%20de%20sortie%20dun%20eleve.pdf  

OCDE (2000). Executive Summary - Knowledge and Skills for Life, First Results from PISA 
2000. http://www.oecd.org/education/school/programmeforinternational 
 studentassessmentpisa/33691620.pdf  

Papert, S. (1980). Computer-based microworlds as incubators for powerful ideas. In 
 R.Taylor (Ed.). The computer in the school: Tutor, tool, tutee (p. 203–210). New York: 
Teacher’s College Press. 

Province of New Brunswick (2016, august). 10-Year Education Plan – Everyone at their best 
(Anglophone Sector). https://www2.gnb.ca/content/dam/gnb/Departments 
 /ed/pdf/K12/EveryoneAtTheirBest.pdf 

Reid, D. & Davidson, N. (2018). Mathematics in situ. Canadian Mathematics Education Study 
Group. Acadia University, NS, Canada. http://www.cmesg.org/wp-
 content/uploads/2018/11/Report-of-Working-Group-F.pdf  

Risse, M. (2010). Un art sonore contextuel. Filigrane, no12, 1-8. 
Robichaud, X. (2016). Créativité musicale à l’ère numérique : une étude d’explorations 

 sonores conduites par les élèves du primaire à l’aide d’une station  audionumérique 
(thèse de doctorat). Université de Moncton, Moncton, Canada.  

Robichaud, X. et Freiman, V. (2016). Exploring deeper connections between, mathematic, music 
and ICT: what avenues for research in education? Mathematics and Its Connections To 
The Arts And Sciences: Proceedings of MACAS – 2015 Symposium. Schwäbisch Gmünd, 
Allemagne: University of Education. 

Rothstein, D. and Santana, L. (2011). Questions Come First: A Review of Make Just One 
Change: Teach Students to Ask Their Own Questions. Cambridge, MA: Harvard 
Education Press. 

Sahin, A. & Özsoy, N. (2015). STEM Students on the Stage (SOS): Promoting Student Voice 
and Choice in STEM Education Through an Interdisciplinary, Standards-focused, Project 
Based Learning Approach. Journal of STEM Education: Research and Innovation. 16. 
24-33. 

Small, C. (1998). Musicking. Connecticut, USA: Wesleyan University Press. 
Smeekens, B. A., & Kane, M. J. (2016). Working Memory Capacity, Mind Wandering, and 

Creative Cognition: An Individual-Differences Investigation into the Benefits of 
Controlled Versus Spontaneous Thought. Psychology of aesthetics, creativity, and the 
arts, 10(4), 389–415. https://doi.org/10.1037/aca0000046 

Thievenaz, J. (2013). Le rôle de l’étonnement dans la construction de l’expérience. 
 Education Permanente, n°197, 113-123. 

Tulga, P. (2004). Musical Fraction Bars - making melodies with fractions. 
 http://www.philtulga.com/fractionbars.html  

Vermersch, P. (1994). L’entretien d’explicitation en formation continue et initiale. Paris:  ESF. 
Welch, L. (2008). The Blue Man Group. (Cover story). Inc, 30(8), 110–112. 
Yakman, G. (2008). STEAM Education: an overview of creating a model of integrative 

 education. https://www.researchgate.net/publication/327351326_STEAM_ 
 Education_an_overview_of_creating_a_model_of_integrative_education 

 



 96 

3D MODELLING AND PRINTING TO SUPPORT STUDENTS’ 
STEM EXPLORATIONS IN SCHOOL MAKERSPACES: LESSONS 
FROM ONE CASE STUDY FROM NEW BRUNSWICK, CANADA 

 
Viktor Freiman and Jacques Kamba1 

____________________________________________________ 
Abstract 
The study is continuation of an ongoing CompeTI.CA project with the aim to research 
exemplary practices which develop life-long digital competencies. At the MACAS 2015, 
we presented a common framework of digital skills development in connection with 
mathematics (Freiman et al., 2016). In 2017, we started sharing data from our case study 
on school makerspaces while focusing on mathematics in STEAM. This year, our 
presentation will feature students’ explorations with 3D modelling and printing when 
working on their projects. Using a software, such a Tinkercad, enables students to select, 
adapt, or rapidly create prototypes of a variety of objects which, after being 3D-printed, 
can be used in their ongoing projects. Using design-thinking framework and examples 
from video-recorded data, we will discuss possible connections of students’ authentic 
experiences to mathematics curriculum and beyond. Also, we will highlight the 
interdisciplinary and transdisciplinary skills students need to develop and strategies 
which can help them to succeed. 
____________________________________________________________ 
 

“It is easier to put a man on the moon than to reform public schools.”  
Jerrold Zachiarias, 1966 

Introduction 
This brief report about the potential of three-dimensional printing (3D) to enrich students’ 
experiences with new technologies in a context of school makerspaces pursues a series of 
innovative studies conducted in New Brunswick, Canada, which shed light on interdisciplinary 
connections between mathematics and technology in Kindergarten to Grade twelve (K-12) 
education that were made explicit during previous Mathematics and its Connections to the Arts 
and Sciences (MACAS)  symposia (e.g. Blanchard et al, 2009; Freiman & Lirette-Pitre, 2005; 
Freiman & Robichaud, 2015). At the 2017 symposium, we presented the first findings of the 
ongoing case study of makerspaces, which plays an increasing role in the provincial school system, 
both in formal and informal ways (Brilliant Labs, 2017). Our focus was on the place of 
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mathematics in STEM (Science, Technology, Engineering, and Mathematics) education (Freiman 
et al., 2017) which is now an important target of the provincial 10-Year Education Plan. 
 
Among others, we found multiple examples of mathematical knowledge and skills that could help 
students in their work on the projects. Also, the work on makerspaces seemed to provide students 
with an opportunity to reason and to communicate mathematically in a context of real-life 
problem-solving while enhancing their higher-order abilities which is in the heart of today’s 
provincial mathematics curriculum. This time, we continue our analysis putting emphasis on 3D 
printing technology, which is now increasingly used in making, and could provide novel types of 
creative connections with mathematics. In fact, when students work on designing digital 
prototypes, it puts them in a context that has the potential to spark their creativity while providing 
a technology-rich environment for mathematics teaching and learning (Szymanski, 2018). 
 
The modern world is characterized by the evolution of digital technology in many spheres of socio-
economic life. In this respect, there is an increasing need to develop coding, computer 
programming, and digital fabrication skills which are currently among the most required 
competencies for the employment all-around the world (Eriksson et al., 2018).  Among several 
STEM and STEAM (Science, Technology, Engineering, Arts, and Mathematics) - related 
initiatives, the maker movement is becoming an important aspect of 21st century education 
because it has the potential to transform learning environments and experiences (Lee, 2015). 
Indeed, makerspaces help learners to construct activities with digital technologies and provide 
them with opportunities to develop the above- mentioned competencies (Lehmans et al., 2019). 
 
Among several new technologies available in school makerspaces, 3D printers are increasingly 
popular as they seem to facilitate digital prototyping (Novak & Wisdom, 2019). The educational 
use of 3D printing by students in New Brunswick school makerspaces still remains in its initial 
stages. Hence, we do not know yet how exactly it has been used and what skills students can 
develop from these experiences. Considering that the learning via technology is a complex process 
associated with various aspects of human-computer interaction, our paper aims to elucidate in what 
ways maker activities using 3D technology could help young students handle design tasks and 
enrich their learning. 
 
The objective of this paper is to examine how the young students, mostly from middle school 
Grades (6-8), use the 3D printing in makerspace, what are the digital skills they develop through 
this usage, and how it might provide them with a novel way to access complex mathematics in the 
real-world context of digital prototyping. 
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The Research Study: Context and Background 
The Context 
The samples of students’ projects exploring the potential of 3D printing were collected during an 
ongoing case study on the makerspaces conducted, since 2016, by the CompeTI.CA research team 
(ICT Competences Partnership Network in the Atlantic Canada; in French, Compétences en TIC 
en Atlantique) in collaboration with Brilliant Labs, a STEM-oriented group which supports the 
integration of creativity, innovation, coding, and an entrepreneurial spirit within classrooms and 
educational curricula (Brilliant Labs, 2018; Freiman, 2020). Among multiple examples of projects 
undertaken by the students in makerspaces are the following: (1) Robotics: building and 
programming robots to do particular tasks (example: teaching addition; winning a battle of robots); 
(2) Arts and crafts: constructing a model of the Acadian Flag; (3) 3D-design and printing: 
representing animals for a model ecological farm; (4) Electronic circuits: building support (heated 
handlebars) for practicing biking in winter; (5) Story writing: producing an e-book. 
 
In this paper, we focus on makerspaces providing opportunities to use 3D printing technology by 
middle-school students. While looking into examples of students’ projects, we also look into 
possible mathematical connections, as well as the digital skills students mobilise to succeed in 
their innovative design of digital prototypes. 
 
Some Theoretical Foundations 
Maker Movement and its Potential for the Learners 
The Maker Movement is a growing worldwide movement of people inspired to create objects of 
all kinds, useful or for fun. It refers to informal activities related to design, engineering, arts and 
technology. Already known in the past, it got a new lease on life in the early 2000s with the 
expansion of Information Communication Technologies (ICT). According to Scott et al. (2018, 
pp. 2-3), the maker movement has emerged from the do-it-yourself (DIY) tradition which consisted 
in organizing the activities from a bottom-up approach and led by grassroots innovation. This 
movement has reached K-12 schools in recent years, alongside the STEM and STEAM approaches 
to education. 
 
From the pedagogical perspective, this approach is targeting several potential benefits for young 
learners: (1) it fosters creativity, innovation, independence and technological literacy; (2) learners 
create their own knowledge by creating and interacting with physical objects; (3) a focus is placed 
on hands-on materials and real-world problems; (4) learners construct things that they share with 
others, (5) it is closely related to media literacy, design thinking, problem-solving and self-directed 
learning. More specifically, definitions of makerspace in the literature tend to emphasize its role 
as an enabler of learning. According to Martin (2015), learning by making: (1) can align with 
curriculum interdisciplinarity, as well as disciplinary learning outcomes in an authentic real-life 
related context; (2) gives students access to sophisticated building and thinking tasks; (3) 
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encourages a culture of creativity; (4) fosters playfulness while tolerating errors; (5) advocates for 
a growth mindset; (6) provides learner with the possibility of choice; and (7) intrinsically 
incorporates learning through community-based practices. It presents different layouts, in which 
students are engaged in a multitude of projects, during which they share and explore with others 
while working with various technologies (Brilliant Labs, 2016; Rendina, 2015). 
 
The recent rise of makerspaces-based learning might present a means for schools to advance STEM 
and 21st century learning outcomes (Bower et al., 2018). As for Ringuette (2018), makerspace is 
a creative laboratory fostering “an open learning environment for designing and manufacturing 
objects with digital components and common tools and materials such as scissors, cardboard and 
glue”. Makerspace is a learning space rich in (digital) technologies, where we can find many 
technologies such as Minecraft, Scratch, 3D printer and robotics (MakerMedia, 2019). In this 
space, there are two types of uses of makerspaces in K-12 schools we found during our study 
(Freiman et al., 2017): (1) curriculum-independent projects, (2) makerspaces used to teach some 
school subjects (such as science). The independent projects are chosen by students who work with 
minimum guidance. However, there is a lot of peer-tutoring and search for resources, the teacher 
is not the main resource. The project can be realised in groups or individually. Thus, students 
commit to doing a project (most of the time by creating objects of all kinds, useful or fun). Starting 
with exploring, then integrating technology, they are eventually becoming technologically creative 
(Saorin et al., 2017). 
 
Potential of Pedagogy of Making 
The elements of makerspace pedagogy can also be retraced in history. Indeed, the works of Dewey, 
Piaget, Vygotsky, and Papert have influenced the movement while promoting constructivist and 
constructionist values of learning through making (Willett, 2018). Martin (2015) argued that while 
it is not a novelty to have the ideas of bringing children to learn by building with interesting tools 
and materials, the idea of a creative laboratory remains potentially rich for supporting student-
directed teaching and learning while introducing them to design-thinking approaches to problem-
solving. A useful theoretical framework that is most often invoked to explain learning in 
makerspaces is the constructionism espoused by Papert (1986). Bower et al. (2018, p. 19) pointed 
out that the constructionist approach emanates from the constructivism. 
 
As such, it leads students to a participative and creative learning where knowledge is built 
according to experiences and ideas. Indeed, in the makerspaces, learning is seen both as an 
autonomous activity (self-directed learning, problem-solving) and a networking activity (self-
determined learning, problem posing, collaboration with others to build together a path of 
investigation). In this pedagogy, the teacher is first and foremost a guide or a facilitator, a trainer. 
In the discussion of constructionism, Santos et al. (2018) argued that this approach stimulates the 
learning of the students by enabling them to create and construct knowledge through the 
transformation of their ideas into physical objects. Moreover, this type of learning happens in a 



Freiman & Kamba 
 

 100 

culture of collaboration and curiosity (Gerstein, 2016) which are fundamental for the process of 
making. 
 
3D Printing and its Potential in Education 
Three-dimensional printing (3D) is one of the technologies behind the maker movement (Ozkil, 
2017). According to Beltagui et al. (2019), the 3D printing is a process of transforming digital 
conceptions into physical objects efficiently and effectively. On their side Beltagui et al. (2019) 
argued that the 3D printing can also be considered as a set of digital manufacturing technologies 
which are necessary for the creation of objects of all kinds from a digital design. As such, it 
involves the design (thinking) beyond printing (collective design platforms, such as Thingiverse 
or Thinkercad). In the view of Moorefield-Lang (2015), 3D printer technology is a system for 
manufacturing products from a computerized prototype. In this manufacturing, physical objects 
are made by repeatedly layering thin material several times. 
 
It is important to note that 3D has been an emerging technology since its conception in 1986. 
According to Cano (2015), it was from the stereolithography technique that Charles W. Hull 
invented the first 3D printer in the mid-1980s. Jorvath (2014) argues that the stereo lithography 
refers to a method and an apparatus which was used to manufacture 3D physical objects based on 
the use of lasers and liquid to print thin layers of the ultraviolet curable material in a superimposed 
manner. According to Paoletti and Ceccon (2018), in 1993, the Massachusetts Institute of 
Technology (MIT)  contributed to the development of 3D printing technology with a new 
technique which consisted of binding layer by layer of a powder bed using an inkjet printer. In the 
same year 1993, Sanders Prototype Inc. (today Solidscape) made another improvement to 3D 
technology which consisted of the dot-on-dot technique, and also based on polymer jetting with 
soluble supports. These changes contributed to the improvement of printing quality and to the 
accuracy in the overall printing process. The very first selective laser sintering (SLS) machines 
were to become commercially viable in the early 2000s (Flynt, 2019). Further, in 2009, Makerbot 
created a DIY kit for 3D printers which highly contributed to the diffusion of this technique in 
many institutions such as schools (Paoletti & Ceccon, 2018). 
 
In order to make 3D printing affordable for inexperienced users, a special software was created, 
Tinkercad, invented in 2010 by former Google engineers Kai Backman and Mikko Mononen 
(Dahl, 2012). In designing with Tinkercad, available shapes are pieced together or subtracted from 
each other, contorted or stretched to form a new shape. In addition, the software is frankly intuitive 
when no tools such as draw, add, remove and erase are involved, shapes used to build are also 
tools to modify other existing shapes, adjusting sizes is just as easy as using mouse to pinch the 
shape’s face and drag or retract it (Tran, 2017). 
 
In the last few years, 3D printing has been integrated in education. According to Nemorin & 
Selwyn (2017), there are two aspirations related to this integration: (1) 3D printing is seen as a 
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method of innovation within the school as it seems to have the potential to foster real changes in 
education, particularly in the development of digital skills and  the  innovative learning strategies; 
(2) 3D printing is related to students’ future employment prospects and economic mobility, as it is 
framed as a way to expand the career ambition of students who are inclined towards construction 
or electrical or plumbing trades (Nemorin & Selwyn, 2017). 
 
3D printing presents many benefits for learning in this 21st century. According to Santos et al. 
(2018), this technology can be considered as the mirrors of people’s mental representation. For 
example, in classroom, 3D printers can help teachers examine the minds of learners, even to see 
their mental model. Among others, 3D printing provides a way of externalizing a learner’s mental 
representations in the production of a permanent physical product that can be viewed and assessed. 
While eventually helping with retention and understanding the concepts of sciences such as 
mathematics, physics, technology, 3D printing seems to have the potential to encourage and to 
support students in developing 21st-century skills. Central to that culture is enabling them to create 
and to construct knowledge as they transform ideas from their imaginations into physical objects 
and models that represent those ideas (Trust & Maloy, 2017). 
 
Research Design 
This study of Makerspaces in Primary School settings is a case study utilising qualitative research 
design (Yin, 2014) which reflects a real-life context of investigation of school makerspaces where 
students work on a variety of projects. Being longitudinal (since 2016), our study has been 
conducted during school visits by a research team. Beginning in 2016 with one visit to each of six 
schools (in different parts of New Brunswick, French and English), we were able to enter the space 
when students were working, to make video-observation, ask students to comment on their work, 
and then conduct several individual or in group-interviews asking students to share what they do, 
what technology they use, how they learn it, what are their challenges and how they deal with 
them, and finally, what they learn while also looking into the teachers’ experiences (Freiman, 
2020). 
 
During the second year (2017), we decided to make 2-3 visits to four of six schools during the 
school year to see how the projects were evolving over the time. During the third year (2018), our 
focus was on soft skills as they have emerged from our preliminary analysis of year 2 data (Freiman 
et al., 2017). While students’ work with 3D printers was not a primary goal of our research in 
makerspaces, its potential to support STEM teaching and learning has emerged as one of new 
technologies that students use in their projects. Not all schools had 3D printers, and, in some 
schools, we could take only a partial look into how students handle them. At the MACAS 
symposium, we presented only some samples of students’ work. Our analysis is still underway and 
will be expanded in future publications. 
 
 



Freiman & Kamba 
 

 102 

First Look into the Data: What are the Students’ Experiences? 
The idea of using 3D printers within makerspace projects often comes from the students who want 
to produce some physical objects for their projects, for example, animals for their model of 
ecological farm. Below, we provide the following three examples: a shovel to attach to a robot 
(Example 1), a key chain with a school name (Example 2), or a so-called ‘Frankenstein pencil’, a 
technological invention to be produced by the students within design-thinking class project 
(Example 3). 
 
Example 1: Building a robot 
During the interview with two students, we learned about their project of building a robot to take 
part in a “battle”. Each team was trying to build a solid protection for their robot in case it collides 
with another robot. One team shared with us their strategy of making their robot stronger by using 
a shovel attached to the front of the robot. Hence, they decided to use a 3D printer to make a shove. 
 
The students commented their process as follows: « In order to make our robot stronger, we 
decided to put a shovel upfront; we made it using 3D printer ». « This device (pointing at the 
printer) uses heat to make things of a stuff that comes out from the thing on the top and then it 
turns, it turns, it turns, sometimes slower, sometimes faster; it takes up to 15 hours to get it printed 
».  
Below are some pictures of students explaining how they proceeded with 3D printing. 
 
 

 

 

 

 

 

When asked about the design of their shovel, students said they searched in a database of pre-
designed objects created by a TinkerCad community to make their choice, then they had to adjust 
their object to appropriate dimensions before printing it. They said that during their work with 3D 
printing technology, they were guided by a more experienced fellow student. 
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Example 2: Making a keychain 
At one of the schools we visited within our case study, 
students were making a keychain with the name of the 
school using a 3D printer in their classroom. One student 
shared her experience specifically pointing into 
connections to mathematics: « This is a chain with the 
school name ready to be printed (points to the screen); 
the printer (points to the printer) is heating up and it will 
start printing soon ». « The subject we use the most: it is 
math; we work with shapes, measurements; definitely 
math is there! » 
 
Example 3. Designing a Frankenstein pencil 
While visiting a design-thinking class offered to all Grade 6 students at one provincial Middle-
School, two students spent a whole period in the lab working collaboratively (simultaneously on 
two screens) trying to fix their design of a Frankenstein pencil using Tinkercad. In that process, 
they spent a considerable amount of time to design the title (Frankenstein pencil), then trying to 
produce a prototype of their pencil. 
 

In the pre-lesson interview students were asked about their experience from previous lessons 
regarding designing their object (they called it Frankenstein pencil, or broken pencil). Students 
first talked about difficulties they had with 3D design (with Tinkercad software). One of them said: 
It is easier said than done (about 3D design). he also said that this was hard: It is easy to make the 
shape but after this you need to put …. (not audible but it is about combining different shapes and 
transforming their construction)). Another student mentioned some issues with measurements 
(without giving much details). 

Despite the challenges they had to deal with, both students said to willing to pursue the work: Keep 
going. At the beginning of the lesson, we noticed that the students decided to start ‘from scratch’: 
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Students were working simultaneously with two screens: 

 

 

 

 

 

 

 

We noticed that they were constantly discussing their actions on the screen and verifying 
measurements with their draft on a paper-and-pencil proposal they had to write as previous 
assignment (with measurements): 

 

 

Then, they were trying to adjust their measurements on the screen using gestures: 
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They were trying to transform their shapes: 

 

 

 

We could also capture a moment of their full concentration during the collaborative work: 

 

 

Nevertheless, despite their efforts, at the end of the lesson, they had to drop the idea to design their 
product ‘ready-to-print’ thus leaving their project unfinished, which was also due to a limited time 
(end of the school year). 
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Discussion and Preliminary Conclusions 
Three brief snapshots into middle-school students’ (Grade 6) work on making activities showed 
them being engaged in fabricating different parts for their projects using technological resources 
such as 3D printing. The examples of the use of 3D printing  come from a larger case study of the 
exemplary practices of the development of digital competencies, so not for specifically learning 
about mathematical connections students could make from this experience. Also, our data reflect 
only a partial portrayal of the real use these innovative technologies in school makerspaces, as the 
concrete implementation of the ideas of making and digital making vary considerably from one 
school to another (Freiman, 2020). 
 
However, we can safely conjecture that opportunities students might have to develop certain 
technical and non-technical digital skills might provide an authentic context for the application of 
some concepts and skills related to mathematics, and eventually lead to the development of higher-
order abilities (LeBlanc et al., 2018). 
 
Regarding technical skills, makerspaces engage student in digital activities that can help them 
familiarise them with cutting-edge technology and broaden their perspectives and interest in digital 
technologies while making learning meaningful and authentic. The exploration of 3D printing is 
also an enjoyable learning activity that helps students to understand and to develop some concepts 
of mathematics in connection to other STEM-related disciplines (Kwon, 2017). 
 
This is why, when looking into our examples, we could identify that, besides learning how to use 
3D-design-for-printing software, the 3D printing activities in makerspaces engage students in a 
process that might foster their non-technical (soft) skills, such as creativity, collaboration with 
peers, and oral communication between classmates (Freiman et al., 2017), and also contribute to 
the development of their mathematical abilities which were described by the student making a 
keychain (Example 1). 
 
Indeed, our data provide evidence of how 3D printing activities, and particularly 3D design and 
testing by printing an object, could contribute to the development of spatial visualization skills and 
spatial thinking, one of the key-elements of school geometry (Repenning et al., 2014; Sorby, 1999; 
Wang et al., 2007) while going “far beyond using formulae and performing procedures” (Ng &  
Chan, 2018). For instance, the example of the Frankenstein pencil seems to illustrate the work with 
measurements, first, anticipated on their paper-and-pencil drafts, then while working on 3D design 
(Example 3). In this example, we also see potential benefits of students’ collaboration for 
knowledge co-construction, as well as the role of gestures for the growth of mathematical 
understanding (Reeve & Reynolds, 2001). 
 
It also has the potential to bring the abstract nature of geometric concepts into a more tangible 
form thus reinforcing the dynamic connections between physical and digital worlds through, for 
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example, geometric transformations (Stavridi, 2019). The example of building a robot shows that 
the students, when using samples of 3D design already available in the prototype sharing space, 
had to adjust the dimensions to their own needs (shovel to be used for their robots) (Example 2). 
 
Overall, our initial observations point at possible larger benefits of the STEM-oriented teaching 
and learning approach in makerspaces, allowing students to be at the centre of their own learning 
while shaping up their creativity, design thinking skills, computational concepts and innovative 
mindset. This context might also provide them with a variety of mathematical experiences which 
need to be further investigated in both research and practice. 
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DIALECTICAL THINKING IN A CHINESE HISTORICAL 
PROBLEM OF CHICKEN WITH RABBIT CAGE? 

Shuzhu Gao, Xikai Hu, Huan Yu,                                                                                             
Lin Feng & Mengyao Zhao 1 

____________________________________________________ 
Abstract 
The problem of chickens and rabbits in the same cage has a history of more than 1500 
years. Through explorations the dialectical thinking factors are revealed from the 
various solutions, including co-existing of diversities, transferring of diversities and 
inverse problems. Dialectical thinking is based upon the dialectical logic, which should 
be different and broader than thinking style based on formal logic. That will enrich the 
content of culture in school mathematics. 
____________________________________________________________ 

 
In Chinese primary mathematics textbooks in problem solving for 4th grade children there is a 
classic problem. Chickens and rabbits are altogether in the same cage. The total numbers heads 
and feet are given. The task is to find the numbers of chickens and rabbits each. This problem has 
been well known under the name of the "Chicken with Rabbit Cage Problem"（鸡兔同笼问题）
(hereinafter referred to as the "CRC Problem") through Chinese historical literature in variant 
forms for more than 1500 years, and many ingenious solutions contain unique factors of dialectical 
thinking. 
 
The solutions that accompany the problem in the classic texts are less often shared and explored 
yet they offer an opportunity to reflect on the goals of problem solving and related pedagogy. To 
explore the wisdom of the ancients and know how children will solve the CRC problem before 
learning it are conducive to enriching the culture and ideology of mathematics curriculum and 
enhance the educational function of mathematics curriculum. 

History of CRC Problem 
The CRC Problem first appeared in a famous book by Sun Zi Suan Jing（孙子算经) dating back 

to the 4th or 5th century. It was described as "here are pheasants and rabbits altogether in a same 
cage, with a total number of 35 heads 35 and 94 feet. How many pheasants and rabbits are there 
respectively? " 
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A solution was proposed in the book, the procedure was described as: "94 feet divided by 2 equals 
47, thus each pheasant has one foot, while each rabbit has two feet. Then 47 minus 35 equals to 
12, which is the number of rabbits. Consequently subtract 12 from the total number of heads 35 to 
get 23 pheasants." It was summarized as "Heads on the top, feet on the bottom. Half feet, minus 
heads, to get the number of each." The key step is to half the number of feet, so the procedure can 
be called "HALF-FOOT SOLUTION"（半足术）. 

 
In addition to the CRC Problem, there was also a similar problem called "Bird and Beast 
Problem" in Sun's book. The problem statement was that there were strange beasts with six heads 
and four feet, strange birds with four heads and two feet. If there were 76 heads and 46 feet in 
total, how many strange beasts and birds were there respectively? The quantitative relationship 
and solution are basically the same as the half-foot solution.(1) 
 
A second historical reference stems from the Ming Dynasty (1533-1606) where Dawei Cheng 
wrote about the problem in the 8th volume of Suan Fa Tong Zong （算法统宗）. He changed 

"pheasants" to "chickens" in his statement, and it was used up to now. Cheng proposed two 
solutions that differed from Sun's approach in that they involved doubling or quadrupling the 
number of heads first. The procedure of the first solution directed the reader to double the heads, 
then subtract that from the number of feet and divide the result by 2 to find the number of rabbits. 
That is, 35 2=70  94 70=24  24 2=12 rabbits (23 chickens). Alternatively, to find the 
number of chickens first, Cheng suggested multiplying the number of heads by 4, subtracting the 
number of feet and then dividing by 2 (35 4=140  140 94=46  46 2=23 chickens).  

 
The first and key step of both two solutions was to multiply the number of heads by the 

number of feet (2 or 4) of each chicken or rabbit, so they can be collectively called the "DOUBLE-
HEAD SOLUTION".（倍头术） 

 
The CRC problem appeared in the 8th volume of Suan Fa Tong Zong. Actually, there was a similar 
problem that already appeared in the 5th volume, which was the “Rice and Wheat Problem.” The 
statement is: There are 500 stones(2) of rice and wheat in total, they are worth 405.7 tael, and the 
unit prices of rice and wheat are 0.86 tael and 0.725 tael. How many stones of them are there, 
respectively? The procedures were basically the same as the double-head solution, but in the book 
it was called the "Price-Gap Solution"(3)（差分贵贱法). 

 
The problem also appeared over time in alternative forms. One of the variations was included in a 
Chinese classical fiction book “Flowers in the Mirror”（镜花缘)by Ruzhen Li during the Qing 

Dynasty (1644-1911). The problem was set in the context of the Lantern Festival that takes place 
at the end of the Chinese New Year celebration. Traditional lanterns are often designed with a 
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large sphere connected to smaller spheres. Celebration activities include children answering 
riddles to win prizes. The statement of the problem in this book is: There are two kinds of lanterns, 
one has a large sphere attached to 2 small spheres, the other has a large sphere attached to 4 small 
spheres. If there are 360 large spheres and 1200 small spheres altogether, how many of each type 
of lantern are there? Yet another variation similar to the CRC problem is found in Japanese 
literature dating from the early 19th century and involves 100 cranes and turtles that have a total 
of 272 feet. The proposed solutions(4) presented in these books are similar to Sun's and Cheng's 
(above) solution methods, respectively. 
 
The two approaches above are the classical solutions in ancient China. After thousands of years of 
inheritance, the CRC problem becomes more and more important in Chinese primary school 
mathematics learning, and it's necessary to understand how the students think when they come up 
with an answer to the CRC problem. 

Chinese Students' Solutions 
As an adult, people may have enough algebraic knowledge to solve the CRC problem using 
equations, but for students in grade 4 or 5, at the age of ten, most of them haven't yet learned to 
work with equations. Which kinds of solutions are easier for them to understand? 
 
To help create a better and advanced world, inquirers and thinkers are needed. To develop their 
independence and curiosity in mathematics learning, before the students learn about the CRC 
problem, a pre-test was given in the 4th grade of two primary schools in Beijing. 

Trial and Adjustment 
Most students at grade four were willing to try. In figure 1, the student drew a picture to help 
himself to understand, a circle means a head, and the segments below mean feet. So one head and 
two feet means a chicken, one head and four feet means a rabbit. He tried to adjust the number of 
chickens and rabbits to get the right answer. 
 

 
(Figure enlarged by 200%) 

Figure 1. Adjust one by one by drawing 
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Students with rigorous and orderly thinking chose to list them. In figure 2, the three rows of 
numbers are chickens, rabbits and feet respectively. The student listed them until getting the right 
answer. 

    
 Figure 2. Adjust one by one by listing 

  
Some students adjusted one by one from the beginning until finding the answer. Some are more 
sensitive to numbers, they leapingly found the answer (Figure 3). And others gradually found the 
rules and converted the gap in the numbers of feet directly into the numbers of rabbits (Figure 4). 
The ordered list also permeates the idea of assumption. 

 

Figure 3. Adjust leapingly 
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Figure 4. Found the rules when adjusting 

Virtual Imagination 
Assumption is one of the methods that students of this age can easily accept and understand. The 
student assumed that 35 heads were all chickens. Then there should be 70 feet in total. But there 
are 94 feet in total. A gap exists between the total number of feet and the given number of feet. 
The gap is the twice number of rabbits (Figure 5), and vice versa. 
     
 
 
 
 
 
 
 
 
 
 
 Figure 5. Assumption by animals 
Though trial and adjustment is the usual method that students use, more interesting and creative 
approaches were found in the pre-test. In figure 6, the student assumed that the rabbits and the 
chickens all had 2 feet. Then there would be 24 more feet (94 feet are 24 more than twice the 
number of heads), which is twice the number of the rabbits. 
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Figure 6. Assumption by feet 

 
A student created a situation in figure 7 by assuming that all the animals in the cage were trained: 
with a whistle all the animals lifted one foot, so 35 feet were lifted at the first whistle, after the 
second whistle there would be 35 more feet lifted. All the chickens could now sit down, and the 
rest of the feet are rabbits. This became one of the most popular ways to solve the CRC problem 
since it's vivid and interesting, and it's the easiest way for students to understand. The reading text 
from "Compulsory Education Mathematics Textbook Grade Four (Part II)" published by People's 
Education Press in 2013 also provided the procedure of "letting all the chickens lift one foot" and 
"letting all the rabbits lift two feet" to make students easier to understand. 
 
 
 
 
 

 

 

 

Figure 7. Personifying the chickens and rabbits 

  
Another approach came from a creative boy, who named it "overflow adjustment." If all animals 
in the cage were chickens, then the number of feet should be just twice the number of chickens, 
but there are 24 more than twice, and it's the rabbits who made it happen. 24 is the overflow, and  
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all we need to do is to eliminate the overflow. Each rabbit takes 2 out of 24, so 12 rabbits take 24 
out of 24.  

Figure 8. Overflow adjustment  
 

By exploring historical references and the solutions of students, it's easy to find that people in 
different eras happen to coincide with the thought of non-real contexts to solve the problem. The 
key step of them are either multiplying the number of each animal's head or dividing the number 
of each animal's feet. So it came the thinking process with "it's a chicken and a non-chicken" and 
"it's a rabbit and a non-rabbit" at the same time, which is difficult to explain by the thinking based 
upon formal logic. 

Co-existing of Diversities 
The three key rules of formal logic are the law of identity, the law of non-contradiction and the 
law of excluded middle, respectively. The law of identity requires that any object for thought 
should be consistent and avoid disguising replacement of concept in the same thinking process. 
The law of non-contradiction requires that no judgment or statement can be both true and false. 
On this basis, the law of excluded middle refers to a judgment or statement being either true or 
false, there is no third possibility. In the CRC Problem, there are at least three statements that are 
true, namely: 

  
 Statement 1: The animals in the cage are either chicken or rabbits. There is no third kind 
 of animals. 
 Statement 2: Every chicken is a biped animal, a non-biped animal cannot be a 

 chicken. 
 Statement 3: Every rabbit is a quadruped, a non-quadruped cannot be a rabbit. 
  

To see the half-foot and double-head solutions as examples, chickens and rabbits turned into single 
foot chickens, double feet rabbits, double head or 4 head monsters at the first step. That is to admit 
statements 2 and 3 are both true and false. This violates the law of non-contradiction. If they are 
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not admitted as a chicken or rabbit, then it violates the law of identity. If they were defined as a 
third animal, it violates statement 1, which is also a violation of the law of excluded middle. This 
procedure can only exist in our mind, it can't be true in the real world and the thinking form based 
on formal logic is limited in reasoning in the CRC Problem. 
 
Dialectical thinking based on dialectical logic is based on the concept of universal connection and 
movement change of dialectical materialism and follows the thinking rule of unity of opposites. 
The existence of a thing involves the existence of an opposite. The two opposing sides are mutually 
exclusive, but also mutually conditional and causal. Under certain conditions, the two opposing 
sides can transform into each other. In the process of thinking, "yes" and "no" are not in the state 
of complete separation, there is a connecting ground or transition range. The opposite sides may 
be both true, co-existent and in mutual transformation. 
 
In the half-foot and double-head solutions, "chicken and non-chicken" are taken as the thinking 
object. Their existence in thinking is reasonable, which is to view the problem situation within the 
perspective of movement change. This is the product of thinking in the reasoning process, and it 
is the transition range connecting "chicken" and "non-chicken". This pattern of thinking may be 
defined as "Co-existing of Diversities." That is to say, "yes" and "no" always stand for strict 
opposites in the same event, but under certain conditions, (a) "yes" and "no" can co-exist, (b) "yes" 
and "no" can be true at the same time, and (c) "yes" and "no" can be transformed into each other. 
The half-foot and double-head solutions are the products of dialectical thinking, they are both the 
crystallization of ancient Chinese ancestors' wisdom and the treasure that should be passed on to 
the descendants. 
 
The solution that makes chickens and rabbits lift their feet in virtual imagination, viewed the 
problem situation in the perspective of movement change in dialectical thinking, making the 
"single-foot chicken" and "biped rabbit" become a condition in the situation changes. It also makes 
the middle ground between "chicken" and "non-chicken" more vivid, and the rationality of both 
solutions more intuitive. 
 
Dialectical thinking is widely used in mathematics learning, especially in the understanding of 
content with "counter-intuitive" characteristics. For example, the concept of "straight angle": 
intuitively, a straight angle is a straight line, which does not conform to the characteristics of a 
usual angle. Thinking in accordance with formal logic will produce the consciousness of "a straight 
angle is not an angle." To view in the perspective of dialectical thinking, the visual "non-angle" 
can co-exist with "angle" in thinking. From the perspective of movement change, the straight line 
can be regarded as an instant that goes through the mutual transformation between the angle less 
than 180 degrees and the angle greater than 180 degrees, so as to achieve the co-existence of "non-
angle" and "angle." 
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The rule of co-existing of diversities plays an important role in dialectical thinking in exploring 
and diversifying the methods to solve problems. For example, the classic Meeting Problem related 
to the application of fractions in grade 6. It takes 10 minutes for Xiaohong to walk from her house 
to Xiaogang's house, and 15 minutes for Xiaogang to walk from his house to Xiaohong's house. 
How many minutes will it take them to meet each other if they start walking from their own houses 
at the same time? 
 
The usual procedure is to set the distance between Xiaohong and Xiaogang's houses as "1". Then 

Xiaohong's walking speed is , Xiaogang's walking speed is  , and the time required for them 

to meet is  minutes. This procedure intends to limit the thinking to the context 

described "between the two houses." According to the “co-existing of diversities” rule in 
dialectical thinking, we can also simulate events that do not appear in the problem and expand the 
situation of "between the two houses" to find different solutions. For example, imagine the 
following situation that does not appear in the problem: if both of them walk at constant speed for 
30 minutes, Xiaohong's walking distance will be 3 times the distance between the two houses, 
while 2 times will be Xiaogang's walking distance. It indicates that the walking distance ratio of 
Xiaohong and Xiaogang is 3 to 2 in a given time interval. Now let’s regard the distance between 
two houses as 5 units. When they meet, Xiaohong will have walked 3 units of it and Xiaogang will 
have walked 2 units of it. So Xiaohong's walking time is 3/5 of 10 minutes, Xiaogang's walking 
time is 2/5 of 15 minutes, which are both 6 minutes. 
 
In essence, such thinking process regards the situation that is not in the problem as "true" and the 
co-existence and compatibility of "true" and "false" appear in thinking. 
 
The contents in Sun Zi Suan Jing and Suan Fa Tong Zong were presented in the form of questions 
and solutions. A solution is often called a "Fa"(法) (“law”) or "Shu"(术) (“operation”). Both 

expressions refer to the procedure used to solve the problem, but not to the thinking process behind 
it. Therefore, the students can only learn to solve problems by following the procedures, but they 
do not understand why the problem is solved this way. It is not enough that mathematics learning 
only consists of procedures. It is also necessary to explore the thinking process behind the 
procedures in historical literature, and to seek the "reasoning" of the "procedures." 

Transferring of Diversities 
There are three elements for a problem to become a true problem: context, goal and obstacle. The 
context refers to relevant information and its relationship. The goal means one or some unknown 
information in the context, and the problem proposer or solver has the intention of obtaining this 
information. The goal of the CRC Problem is naturally the respective numbers of chickens and 
rabbits. 
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The obstacles of the problem are the factors that prevent the problem solver from achieving the 
goal of the problem from the known information. Such factors are related to the complexity of the 
problem situation on the one hand, and subjective factors such as the experience, knowledge and 
ability of the problem solver on the other hand. For the CRC Problem, if the problem solver has 
the knowledge and experience of equations, the relation between the known information and goal 
can be easily established through the equation. The half-foot and double-head solutions are both 
solutions without equations as tools. 
 
The half-foot solution is to change both the number of head and feet of a chicken to one from 
different to the identity by "half foot". The double-head solution is to change the number of head 
of each chicken into 2, which is the same as the number of its feet 2. Also, the number of heads of 
each rabbit changed to 4, which is the same as the number of rabbit's feet. Therefore, the half-foot 
and double-head solutions both embody the idea of unity of opposites seeking mutual 
transformation between the two in the contradiction. As solutions of the CRC Problem, they can 
be regarded as the products of dialectical thinking. 
 
Here is another way to analyze the obstacles of the CRC Problems. If there are not two kinds of 
animals in the problem, but only one kind of animal, the problem will be easier to solve. Therefore, 
the obstacles of the problem can also be regarded as the different composition of chicken feet (2) 
and rabbit feet (4). The idea here is to create the conditions for the two kinds of different animals 
to be the same. It is possible to assume that all 35 animals are all chickens or rabbits, and the 
solution is commonly called "Assumption"（假设法）which showed up in students' pre-test. The 
procedure of this solution is the same as the double-head solution, but the thinking behind is 
different. It also shows that the same solution can be generated under the guidance of different 
thinking, that is, although the procedures are the same, the thinking process can be different.  
 
All programmed procedures are created by the human mind. Anyone who creates a procedure uses 
the thinking behind it. As the solutions to solve problems, half-foot and double-head solutions are 
permeated with the dialectical thinking of the transferring of diversities, which should be an 
important content of mathematics learning. 
 
In conclusion, the CRC Problem and its solutions are the improvement and expansion of the 
traditional thinking mode based on formal logic, which should be the ideological content in 
mathematics courses. It contains the co-existing of diversities, transferring of diversities, as well 
as the thinking mode of inverse problems, all of which have the characteristics of dialectical 
thinking and permeate the thought of dialectical materialism methodology. 
 
The Dutch mathematician Hans Freudenthal (1905-1990) made his famous speech titled "Major 
Problems of Mathematics Education" at The Fourth International Congress on Mathematical 
Education, where he took the CRC Problem as an example. He pointed out that in the development 
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of mathematics itself the usual experience is first the process of "insight" to acquire knowledge, 
and then the process of “schematization”. Schematization seeks rigorous logic and concise 
expression. During the process of schematization, students will lose the ability of insight. So one 
of the major problems in mathematics education is how to have a retention of insights in the 
process of schematization. 
 
That is to say, it is not enough for mathematical learning to have schematic memory, operation 
and application, but also to go through the process of insights in the stage of knowledge generation. 
Thinking based on formal logic emphasizes the certainty of concept, accuracy of judgment and 
preciseness of reasoning, which applies to the schematic process of theory. The dialectical thinking 
based on dialectical logic emphasizes more on the perspective of diversity, change and connection. 
This form of thinking should be closer to what Freudenthal means by “insight”. Therefore, it is a 
direction of mathematics curriculum and teaching research to integrate the content of dialectical 
thinking into mathematics curriculum and guide students to experience the thinking process of 
dialectical thinking in teaching. 
 
Endnotes 
[1] Note: The procedure to find the number of beasts first was summarized as "double feet, minus 
heads, the rest of the half are the beasts." The procedure to find the number of birds first was "4 
times beasts, minus feet, the rest of the half are the birds."  
[2] Stone is a weight unit in ancient China, each dynasty and region had its own standards. In the 
Ming dynasty, each stone weighed about 92-94 kilograms  
[3] The procedure: 500 0.86=430(tael) 430-405.7=24.3(tael) 0.86-0.725=0.135(gap) 24.3
0.135=180(stones of wheat) 500-180=320 (stones of rice) 
[4] Procedures for Crane-Tortoise Problem: The number of turtle's feet(4) minus the number of 
crane's feet(2) equals 2(4-2=2), multiply the total numbers of turtles and cranes(100) by the number 
of turtle's feet(4) to get 400, 400 minus the total number of feet (400-272=128),128 divided by 2 
are 64 cranes.  
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____________________________________________________ 
Abstract 
The present paper aligns itself with MACAS through the aim of highlighting a possible 
way to integrate technology in learning mathematics. Drawing inspiration from quiz bees 
as a medium of formative assessment in the classroom, the researchers developed 
MyQBee, a web-based quiz bee application that allows students to organize their own 
electronic quiz bee. The present study explores the use of digital game-based learning in 
mathematics and its effect on student motivation. A group of thirty randomly-selected 
students from Grades Six and Ten served as participants who tested the application for 
two weeks. Empirical data on the engagement and motivation of the respondents was 
gathered through survey questionnaire and interview. Results show that the respondents 
reported positively on their motivation to learn mathematics, especially being 
empowered to be in control of their own learning not only through designing and 
conducting their own electronic quiz bee, but also by participating in such activity. 
____________________________________________________________ 

Introduction 
Quiz bees in the classroom have generally been used as a form of a gamified formative assessment. 
It can be considered as a form of edutainment, a portmanteau of education and entertainment, that 
first pertained to the use of CD programs that aimed to teach and entertain simultaneously 
(Rapeepisarn et al., 2006). Nowadays, edutainment is no longer confined to computer programs; 
it has since encompassed various channels such as games, films and shows to deliver educational 
content (edutainment, 2019). 
 
Thus, in line with its research thrust on developing digital educational applications, the School of 
Information Technology Education of Chiang Kai Shek College commissioned a project in School 
Year 2018-2019 to develop MyQBee, an online quiz bee application prototype. The present paper 
reports on the testing phase of the project as implemented in learning mathematics. The researchers 
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aim to explore the effect of using MyQBee on motivation and engagement based on the principles 
of digital game-based learning. Specifically, the study responds to the question of how students 
describe their motivation to learn mathematics after using the application.   
 
Digital Game-Based Learning 
According to Prensky (2001), digital game-based learning (DGBL) pertains to the development 
and use of computer games for educational purposes. In addition, Plass, Homer and Kinzer (2016) 
argued that motivation, engagement, adaptivity, and graceful failure are some of the functional 
characteristics of DGBL. They posit that students’ motivation benefits a lot since games are 
designed to entertain and keep their players engaged through game features such as points, 
mechanics, and rewards, among others. This is a point echoed by Chen and Hwang (2014): “Digital 
game-based learning has been recognized as an effective approach in promoting students’ learning 
motivation, which is an important factor of improving students’ learning performance” (p. 125). 
 
Furthermore, Plass et al. (2016) maintain that the goal of engagement is to support players’ 
cognition with respect to the learning goals of the game. This is in consonance with Woo’s (2014) 
idea that students who play educational digital games discover and create connections among 
concepts. In terms of adaptivity, Plass et al. (2016) highlight that providing customization and 
scaffolding opportunities within the game allows players to be engaged with respect to their current 
level of knowledge and skills. Lastly, graceful failure refers to the idea that failing is a desirable 
part of the learning process, as long as it provides the right amount of challenge (Plass et al., 2016). 
Wang and Chen (2011) supported the notion of graceful failure with the trial-and-error approach 
in learning programming. Their study made use of the Scratch programming interface and showed 
such an approach can yield higher learning motivation through empowering students to be active 
acquirers of knowledge.  
  
DGBL and Mathematics 
Several studies have shown the potentials of DGBL when applied in the context of mathematics 
education. Kuo (2007) reported that digital games can provide a conducive environment that can 
support learning interest and motivation in mathematics. Hung, Huang, and Hwang (2014) further 
echoed that DGBL may be utilized as an approach to improve motivation and achievement in 
mathematics. They indicated that their game-based e-book learning model have enhanced not only 
the motivation of students in learning mathematics, but also their achievement and self-efficacy. 
Kebritchi, Hirumi and Bai (2010) supported this notion in their study that made use of a computer 
game to aid in learning mathematics. Their study also showed improvements in mathematics 
motivation and achievement. Furthermore, the study of Ku et al. (2014) showed how DGBL 
improved the confidence of mathematics learners belonging to different ability groups. It 
highlighted that the DGBL approach is adaptive and can engage students of various levels. 
Heading towards the online direction, Nguyen, Hsieh and Allen (2006) noted that the use of web-
based learning in mathematics promoted better learning attitude and motivation. Likewise, Zin and 
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Zain (2010) espoused the integration of DGBL and web-based applications to improve 
understanding and learning. Thus, in light of the aforementioned, mathematics has been chosen as 
this paper’s focus as it resonates with the growing use of digital game-based learning of 
mathematics and its potential to improve motivation (Borba and Weigand, 2015).  
 
Gamification 
According to Huotari and Hamari (2012), gamification is the application of game design elements 
and principles to non-game concepts, such as education. Based on the gamification framework 
proposed by Langendahl, Cook and Mark-Herbert (2016), in gamifying an experience, one must 
consider three major factors: surface elements, underlying dynamics, and gaming experience. 
Surface elements pertain to the visible and/or tangible aspects of the game that can be a source of 
motivation for the players to finish the game. It can come in the form of points, badges, or 
leaderboards, among others. Meanwhile, the mechanics and delivery of the game pertain to the 
underlying dynamics of gamifying an experience. It may involve providing choices or options to 
its players with respect to character or story progression, or feedback to help inform the players 
with regard to their course of action. Lastly, the gaming experience itself anchors on competition, 
challenge, and enjoyment. Thus, being the end result that gamification envisions to achieve, the 
gaming experience is related to engagement, motivation, and learning in the context of education 
(Panoutsopoulos, Sampson & Mikropoulos, 2014; Papastergiou, 2009).  
 

 
 
Figure 1: The gamification framework (Langendahl, Cook and Mark-Herbert, 2016) 
 
As such, a quiz bee can be considered as a gamified experience of learning and assessment in the 
classroom. In addition, the characteristics of DGBL (i.e. motivation, engagement, adaptivity, 
graceful failure) can be assimilated with the elements of gamification (i.e. surface elements, 
underlying dynamics, game experience). The study of Pesare, Roselli, Corriero, and Rossano 
(2016) used both game-based learning and gamification approaches to evaluate engagement, 
motivation, and knowledge acquisition in the context of medical education. Their research 
suggests that games enhance student motivation, thereby improving knowledge acquisition. 
Similarly, the present study utilized the gamification framework by Langendahl, Cook, and Mark-
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Herbert (2016) in designing MyQBee, with the characteristics of DGBL such as motivation (Plass, 
et al., 2016) to be explored. 
 
MyQBee 
There have been efforts to deliver quiz bees digitally through the use of online platforms on the 
Internet (e.g. Quizshow, Kahoot!). This is in consonance with enhancing the delivery of 
multimedia learning by applying elements of gamification (Holloway, 2018). However, current 
quiz bee systems face some limitations, such as restrictions on network connectivity (e.g. 
connected within the same Local Area Network or LAN), or user interface (e.g. participants can 
only see choices on their monitors), therefore limiting its users to be located within the same venue.  
 
In this regard, MyQBee, a working prototype of an online quiz bee application, was developed at 
the School of Information Technology Education of Chiang Kai Shek College. MyQBee allows 
learners to organize and conduct their own quiz bees using their preferred Internet-enabled devices. 
Thus, it removes the need for the users to be located at the same venue. It features two possible 
accounts: as a quiz host (i.e. quizmaster, organizer), and as a participant (i.e. contestant). Quiz 
hosts have the capability to organize quiz bees by designing questions of their choice (i.e. multiple 
choice, true or false, short answer), and assigning the corresponding score and time limit to each 
question. On the other hand, participants may join a particular quiz bee through the unique code 
provided by the quizmaster. They may also provide feedback to the quizmaster as a measure of 
quality assurance. Moreover, links to guides on proper question construction are provided within 
the website.  
 
Viewed from the gamification framework (Langendahl, Cook, and Mark-Herbert, 2016), the 
pointing system included in MyQBee is classified under the surface elements. Moreover, the 
underlying dynamics cover not only the capability given to users to choose between the roles of 
quiz host or participant, but also the choices accorded to the quiz host in designing their own quiz 
bee. Feedback from the quiz host (i.e. showing of correct answer) and from the participants (i.e. 
comments on the quiz bee) also form part of the underlying dynamics of MyQBee. Lastly, given 
the nature of quiz bees, competition and challenge are inherent characteristics of the gaming 
experience.  
 
Meanwhile, from the DGBL standpoint (Plass et al., 2016), MyQBee is expected to motivate 
students to learn mathematics as it features elements of points and challenge, among other factors. 
Furthermore, the element of empowerment (i.e. being able to organize one’s own quiz bee) 
provides basis for engagement and adaptivity, as the quiz host is in control of the difficulty level 
and question content. Lastly, the feedback mechanism included in the application ensures that both 
quiz host and participants learn from their mistakes, indicative of the graceful failure characteristic 
of DGBL. 
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Screenshots of MyQBee interface are provided below: 
 

 
 

Figure 2. MyQBee welcome screen. 

 
 

Figure 3. Question creation screen. 

 

 
Figure 4. Quiz proper screen. 
 
Methodology 
The study primarily follows a survey research design (Price et al., 2017) that utilizes both 
questionnaire and interview to gather data upon usage of MyQBee. As such, thirty students, fifteen 
each from Grade Six (ages 11-12) and Grade Ten (ages 15-16), participated in the study as 
respondents. They were randomly selected through drawing of student numbers. They were given 
the link to access MyQBee, and had two weeks to test the application, both as a quiz host and 
participant. The respondents were informed that the focus of the study was on mathematics; thus, 
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the questions had to be about the mathematics lessons they covered for the school year. Likewise, 
they were instructed to communicate with one another (e.g. social media chat) to set scheduled 
times to conduct the quiz bee. 
 
After two weeks, each respondent had to fill out an online survey questionnaire that reflected their 
own perceptions on engagement, motivation, and learning. The survey questionnaire was 
composed of seven statements. A 5-point Likert scale was used to show how much the respondents 
agree with each, with 1 denoting strongly disagree, 2 as disagree, 3 as neutral, 4 as agree, and 5 as 
strongly agree. The statements are as follows:  
 

1. Using MyQBee motivated me to study or review math lessons.  
2. I think using MyQBee motivated the other players to study or review math lessons. 
3. MyQBee helped me to understand math lessons. 
4. I think MyQBee helped the other players to understand math lessons.  
5. I enjoyed using MyQBee.  
6. I think the other players enjoyed using MyQBee.  
7. I will recommend MyQBee as a tool to study or review math lessons. 

 
The questionnaire also had a short response item at the end wherein the respondents could put their 
comments and suggestions. 
 
In addition, six of the respondents, three each from Grade Six and Grade Ten, were randomly 
chosen to be interviewed after the two-week testing period. They were selected by drawing student 
numbers from the pool of respondents. The non-structured interview was conducted through an 
online social media platform. The only interview cue for respondents was to narrate their 
experience in using MyQBee in learning mathematics. 
 
Numerical data from the survey questionnaire were analysed using descriptive statistics, 
specifically relative frequency. On the other hand, comments from the survey questionnaire and 
interview transcripts were subjected to thematic analysis (Braun and Clarke, 2006). 

Results and Analysis 
The numerical analysis of questionnaire data reveal that most of the respondents generally agree 
to the statements provided. The table below shows the breakdown of responses: 
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Statement 
Number 

Neutral (3) Agree (4) Strongly Agree (5) 
Gr.6 Gr.10 Total Gr.6 Gr.10 Total Gr.6 Gr.10 Total 

1 0 0 0 2 3 5 13 12 25 
2 0 0 0 2 4 6 13 11 24 
3 0 3 3 3 9 12 12 3 15 
4 0 2 2 3 6 9 12 7 19 
5 0 0 0 2 6 8 13 9 22 
6 0 0 0 4 7 11 11 8 19 
7 0 0 0 6 6 12 9 9 18 

 
Table 1. Frequency distribution of questionnaire responses. 
 
For the first statement, it can be seen from Table 1 that the majority of the respondents strongly 
agree (i.e. 25 out of 30) that they felt motivated to study or review their math lessons after using 
MyQBee. Likewise, for the second statement, 24 out of 30 strongly agree that they think the other 
users also felt motivated. These results show promise that regardless of grade level, users of 
MyQBee felt motivated not only for themselves, but also thought of the same for other users. 
Likewise, these results resonate with the idea that DGBL in mathematics affects the motivation of 
learners positively. 
 
However, for the third and fourth statements, a disparity can be observed between the Grade Six 
and Grade Ten users. 12 out of 15 Grade Six respondents strongly agree that MyQBee helped them 
(or the other users, in their opinion) in understanding the math lessons covered by the quiz bee 
questions. On the other hand, 9 out of 15 Grade Ten students only agree to the idea that MyQBee 
helped them understand the math lessons. This can be attributed to most Grade Ten respondents 
commenting that no explanation was provided when their answers were incorrect. 
 
Similarly, the fifth and sixth statements also showed a subtle difference between the Grade Six an 
Grade Ten users. More Grade Six users reported enjoying the application (13 out of 15) and 
thinking the other players (11 out of 15) also enjoyed using the application. Perhaps it suggests 
that the appeal of quiz bees is greater for younger students. Nevertheless, around two-thirds of the 
respondents strongly agree to enjoying MyQBee; most comments contained words such as “fun”, 
“exciting”, “interactive”, and “engaging”. 
 
As for the seventh statement, 60% of the respondents strongly agree in recommending MyQBee 
as a tool to study or review math lessons. However, some made reservations about it feature-wise; 
they noted that if MyQBee will indeed be focused on mathematics, there should be ways to input 
mathematical symbols, such as proper format for exponentiation or fractions. It was also a common 
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suggestion that chat functionality be included in the future so that quiz hosts can share their game 
code without using a third-party social media application. 
 
Meanwhile, thematic analysis of the interview data and feedback from the questionnaire reveals 
the following themes: improvements, motivation, and enjoyment. In terms of improvements, a 
majority of the interview respondents suggested the inclusion of chat functionality. Furthermore, 
all three Grade Ten interviewees mentioned “mathematical symbols” and their difficulty “to input 
fractions or exponents”. The theme improvement resonates with the comments provided in the 
survey questionnaire by the majority. 
 
As for the theme motivation, some interviewees stated that the aesthetic presentation of the 
application appealed a lot. Quoting a respondent from Grade Six, “The bright colours for the 
choices are attractive.” Moreover, the timer was also mentioned several times; quoting a Grade 
Six respondent: “it is nerve-wracking and an exciting way to learn.” A Grade Ten respondent who 
also mentioned the timer is quoted, “The timer makes me feel pressured, which is good.” It also 
appeared that empowering students to design their own quiz bees and participate in ones designed 
by others is motivating. Quoting a Grade Six respondent, “…and different people can create the 
questions and to be answered by different people too.” Similarly, phrases such as “letting us 
organize our own quiz bee”, “be in control”, “determine the time limit and points” were all related 
to the theme of motivation. In terms of DGBL characteristics, the motivation theme not only 
pertains to the motivational aspect of DGBL as being described by the respondents, but also with 
that of the engagement and adaptivity features of DGBL. Empowering the users suggests a positive 
influence on engagement and adaptivity, therefore affecting motivation. 
 
Lastly, for the theme enjoyment, words such as “fun”, “exciting”, and “helpful” were commonly 
recurring during the interview. It is also the case for the comments provided in the survey 
questionnaire. Quoting a Grade Six respondent, “A student like me had fun so I believe other 
students might feel the same way.” On the same line of meaning is a quote from a Grade Ten 
respondent, “It will be helpful for students who are reviewing in groups. Very fun.” Such 
comments echo remarks by Plass et al. (2016) that entertaining mechanics of a game provide the 
necessary foundation towards motivation in learning. 

Conclusion 
The quantitative and qualitative results and corresponding analyses show that there is promise in 
using an online quiz bee application such as MyQBee in positively impacting the learning attitude 
of students. This is in line with the DGBL characteristics argued by Plass et al. (2016) and the 
existing literature on the use of DGBL in mathematics education to improve motivation. While the 
respondents generally agreed that MyQBee motivated them, even highlighting engagement and 
enjoyment, there remains room for improvement for it to be a specialized application for 
mathematics learning. 
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EXPLORING THE PHYSICAL WORLD:  
A METHOD TO SUPPORT YOUNG CHILDREN’S  

ALGEBRAIC THINKING  

Azadeh Javaherpour, Annie Savard1 & Elena Polotskaia2 

____________________________________________________ 
Abstract 
This paper aims to discuss how play in pre-kindergarten and kindergarten schools can 
develop in young children mathematical thinking for future complex mathematics by 
engaging them in doing fun mathematical activities. By using two examples from the 
literature, we will explain the important role of teachers as facilitators to use play for 
developing children’s mathematical thinking. Play might help teachers to engage 
students in interesting activities and allow teachers to interact with their students. 
Learning throughout play has different stages. Those stages consist of introduction to 
play and its objects, children’s free exploration, asking young children questions to 
provoke their learning, teaching them concepts, letting them explore more and apply 
their learning in similar activities, and supporting their learning for the parts that are 
not clear for them. 
____________________________________________________________ 

 
Context 
This paper will present a part of the preliminary results from the critical literature review of a 
knowledge synthesis project. “Success in high school mathematics starts from kindergarten”. The 
major goal of this project is to characterize strategies of teaching mathematics to preschool and 
elementary school students potentially fostering their algebraic thinking. Before elementary 
school, Québec has two preschool years: one for 4 years old students and the second year is for 5 
years old students. Those kindergarten classes are taught by certified teachers who hold a 
bachelor’s degree in kindergarten and elementary education. As the educational and social success 
of young children is considered a priority in Quebec by the government, recent private and public 
investments in education highlight the need to provide quality and equality in education for all 
students.  
 
Learning about algebra is recognized by some educators and policy makers as a gatekeeper to 
higher mathematics and wide range of career opportunities in the future. Mathematics, which is 
recognized as a prerequisite for many careers such as engineering, commerce, and technology, can 
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be an obstacle for many learners.  However, many students struggle learning mathematics and 
some drop out of school due to their challenge with learning mathematics (Werblow, 2009). In the 
province of Quebec, in Canada, several projects address the possible causes of dropping out of 
school, and strategies for avoiding it (see Fonds de Recherche du Québec Société et Culture, 2020). 
Some of those studies in Québec underline a need for improving students’ algebra, however, 
algebra is not taught in elementary school (grades 1 to 6), it only starts from secondary school 
(grades 7 to Grade 11). Indeed, this research project addresses mathematics teaching practices by 
challenging the link between grade levels from K to 11 and how mathematics in elementary school 
can help an easy transition for learning algebra in high school.  
 
In order to facilitate the transition to high school algebra, Blanton et al. (2018) propose to intervene 
in preschool and elementary school to allow students to develop gradually and continuously with 
the contents of secondary education. They explain that: 

A central argument in reconceptualizing algebra has been that the “arithmetic-then-
algebra” approach, where an arithmetic curriculum in the elementary grades is followed 
by a formal treatment of algebra in the secondary grades, has not allowed the time and 
space necessary for developing depth in students’ algebraic thinking and, instead, has led 
to widespread school failure in mathematics and subsequent limited career and economic 
opportunities, … (Blanton et al., 2015, p. 40). 

 
They don’t propose to move the notions of algebra backward in the elementary school curriculum 
but suggest developing interventions and mathematical teaching practices that allow young 
students to develop algebraic thinking. This approach will eventually support their learning in 
higher levels of mathematics and more specifically in algebra. Thus, in regard to our aims, the 
research project questions are: What practices can be recognized as effective in teaching 
mathematics in kindergarten and elementary school age that can prevent difficulties in algebra in 
high school?  How can didactic analysis improve students’ educational experience (even those 
with disadvantage background) to their potential? 
 
For this paper, we chose to discuss how some play activities can provide an equitable teaching 
environment in which young children can gain access to one of the most important notions that 
algebra based on – relation of equivalence. Play is not a discipline per say, but rather seen as a 
learning activity that might develop high reasoning. Play might be used in teaching and learning 
all disciplines in school, at any age level. 

Algebraic Thinking as a Study of Quantitative Relationships 
Since 1980th, many researchers (Blanton et al. 2015, Carraher & Schliemann 2018, Smith & 
Thompson 2008) questioned the vision and the mathematical knowledge associated with algebra 
in secondary school. They thoroughly studied the difficulties students have in learning algebra 
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(e.g., Bednarz & Janvier, 1993; Kieran, 1989). They also designed and experimented with multiple 
activities for elementary students to foster their algebraic thinking development. They believe that 
knowledge of algebra includes, but is not limited to the ability to generalize, to reason in an abstract 
way, to make sense of patterns, and to operate upon various structures. The researchers (e.g., 
Blanton et al., 2018; Radford, 2006; Warren & Cooper, 2009) also propose the following aspects 
of algebraic thinking: modeling, structure analysis, quantitative relations, patterns, co-variation, 
and symbolism. However, many believe that algebra is not so much about use of formal language 
(letters), but it is a special way of thinking (Radford 2006) about known and unknown quantities 
and their relationships (Freiman, Polotskaia & Savard, 2017; Smith & Thompson, 2008). A special 
place in early algebraic thinking is given to the relationship of equivalence or equality (e.g. 
Carpenter & Levi, 2005; Warren & Cooper, 2005). 
 
Some works (Charlesworth 2005; Schmittaou, 2011; Venenciano, 2014) pointed out that young 
children can also generalize the equivalence relationships through activities of comparing and 
“balancing” physical quantities (e.g., water). Students need to use natural and mathematical 
language to communicate these general principles and reuse them within various contexts. 
 
The development of a learner’s knowledge is a process specific to learning. According to Vygotsky 
(1896-1934), the development of knowledge is defined and structured by two factors: the cognitive 
development of the child and the experience of the child by participation in the activities. In regard 
to cognitive development, Vygotsky attributes the main role to teaching because, according to him, 
teaching guides cognitive development by offering aims and means in the zone of proximal 
development. In preschool period, teachers provide the opportunity for the child to participate in 
specifically organized activities, thus contributing to the child’s developmental learning. Still in 
Russia, Davydov's (2008) developmental approach to mathematics education emphasizes the 
epistemological analysis of mathematical concepts to be learned in order to find activities through 
which the child has access to the founding concept, as broadly as possible from the very beginning. 
The main purpose here is to propose logical and comprehensive concepts development trajectories 
that make it possible to avoid learning obstacles as much as possible. 
 
Another component of the developmental approach is the creation (selection, modification) of 
activities based on culturally approved mathematical practices giving rise to varied interactions 
between the learner, the practice and the mathematical concepts. Davydov (2008) emphasized that 
it is not just "the presence" of the mathematical concept in the activity that serves the raw material 
of learning, but, its form, its logic and its course (a similar idea is expressed in the theory of didactic 
situations by the notion of didactic contract (Brousseau, 2002)). According to the theory of the 
Developmental Instruction, we can distinguish two important didactic objectives that a 
mathematical task can aim at: the conceptualization of an element of knowledge, and the deepening 
and the contextualization of this element, once the conceptualization initiated. 
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According to Davydov, the initial conceptualization of a knowledge element must correspond to 
the goal of long-term knowledge development, otherwise didactic learning barriers are 
unavoidable. Davydov (2008) claims that to avoid multiple disruptions in the math curriculum. He 
highlights that the knowledge of the relationships among quantities should be taught prior to 
counting and formal study of number. Thus, in our research we are looking for activities fostering 
students' understanding of various quantitative relationships (Polotskaya & Savard, 2018). 
Namely, we are looking activities that support the development of equivalence and equality 
concepts. Those concepts draw on comparison and balance (Polotskaia & Savard, 2018). 
 
Van Oers (1999) drew on Vygotsky’s theoretical framework and emphasized on embedding 
learning activities in the context of play through interaction with teacher and classmates. As 
Wallace, White, and Stone (2010) illustrated, teaching to young children can include different 
phases within an activity. These phases are free exploration, concept introduction, concept 
application, and evaluation. At the beginning of an activity, children can freely explore and discuss 
the objects provided, play with them without teachers’ “mathematical” intervention. In concept 
introduction, teachers interact with the children and by giving comments and asking questions 
introduce the mathematical concepts together with the actions this concept gives meaning to. 
Throughout playing, teacher involves students into mathematical discussion thus introducing them 
to mathematical reasoning and mathematical culture.  By “application”, the authors (Wallace, 
White, & Stone, 2010) mean that the teacher provides opportunities for children to use what they 
have learnt in new playful situations. The evaluation of students’ knowledge happens throughout 
all phases as teacher notices children’s specific mathematical behaviour. If children need more 
learning support, the teacher will make more group activities and practice more with them 
throughout playing. 
 
For the purpose of this paper, we used the data from our larger research project. For selecting 
references for this paper, we used the examples of activities designed for pre-kindergarten students 
in a form of play and providing opportunities to initiate the equivalence relationship concept 
formation (Polotskaia & Savard, 2018). 

 
Method  
For this paper, we select two activities from the initial set of 175 articles identified in our main 
project. The selection of the 175 articles was done under these criteria: recent publications not 
older than 10 years, the article should carefully expose learning activities about algebra that were 
implemented with young students, pre-kindergarten to grade 6. We selected the articles for this 
paper based on the physical activities proposed at a very young age. These learning activities can 
be proposed to young children (pre-kindergarten) in a form of play. The meaningful, enjoying 
activities related to real-life situations can let young children explore their environment, enjoy and 
learn! We use a qualitative analysis to show how these activities can foster students’ relational 
thinking development, specifically equivalence, and equality concepts.  
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For each activity, we have evaluated the “presence” of the concept, the possible “broadness” of 
the concept formation and its link to algebraic thinking, and the role of the teacher in the process 
of the concept formation.  
 
Examples from the Literature for Developing Preschool Mathematical Thinking Learning 
Activities through Play 
Children develop social and thinking skills as they play and explore their world (Ginsburg & Seo, 
2003; Booker, Blaise & Edvards, 2014). Play creates interest and motivation in children for 
learning. Here, we present two examples from literature which help develop children’s 
mathematical thinking through play:  

Sand and Water Table Play 
In an activity called “Sand and Water Table Play”, Wallace, White, and Stone (2010) studied how 
pre-school children engage and interact with on-hand materials. This study examined the ways that 
preschoolers developed their reasoning about quantities, and quantitative relationships.  
 
 

 
 
 
 
 
 
 
 

Figure 1. Picture by San José Public Library 

At the free exploration part of the activity, children began to use graduated cylinders at the table. 
After a while, the researcher (White) attracts their attention to the graduation marks and discuss 
their meaning for volume comparison.  

David’s remark [one of the children] as he filled one geometric hollow and emptied it into 
another: “Hey! They are the same.” White began to pour using the same two containers 
and said, “My goodness, you’re right! I wonder if any more are equal (Wallace, White, and 
Stone 2010, p.395). 
 

In this example, guided by the teacher (who is one of the researchers too), the student uses a direct 
comparison procedure (poring the content of one container into another) to compare capacity of 
two containers. This procedure is sound and accurate from the physics and mathematics point of 
view. This direct comparison is somehow equivalent to direct area or length comparison as well 
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as to term-by-term comparison of object collections. Alternatively, visual evaluation would be less 
accurate and impossible to generalize mathematically. Thus, from the very beginning, children 
will associate the meaning of “same volume” with the appropriate comparison procedure. This 
meaning can be potentially broadened and connected many other contexts, such as area, length, 
number of objects, giving sense to the equality and equivalence notions.  
 
The authors describe an episode where a child struggle to understand the equivalence other 
children were speaking about. 

 
Sarah explained that she had observed David calling some shapes the same as he filled and 
emptied them. She was trying to understand what he meant, because they did not look the  
same to her (Wallace, White, and Stone 2010, p.396). 

 
The role of teacher at this game is to attract students’ attention to appropriate (from mathematical 
point of view) procedures and observations, by asking critical questions and introducing culturally 
approved language (equal volumes instead of same). Davydov (2008) highlights the importance of 
introduction and clear distinguishing of objects’ properties of different kinds from the very 
beginning of learning.  The use of precise language, such as equal capacities, equal shapes, equal 
heights, equal widths, helps students conceptualize physical characteristics of objects and better 
understand the equivalence and equality concepts.  
 
Balancing activity 
Interesting extension to the comparing activities described above is the use of simple scale to 
compare (balance) weights of objects and groups of objects (Lee, Collins & Melton, 2016). The 
balancing helps directly visualize the equality or inequality of weights making it easy to discuss 
various situations.  

 
For example, children add or remove materials to balance a scale, which ultimately 
promotes proportional thinking and understanding of equality (e.g., which material has 
more value/weight) as they compare values/weights of materials. As an extension, one side 
of the balance could function as an unknown value; the teacher covers that side and asks 
children to come up with the correct amount only by looking at objects on the other side of 
the balance. Children can easily come up with the value by looking at the value/weight on 
the other side when the scale is balanced (Lee, Collins & Melton, 2016, p. 308) 

 
Thus, the balancing activity gives sense to equality as well as many other mathematical notions 
such as adding, removing, and equalizing. It can be extended to modelling activity and even to 
solving equations (Papadopoulos & Patsialia, 2018). The role of the teacher is crucial to introduce 
an unknown weight and to help children with language expressions and drawings to communicate 
balance (equality) situations. 
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Figure 2. Example of a balance situation. 

Conclusion 
A broad body of literature discusses about the impact of early childhood play on the success on 
advanced mathematical learning in older school ages (Booker, Blaise & Edvards, 2014). In this 
on-going study, we aim to elaborate how play with objects as an educational and engaging activity 
is pivotal in developing children’s early mathematical thinking such as early algebraic thinking.  
 
Although playing in kindergarten can help children to develop their early algebraic thinking, the 
choice of materials and the teacher’s guidance are curtailed. The comparing activities and 
balancing activities well represent the essence of the equality concept and thus can be used as a 
foundation for its broad meaning development. They also allow for further construction of 
meaningful links to other mathematical notions. However, to facilitate this learning, the teacher 
should provide students with appropriate language expressions, attract students’ attention to 
important observations and provoke students’ thinking by asking critical questions.  
 
Acknowledgement: This paper is a part of a project called “Success in high school mathematics 
starts from kindergarten” funded by Fonds de Recherche du Québec Société et Culture (FRQSC).  
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MATHEMATICAL ABSTRACTION THROUGH VISUALIZATION: 
DESIGN LEARNING MATERIALS FOR VISUAL THINKING IN 

PROBABILITY  

Dennis Lee Jarvis B. Ybañez, & Catherine P. Vistro-Yu1 
____________________________________________________ 
Abstract 
The conventional way of teaching probability, often using coins, dice, and the standard 
deck of cards has continually been a challenge for many students. Most of the time, 
students are unable to relate to these learning materials causing them to hold numerous 
misconceptions. This study focuses on how visualization can be developed as a way to 
bring students to the level of mathematical abstraction expected of them when they finish 
high school by using a specially designed learning material. The conceptualization 
process of the learning material that taps into two important unique characteristics of 
Filipino students, namely visuals and humor, is also discussed. The result shows that 
student’s affinity with the material addresses misconceptions and helps students develop 
a more powerful conceptual understanding of probabilities. 
____________________________________________________________ 

Students’ Difficulties in Probability and the Need for an Alternative Learning Material 
One of the expressed goals for mathematics education in the Philippines is to develop a 
mathematically empowered citizenry (SEI and MATHTED, 2010, p. 5). One way of doing this is 
to help Filipino students achieve literacy and fluency in Statistics and Probability. Statistics and 
Probability are very important in making informed and evidence-based decisions. With a solid 
knowledge of Statistics and Probability, one can stand against misinformation, misinterpretation, 
and misrepresentation of data, especially now that data are readily available almost everywhere, 
particularly in cyberspace (English & Watson, 2016). However, due to the highly abstract nature 
of Probability, in particular, students have solely relied on procedural approaches rather than 
focusing on conceptual approaches as well (Shao, 2015). In a Brief produced at the Park City 
International Seminar of the Park City Mathematics Institute (2017), it is argued that “appropriate 
contexts vary from culture to culture” (p. 3). With the right contexts, therefore, learners could find 
more meaning in their own reality. For many Filipino students, the conventional way of learning 
probability using coins, dice, and the standard deck of cards has become a hindrance and a source 
of confusion due to the unfamiliarity of these materials. The following quotes from past students 
of the first author are worth considering: 

 
1      Ateneo de Manila University, Philippines 
   dennis.ybanez@obf.ateneo.edu, cvistro-yu@ateneo.edu 
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Reymar: I think one of the difficult tasks that we had last year in Probability is to 
understand the concept of a random variable. Even now, I am still 
struggling or have no idea of what we went through throughout the lesson. 
To be honest, if we were given the same test last quarter, I would just leave 
it blank. I totally forgot everything. 

Jehan: I cannot understand the examples given in the book, that is why I need to 
find other references that discuss random variables with different 
examples. However, I always end up with the use of coins, dice, and the 
standard deck of cards. 

Sygie: The lessons were too abstract to the point that we can no longer visualize 
the whole process. We solely relied on the procedure. 

  
These statements show that the conventional way of teaching probability, often using coins, 
dice, and the standard deck of cards is lacking and we strongly suggest the use of an alternative 
learning material to which the students can relate. Hence, this study aimed to design a learning 
material that would: (a) help address students’ common difficulties and misconceptions in 
basic probability; (b) supplement and reinforce students’ existing visual imageries; and (c) 
develop students’ visualization as a way to bring students to the level of mathematical 
abstraction expected of them when they leave high school. The traditional approach to 
teaching probability is usually labeled as classical probability. According to English and 
Watson (2016), it is “derived from a sample space of equally likely outcomes by calculating 
the proportion of favorable outcomes compared to the total possible” (p. 31). On the other 
hand, the frequentist perspective is “based on data collected through a random experiment or 
simulation of the behavior of the phenomenon in question” (p. 31). The connection between 
the importance of empirical estimation of probability (frequentist orientation) and theoretical 
probability (classical orientation) is highlighted in the designed learning material for this 
study. 

Conceptual Framework 
The Value of Mathematical Abstraction  
Yilmaz and Argun (2018) define mathematical abstraction as a “constructional process, in which 
mental frameworks are established from mathematical frameworks and vice versa” (p. 42). It is 
the process of identifying and describing common properties of an object which is part of an object 
itself and later on specifying the relationships between these objects in the mind and turning these 
relationships into specific expressions independent of the mathematical objects (Tall, 1991). This 
simply means that when students reach the level of mathematical abstraction, they do not need to 
roll a dice or toss a coin just to find the total number of outcomes they have. They already have 
the ability to see the relationships of these objects through formal language and symbolic 
representations. Yilmaz and Argun (2018) point out that this act generally results in the formation 
of new objects and this formation is a core characteristic of abstraction. The object obtained as a 
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result of this abstracting activity is what we call concept (p. 42). Through mathematical abstraction, 
students are able to think of the concept as an abstract object rather than just as an operational 
process. The discussion simply shows that mathematical abstraction is viewed as an indispensable 
part of mathematical thinking. Students will never be able to learn mathematical concepts 
completely without the value of abstraction.  
 
Visualization  
The inability of the students to connect abstract aspects of mathematics to reality is somehow 
linked to visualization. For this study, we used Arcavi’s (2003) definition of visualization, which 
according to him is “the ability, the process and the product of creation, interpretation, use of and 
reflection upon pictures, images, diagrams, in our minds, on paper or with technological tools, 
with the purpose of depicting and communicating information, thinking about and developing 
previously unknown ideas and advancing understandings” (p. 217). Visualization has internal and 
external forms which may be designated as visual mental imagery and inscriptions, respectively 
(Presmeg, 2006). Presmeg defined a visual image as a mental sign depicting visual information 
and inscriptions as symbols, diagrams, or any external representation with a visual component 
(2006). Presmeg asserts that the distinction between external and internal visual images would not 
be necessary.  
 
Presmeg (1986) categorized visual images into five different types: concrete imagery (a holistic 
picture, in which the parts of everyday objects come together and are constructed in the mind); 
pattern imagery (simple relationships, which are described in a visual-spatial scheme); memory 
imagery of formulae (formation of formulae, which we generally see with mental capacity and 
which are written on a board or notebook in our memory); kinesthetic imagery (images requiring 
muscle strength activities); and dynamic imagery (active images).  
 
It is important to emphasize that knowing how students learn a particular mathematical concept 
through a series of categorizations and descriptions in the process of abstraction would not suffice 
without an understanding about visualization. Yilmaz and Argun (2018) have argued that 
visualization appears not only in the development of mathematical thought but also in the 
discovery of new relations between mathematical objects, as well as in giving meaning to 
mathematical concepts and the existing relations between them.  
 
Integrating Design Science 
Following the call of Presmeg (2013) to explore a different focus in the study of visualization, 
“one that emphasizes the properties of visualization as a process and a product in fine-grained 
research”, we have integrated the discussion of design science in developing students’ visual 
thinking in probability. Design is the “art or action of conceiving of and producing a plan or 
drawing of something before it is made” (The Oxford Dictionaries, 2019). Alternatively, from the 
same source, design is “the arrangement of the features of an artifact, as produced from following 
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a plan or drawing.” Both definitions complement each other and can be analogized as two phases 
of a production process: the first definition is about the pre-production phase, whereas the latter 
entails the formal production phase. In this light, attempts to structure the act of designing into a 
systematic set of procedures came to be known as design science, a concept introduced by Fuller 
(1957). The term eventually meant not only to design systematically (i.e. design as a science), but 
also to study design (i.e. a science of design). The rigor and procedures involved in the creation of 
an artifact that responds to issues it is intended to resolve and improve upon is evident with its 
iterative, systematic, and interdisciplinary nature.  
 
As such, one can establish that design science is a concept that is worth utilizing when it comes to 
systematically developing learning materials, as with the call of Lesh and Sriraman (2010) to 
reconceptualize mathematics education research as design science that iteratively involves 
continually-changing subjects and their interactions with complex, conceptual systems as affected 
by socio-cultural factors. Furthermore, with the aim to improve human performance, which 
includes acquisition of knowledge, one can foster the bridge between the designer and the learner.  
 
The Conceptualization Process of the Learning Material 
Looking at our specific problems of learning mathematics in our country, the Philippines, we note 
some unique characteristics of our Filipino students that we believe should be taken into account 
when designing novel and innovative learning materials in mathematics. Studies show that Filipino 
students are visual learners. Magulod (2019) revealed that Filipino students of applied science 
courses preferred visual, group and kinesthetic as the major learning approaches as they manifest 
a moderate level of study habits. Wallace (1995) administered the Learning Style Inventory (LSI) 
to 450 students of sixth and seventh grade in one urban and two rural schools in the Philippines. 
His study showed that Filipino students are visual and kinesthetic learners. They learn more using 
pictures, diagrams and visual media. At the same time, they also learn well through body 
movement and direct experience. 
 
Another unique characteristic that we have considered is the role of humor in the Filipino psyche. 
According to Sembrano (2012, para. 1), “what sets Filipinos apart from other nationalities is really 
the Filipino sense of humor”. We are among the happiest people in the world. In fact, in the latest 
Gallup World Happiness Index, the Philippines was ranked the 3rd happiest and most optimistic 
in 2018 (as cited in Agustin, 2019). Hence, the place of humor as a social phenomenon in the 
education of Filipino students cannot be underestimated. Baysac (2017) stated that “humor has the 
power to make teachers more likable, approachable, facilitate comprehension, increase 
attentiveness, improve creativity, and promote social relationships” (p. 268). Also from our 
experiences, the presence of humorous material promotes students’ learning, creates a positive 
learning environment, keeps students engaged and involved throughout the lesson, and increases 
students’ retention. 
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The bigger goal in our research is to determine how visualization can be developed as a way to 
bring students to the level of mathematical abstraction expected of them when they finish high 
school. As a preliminary step towards this research, we have conducted a 2-phase design study 
that taps on two important unique characteristics of Filipino students: (1) visuals; and (2) humor. 
These features can be attained through the use of komiks, known as comics in English-speaking 
countries. Toh (2018) defines comics as, 

“any medium that conveys messages or ideas (which can be either realistic or imaginary) 
through the use of visual images or series of images – usually comprising of cartoons – 
and, in the process of doing so, creates humors and laughters among the readers (p. 37). 

Komiks are quite influential in our country. In fact, there is an event called Philippine Komiks 
Convention, or Komikon, which is an annual gathering of comic-book artists, publishers, and 
enthusiasts in the country. Moreover, komiks have also been a part of the traditional Filipino game 
“teks” (trading of text cards) in which text cards contain comic strips and text placed within speech 
balloons. Komiks have been used as a teaching tool to help students remember school lessons and 
readings. For instance, komiks have been produced to illustrate the several staple stories and 
lessons taught in Philippine schools: (a) Noli Me Tangere, El Filibusterismo, Biag ni Lam-Ang 
and Florante at Laura in our Philippine Literature; (b) the story of Lapu-Lapu, The Marvelous 
Adventures of the Amazing Doctor Rizal, and Ang Kaibigan kong si Mabini in our Philippine 
History; and (c) Zika Zine: Ang kwento ng tatlong Aedes na lamok at and zika sa loob ng katawan 
ng mga tao which has recently become a part of an initial project in developing science comic 
books and local work texts for science in the Philippines. Moreover, Philippine Senate Bill No. 
945, or the proposed “Galing Pinoy Komiks Support Act”, mandates the Department of Education 
(DepEd) to ensure that “10 percent of the printable instructional materials being used in elementary 
and secondary education in the country be in the form of komiks”, stressing that komiks are part 
of the Filipinos’ unique cultural and artistic heritage (Terrazola, 2019). However as of now, we do 
not have existing komiks material for mathematics. This is what we are currently working on.  

Methodology 
The study involved six (6) Grade 11 students (two students each from Science, Technology, 
Engineering, Mathematics – STEM and Humanities and Social Sciences strand – HUMSS and one 
student each from Accountancy, Business, Management – ABM and General Academic Strand – 
GAS) who were enrolled in a private school in Metro Manila. The students were selected by their 
teachers based on their class performance (one of the top performing students in mathematics) and 
their availability. To see the different aspects and richness of visual imagery across different 
curricular strands, phenomenography was used (Kinnunen & Simon, 2012). Asking the 
participants to describe in their own words the types of visual imageries they use and how they 
experience it is a very effective way to collect rich and valid data. 
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In Phase 1, the Test on the Basic Probability Concept (TBPC), a researcher-developed written 
questionnaire was administered to six (6) Grade 11 students, one student at a time. The test was 
primarily designed to identify the existing types of visual imagery used by the students to solve 
the given problems in probability – from simple to more abstract questions. To elicit meaningful 
imageries among the students, instead of a coin or dice, the TBPC introduced the context of teks 
which is one of the traditional Filipino games played by many students. There are five items in the 
test covering the following basic probability concepts: (a) sample space; (b) most and least likely 
outcomes; and (c) simple probability. These items were modified and validated by two 
mathematics education experts. They considered the five items in the TBPC as sufficient for the 
purpose of the study. The first part of the test consisting of 1a – 1c covered the concept of sample 
space. Question 1a required students to determine if the outcome Front-Back-Front (FBF) faces is 
possible in flicking three teks cards. Question 1b required students to think about other outcomes 
aside from FBF. And question 1c required students to determine the set of all possible outcomes 
of flicking three teks cards. The second part of the test consisting of 2a – 2c asked students to 
determine the most and least likely outcome. Question 2a and 2b required students to identify 
which outcome is the most and least probable. And question 2c required students to describe and 
compare the probability of each outcome using the correct probability language and terms such as: 
(a) certain; (b) almost certain; (c) likely; (d) evenly likely; (e) unlikely; (f) almost impossible; and 
(g) impossible. The third part of the test consisting of item 3a – 5c was dedicated to finding out 
the probability of a single event. Question 3a required students to determine how many ways they 
could have two front faces and three back faces when flicking five teks cards. Question 3b and 3c 
required students to determine the probability of having two front faces and three back faces. 
Question 4a required students to determine the possible outcomes of flicking a teks card five times 
while in question 4b and 4c, students were required to compare or determine the probability of 
each outcome. And finally, questions 5a – 5c focused on finding probabilities given an n number 
of teks cards. Questions 5a and 5b required students to come up with a general formula in finding 
the total number of outcomes of flicking an n number of teks cards. Question 5c required students 
to compare or determine the probability of each outcome of flicking an n number of teks cards.  
 
Before the TBPC was administered, each participant was asked to find the probability of getting 
two heads when two fair coins are tossed. All of them relied only on memory imagery, particularly 
recalling the procedural approach of computing the probability. They were stuck in finding all the 
possible outcomes of tossing two coins. Out of the six students, only the two (2) STEM students 
were able to recall the formula; the remaining four (4) students stated that they already forgot 
everything and could not visualize the problem anymore.  
 
In the TBPC, they were able to recognize that the problems using teks were parallel to the 
traditional coin and dice problems. In fact, as they were answering the questions, they tried to 
recall how they find probabilities using coins. Statements such as, “I know that this problem is 
similar to coins and definitely has a formula” and, “I cannot  



Mathematical Abstraction Through Visualization: Design Learning Materials for Visual 
Thinking in Probability  

 

 148 

really remember how we did it” were common. During the first twenty (20) minutes, students 
insisted on using coins to aid them instead of teks. At that time, there was only one goal for them 
– to recall how a diagram could be used in finding the outcomes of the coins as shown in Figure1. 

 

Figure 1: Students’ sample tree diagram  

The common difficulties in answering the TBPC were observed in the first twenty minutes: (a) 
difficulties in recalling the formula for finding the size of the sample space; (b) difficulties in 
interpreting FFB and BFF as two different outcomes; (c) difficulties in making diagrams such as 
a tree diagram; (d) difficulties in visualizing the problem itself; and lastly (e) difficulties in 
answering the abstract part of the TBPC. Students at this point seemed clueless leaving most of 
the items unanswered. At that point, a prompt was necessary. The students were told the following:  

“To answer those questions, assume that you and your friends are playing teks. You can write 
your solution in your own way, based on what you think, experience, or imagine. Please show 
your detailed solution in the space provided.”        

Immediately, all six students began writing something on their paper. The different imageries 
drawn were identified and categorized; the most common type of imagery used was pattern 
imagery (the ability to see relationships depicted in a visual-spatial scheme), followed by 
kinesthetic (imagery involving muscular activity) and then dynamic (moving) imagery. The 
reliance on memory imagery markedly declined.  
 
In Phase 2 of the study, taking into account the unique characteristics of Filipino students being 
visual learners and humorous individuals, we chose komiks as the learning material to be used. 
The content and story-line of the komiks were created based on the categorization and organization 
of the students’ subjective visual imageries (Presmeg, 1986) in Phase 1. Hence, students were 
indirectly involved in the development of the komiks. We assumed that students were always 
confined to their subjective visual images (even after instruction) and we strongly felt the need to 
design a visual artifact that would help them move from using personal or subjective visual images 
into more structured visual representations. This visual artifact would help students realize if their 
idea is accurate or not, know what is missing, see how other students visualize the concept in their 
own reality and consequently establish a way to reach the level of mathematical abstraction. 
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Students were given one week to read the komiks after which we administered a second test 
parallel to the first TBPC. The test was primarily designed to help us describe and categorize the 
types of representation and visual imageries used by the students to reach the level of mathematical 
abstraction in computing probabilities. We administered the second TBPC one at a time, one 
student per day, followed by an interview. 

Sample of the Designed Komiks 
Below are samples of the komiks we have designed (Figure 2). For this paper, the komiks have 
been written in English. The komiks given to the students used a mix of Filipino and English 
languages as this was a common form of communication in schools.  

 

Figure 2: The use of visual and humor  

Results and Discussion 
For the second TBPC, prompted by the komiks (story of children playing teks), students were able 
to learn, develop and combine multiple types of visual imageries as they solved a particular 
mathematical problem after reading the komiks for one week. For instance, when students 
answered the first item, most of them changed their approach from memory imagery to kinesthetic 
imagery as they failed to remember the formula for finding outcomes. They were observed to be 
flicking an imaginary set of teks cards in the air while reading the question again and again. The 
STEM and ABM students were able to find a pattern using alignments and diagrams. However, 
the HUMSS and GAS students failed to solve this item using kinesthetic only. What they did was 
to combine kinesthetic imagery and dynamic imagery with concrete imagery. They named the 
position of each teks using the name of each player playing teks. This is the statement of HUMSS 
student: 

“…I assigned a random name on each player, Far, Boots, and Diego. Here is the possible 
outcome: (1) all three of them can win or lose at the same time (FFF, BBB); (2) one of 
them may win (FBB, BFB, BBF); (3) one of them may lose (BFF, FBF, FFB). Nothing 
else, hence, there are only 8 outcomes…”  
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In contrast to the first TBPC, students were now able to provide a more structured solution in the 
second TBPC. With the remaining 4 questions, which are more abstract, STEM students relied on 
memory imagery, pattern imagery, and kinesthetic imagery while ABM, HUMSS, and GAS 
students relied only on their experience playing teks. This was reflected in the way the students 
answered the problem in the second TBPC:  

STEM: Every time I added one more player in the game, the number of possible 
outcomes doubles. So the pattern will look like this: 2, 4, 8, 16… 

ABM: Based on my experience, it is very unusual (almost impossible) to have an 
all win or all lose outcomes (i.e. FFF, TTT) if there are three or more 
players). There should be one or two who are going to lose but not all. 

GAS: Regardless of the number of teks card being flicked fairly, the back face 
has the most possible outcome (almost certain) of each teks card, because 
we expect that more players will lose in every flick. 

HUMSS: Because based on my experience, when we play flick teks, most of the time 
(almost certain) we expect that the outcome will be a back face. There 
should be one player that would win the game. 

 
The results show that with komiks as a learning material, students from STEM were able to reach 
a high level of mathematical abstraction using different types of visual imageries whereas ABM, 
HUMSS, and GAS students relied on their experiences. Though they could not come up with an 
abstract way of doing it, the material was nevertheless a good starting point to elicit students’ 
responses and develop structured images among students in learning abstract concepts in 
probability. Tall (1991) explains that appropriate visuals help students establish mental 
representations and deductions and also help them engage actively in abstraction.  

Conclusion 
Concepts based on students’ experiences help them establish rich representations with numerous 
meaningful visual imageries. Students are able to interpret and reflect rather than just recall and 
rely solely on procedural approaches. This is one way to bring students to the level of mathematical 
abstraction expected of them at the end of high school. Using design science, we have realized that 
teks and komiks can offer a more powerful visualization among students across the academic 
strands, perhaps more powerful than using the coin, dice or a standard deck of cards. The ability 
of the students to abstract mathematical concepts greatly depends on their rich and meaningful 
visualization.  
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TOWARDS PROFESSIONAL LEARNING COMMUNITY: 
COLLABORATION AMONGST MATHEMATICS AND SOCIAL 
SCIENCES TEACHERS WHO TEACH FINANCIAL LITERACY 

EDUCATION 

Azadeh Javaherpour & Annie Savard1 
____________________________________________________ 
Abstract 
In 2016, the Quebec government added financial literacy education, including financial 
education, into the grade 11 social sciences education program, and financial 
mathematics into its mathematics program. Although teachers are supposed to teach 
these new reform concepts, they have not received any professional development 
preparation. Thus, in a research project, we aimed to initiate teacher professional 
learning collaboration among grade 11 mathematics teachers who teach financial 
mathematics, and social sciences teachers who teach financial education. Our study took 
place at schools in Montreal and on the South Shore (a neighborhood of Montreal). In 
this paper, we intend to present our preliminary data from the Montreal school. The 
preliminary analysis showed that although teachers are from two different disciplines, 
the similarities between the concepts and topics that they teach brought them together to 
collaborate for lesson planning and peer-professional learning. However, later, during 
class observations and individual interviews with teachers, we understood that there 
were some challenges and tensions in their collaboration, such as a lack of time, different 
teaching schedules, and a lack of enough reliable resources in financial components and 
concepts. We also realized that creating an interdisciplinary professional learning 
community requires time and consistency in regular meetings the establishment of a 
community culture.  
____________________________________________________________ 

Context 
In Québec, financial literacy education was added to social sciences and mathematics (cultural, 
social, and technical [CST] option) in 2016. In fact, financial education (FE) was added to the 
social sciences program in grade 11 (or Secondary 5, which is the final grade of secondary school 
in Québec), while financial mathematics was added into the grade 11 mathematics program, CST 
option (Ministère de l’Éducation et de l’Enseignement supérieur [MEES], 2016; 2018). However, 
teacher education programs in Québec do not provide the necessary instruction required to teach 
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financial education or financial mathematics. To this end, designing and implementing teacher 
professional development is a tremendous need for effective teaching outcomes (OECD, 2009). In 
this regard, many scholars maintain that teachers’ professional collaboration has significant impact 
on teacher professional development (Grossman, Wineburg & Woolworth, 2001; Supovitz & 
Christman, 2003). 

 
For example Savard & Corbin (2012) highlighted that professional learning communities might 
support teachers in developing their teaching practices. Further, a study by van Es & Sherin (2010) 
showed that collaborative professional development through video club, peer discussions and peer-
reflections can improve teachers’ teaching abilities and attitudes throughout the time of 
collaboration. Furthermore, there is a profound gap between these reforms and research studies 
that bring the perspectives of teachers about recent changes into the literature. To bridge this gap 
and in order to support teachers who teach financial literacy education, we implemented a project 
to investigate how a mathematics teacher and a social sciences teacher can take the opportunity to 
collaborate and thus support each other in teaching financial education and financial mathematics, 
and to examine their perspectives about new curriculum changes and professional development 
approaches.  
 
The research questions: RQ1: In what ways can teachers’ collaboration support mathematics and 
social sciences teachers in teaching FE? RQ2: What challenges and professional needs do 
mathematics and social sciences teachers have in teaching financial literacy education? RQ3: 
What do teachers think about new curriculum changes?  
 
In this paper as we will present our preliminary analysis, we will show teachers’ perspectives and 
ideas regarding questions 2 and 3. We also present the ways that teachers decided to collaborate 
and support each other’s teaching which to some extent will address research question 1. 
 
This project was implemented in two schools: one Anglophone school in Montreal and a 
Francophone school located close to Montreal. In this paper, we will present a part of our study 
and discuss our exploration from the Anglophone school in Montreal. Our participants were two 
teachers, one mathematics teacher and one social sciences teacher who were appointed to teach 
financial literacy education to students in grade 11. 
 
Financial Literacy Education  
Financial literacy education can be defined as “a combination of awareness, knowledge, skills, 
attitude and behaviour necessary to make sound financial decisions and ultimately achieve 
individual financial well-being” (OECD, 2011, p. 03). Such concepts comprise five financial 
domains (Savard, 2018): Money, consumption, risk management, making wealth, and the global 
economy. The first four domains have a personal orientation, while the last one has a community 
orientation, and both orientations are rooted in a citizenship context. It is thus possible to develop 
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an integrative approach to financial literacy between mathematics and social sciences and call it 
financial literacy education. Many financial concepts are fully understood only when using 
mathematical knowledge in connection to broader economic concepts and ideas (usually presented 
in social sciences classes), therefore financial mathematics and social sciences support each other 
in terms of financial literacy education.  
 
For example, it is possible to define mortgage or the impacts of different interest rates on our 
financial decisions, but without teaching about simple or compound interest, it is hard to make 
sense of particular cases. Thus, for developing critical thinking abilities and having a critical 
judgment value towards making sound financial decisions, teaching different aspects of financial 
literacy in alignment with each other seems necessary (Lipman, 2003). 
 
Teacher Collaboration for Developing their Practices  
Teacher collaboration as a part of professional learning community (PLC) is one of the teacher 
development approaches in teacher education and educational leadership domains. Many scholars 
who advocate for professional learning communities highlight the significance of the impact of 
teachers’ collaboration on teacher professional development (TPD) (Grossman, Wineburg & 
Woolworth, 2001; Savard & Corbin, 2012; Supovitz & Christman, 2003). Research underlines that 
teacher learning communities can develop teacher effectiveness and positively impact the quality 
of students’ learning and motivation in learning.  
 
For example, the National Council of Teachers of English (NCTE) (2010) defines teacher learning 
collaboration as groups of teachers who “continually inquire into their practice and, as a result, 
discover, create, and negotiate new meanings that improve their practice” NCTE (2010). It also 
underlines that educational settings benefit from teachers’ collaborative learning by “bridging the 
gap between research and practice; creating space for teachers addressing problems of practice”; 
increasing teacher retention” (because collaboration gives teachers a sense of belonging); 
“connecting pedagogical practice with disciplinary/content area knowledge”;  fostering 
transformative teaching”; and improving students' learning” (p.1).   
 
A productive teachers’ collaborative learning community is a motivational action from teachers 
themselves with shared aims and interests (Grossman et al., 2001; NCTE, 2010). In a teachers’ 
collaborative learning approach, the teacher members can come from different disciplines or 
grades, but they might connect their practices and share their ideas in a meaningful way with each 
other as a community ( Greeno, 2005).  In this study, we were interested in collaboration between 
two secondary school teachers coming from two different disciplines: mathematics and social 
sciences. As mentioned before, we aimed to understand how they collaborate and their perceptions 
about the collaboration, as well as their challenges and needs in terms of both the collaboration 
and new curriculum reforms. 
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Methodology 
To investigate the challenges and needs of grade 11 teachers in teaching financial components and 
concepts and the collaboration amongst them, we used a qualitative case-study method. We first 
met the two teachers, one from the social sciences department and one from the mathematics 
department who both were assigned to teach the new syllabus of financial literacy education. We 
explained our project and its aims to them in a 45-minute meeting. We asked them to decide how 
they wanted to collaborate, thus, they decided to have a co-lesson planning meeting. This 60-
minute co-lesson planning meeting was video recorded. In this meeting, they exchanged the 
materials and resources that they usually used in their teaching.  
 
During the meeting they scheduled the dates for teaching each concept and they invited us to go 
to their classes and video record their teaching. Thus, we video recorded 4 lessons from the social 
sciences class and 6 lessons from the mathematics class (10 lessons in total). We also conducted 
individual interviews at the end of the school year which aimed to ask teachers’ perceptions about 
the professional learning community approach including the challenges and benefits of the 
collaboration, their opinions about new curriculum reforms regarding teaching financial literacy 
education, and their recommendations for professional development programs. In our preliminary 
analysis, we looked for the themes related to challenges, needs, recommendations, and possible 
ways of collaborative learning.  
 
Our Assumptions  
Before starting this project, we assumed that: this project will develop a consistent view of 
financial education between both disciplines in teaching financial literacy education; it will support 
teaching through collaboration and discussion; and it will provide further understanding about the 
influence of the collaboration between different subject areas on teaching practices. 
 
More specifically, we assumed that this project can provide a wider understanding of the 
importance of the integration of subject areas, and the collaboration between teachers from 
different disciplines (Lipman, 2003). Thus, it will also positively influence promoting financial 
literacy education and the competency of students by developing effective collaboration between 
disciplines in teaching financial concepts.  
 
Preliminary results 
In this paper, we aim to shed light on the teachers’ perceptions about the collaboration, as well as 
the challenges and needs they face in developing their profession through collaboration with each 
other. In the co-lesson planning meeting, the teachers shared what they were usually doing in their 
class. The mathematics teacher explained that she was using her and other members of her family’s 
examples and experiences about personal finances in the class.  
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For instance, the math teacher had sent an email to her students’ parents the previous year to ask 
them to show their children the real amounts of money used for household budgeting. She also had 
sent a jigsaw to the social sciences teacher and told her that she uses it for basic savings, investing 
concepts, RRSP, TFSA, savings, stocks, and estate bonds.  
 
In exchange the social sciences teacher explained to the math teacher that she had invited some 
CPAs (Charted Professional Accountants) experts to come to her class to collaborate with her to 
hold a workshop on consumer credit for students. She explained how she was using a Career 
Cruising activity and NOC website for her classes and suggested the math teacher use the students’ 
knowledge from that class to link to the activity for teaching personal budgeting. She said that the 
Career Cruising activity would provide them with a realistic sense of balancing income and budget 
if they wanted to plan for purchasing goods or obtaining a mortgage. She sent the Quebec 
Education Program (QEP) documents on financial education to the mathematics teacher. She also 
had it in hand during our meeting and explained her teaching agenda based on it. Later, when we 
asked if they had any collaboration before this meeting, they said that they had initiated 
collaboration before our project in another meeting last year, but they didn’t continue.  
 
At the end of the school year, we also held individual interviews with teachers to understand their 
perceptions about the project and new curriculum reforms. The following tables show the results 
of the interviews. 

 

The challenges of teaching financial literacy and collaborative teacher 
professional development 

Theme Mathematics Teacher Social Sciences Teacher  

Time  
The biggest challenge is time. For 
example: 
• She didn’t get time to look at 

new reforms in the social 
sciences program that had been 
sent to her. 

• Collaboration is time-
consuming. 

• She couldn’t deliver the things 
discussed in a co-lesson 
planning meeting  

• Time is a challenge, for 
example she said in the end the 
math teacher did share a lot of 
materials with her, but she 
didn't have time to go through 
everything to see how she can 
use it 

• She couldn’t deliver the things 
discussed in a co-lesson 
planning meeting  
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Materials 
The tension is when she plans and 
tells her ides to her colleagues but 
then sees her colleague uses her 
ideas and materials in her class. To 
avoid repetition, she should skip the 
idea, activity or materials that were 
used by her colleagues. 

• The math teacher sent her the 
material by email, however she 
said "It is much easier for me to 
use my own material than 
evaluate others' and figure out 
what they are trying to say in 
power point and what they are 
not!"  

• Making sure the use of a 
colleague’s materials is 
beneficial to students 

Content 
Because students have a final exam, 
she felt she should focus more on 
other parts of the math and prepare 
them for the exam. Shifting to 
financial literacy will be 
challenging as it is not considered 
as a part of the exam. 

The content is huge and 
ridiculously broad. Things should 
be tested and fit into a 60 minute-
class! 

Students 
This collaboration opened the door 
for students to ask questions and she 
wasn’t sure if some of her answers 
were correct or not. 

Students were overwhelmed with 
too much information within just a 
2-credit course. 

Table I. Challenges 
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Table II. Benefits 

 

 

The benefits of teaching financial literacy and collaborative teacher professional 
development 

Theme Mathematics Teacher Social Sciences Teacher 

Time  
Teacher collaboration is beneficial for 
avoiding overlaps and repeating the 
teaching of certain concepts.  

Teacher collaboration can be an 
aid to save time.  

Materials 
This collaboration helped her to 
develop more materials for her class 
activities. 
 

She thinks it will help in 
developing hands-on materials 
and practices through reflections 
and discussions. 

Content 
This collaboration helped her to 
reflecte more on her lessons. 

She had to be more prepared and 
do more on-line research on the 
content. 

Students 
• Teacher said that our research 

interaction was beneficial for the 
students’ attention. Some of them 
started to link the financial 
concepts that they learned from 
social sciences with what they 
learned in mathematics. 

• It can help developing teachers’ 
practices for effective students 
learning, but if teachers come 
from the same disciplines. 

• Social sciences teacher 
believes that teaching 
financial literacy with a 
structured plan is necessary 
for students as future adults. 
This program will develop 
their autonomy and 
confidence in dealing with 
financial issues. 

• She also mentioned this study 
and the researchers’ presence 
in the class were beneficial to 
students. In fact, our presence 
increased students’ attention 
and their motivation to 
participate in class activities. 
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Teachers’ needs about teaching financial literacy and collaborative teacher 
professional development  

Theme Mathematics Teacher Social Sciences Teacher 

Time  
She needs more time for 
teaching financial 
mathematics, and the lack of 
time doesn’t fit with what 
curriculum expects her to do. 

The curriculum is too dense so it is 
difficult or impossible to cover all the 
curriculum effectively within a 2-credit 
course. 

Materials 
She doesn’t see any needs. 

 

• She believes collaboration is an 
important need. She said she needs 
curriculum designers and teacher 
experts to help her develop materials 
and her pedagogical knowledge for 
her class. 

• She needs hands-on, tested materials 
and effective strategies to help her 
teaching practices. 

Content 
• She believes collaboration 

between teachers from 
mathematics is logical and 
necessary, but there is no 
need to collaborate with 
other disciplines. It can 
only be useful to help 
avoid overlapping of the 
subjects. 

• She doesn’t see a need for 
math teacher’s professional 
development in FE, 
because the financial math 
is so limited and is not that 
important for the final 
exam. 

• She believes collaboration is an 
important need especially if it 
happens with curriculum designers 
and financial literacy education 
experts.  

• She doesn’t need a math teacher to 
help her with calculations and 
financial mathematics because she is 
able to do that, she needs to know 
more about other concepts in 
financial literacy regarding 
regulations, opportunities and risks 
in real-world interactions. 

• Providing support for teachers to 
attend professional development 
conferences and workshops is 
beneficial to develop their content 
knowledge in the domain of 
financial literacy. 
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Students 
Students need to focus on their 
mathematics exam as an 
important exam for their 
future, and financial literacy 
education can be taught in 
other disciplines. 

Students need to start learning financial 
literacy education in lower grades 
(maybe in elementary school). 

Table III. Needs 
 
Discussion  
The results of this study showed that from teachers’ perspectives, there are challenges, benefits 
and needs within the collaboration and financial literacy education course. Figure 1 shows each 
component is perceived by the teachers as a benefit and as a challenge at the same time. 

 
 

 
Figure 1. The benefits and the challenges of the collaboration perceived by the teachers 

Time: Although teachers perceived collaboration as an aid to avoid repeating concepts in 
the financial concept areas that they have in common, at the same time in the interview they 
highlighted the fact that collaboration demands a lot of time and they don’t have enough time to 
deliver a new material into their teaching practices. They also said that the collaborative meetings 
require more time and it is challenging for them to schedule a meeting with each other. For 
example, for the topic of mortgages and obtaining loans, both teachers decided they should teach 
different aspects of the topics, thus they decided to collaborate by dividing the lesson between each 
other. However, in their classes they fail to do this and both carried out their own previous teaching 
plans that were implemented a year before this study. In the individual interview, the math teacher 
said she couldn’t remember what they had planned for. The social sciences teacher similarly said 
that because they had only met on one occasion, she didn’t have time to go through her notes and 
recall what they had planned.  



Javaherpour & Savard 

 161 

Materials: Although at the beginning of the research both teachers willingly exchanged 
their materials and were motivated to use meaningful activities and teaching materials that were 
aligned, in the interviews, the social sciences teacher said that it is challenging to apply someone 
else’s material in a way that will ensure it will be beneficial for your students’ learning. The math 
teacher said the disadvantage of giving ideas or materials to a colleague will be the use of them by 
that colleague and then you cannot apply the materials in your lesson any more for fear of 
repetition. 

Students: Although the collaboration was viewed as a way to support students’ learning 
with more alignment and in a more meaningful way, the mathematics teacher said that this 
collaboration opened the floor for students to pose more questions. Not knowing the answers to 
those questions makes her feel uncomfortable. 

Content: The dense content of the grade 11 curriculum and the obligation of teachers to 
prepare students for final ministry exams bring tension for teachers to cover all the financial 
education content designated for their grade. It is also challenging to learn the broad content of 
finance to be able to answer students’ questions. Both teachers said although this course is essential 
for students, especially for their independence and empowerment, the content should be integrated 
in education program in earlier grades, maybe starting in elementary school.   
 
Concluding Remarks  
At the beginning of this study, teachers showed enthusiasm for collaboration in the teaching of 
financial literacy education. Thus, they proposed to meet for a co-lesson planning meeting, 
however, they were unable to implement the activities that they discussed in this meeting. In the 
interview, they told us that this study, and the discussion that happened in the co-lesson planning 
meeting, helped them reflect on their plans and practices more, but they did not have enough time 
to recall what they discussed. They also said that meeting only one time to exchange the materials 
was not helpful. Although a professional learning community, such as teachers’ collaboration, 
works better when it is motivated by members of the teaching community, it needs structured 
leadership with a long-term planning framework (Nahavandi, 2012; Northouse, 2016; Palincsar et 
al. 1998; Prentice, 1982). 
 
In the school that this study was implemented, teachers told us that they had heard from their 
students (as the source of information for them) that they were learning financial education in 
another class. This information motivated them to meet once, the year before our study, to check 
what concept each person was teaching. In that meeting, they had also exchanged some 
pedagogical ideas. Relying on students as the only source of information about what they are 
learning in other classes shows there is a lack of interdisciplinary teacher meetings to inform 
teachers about what changes are happening in the curriculum and to identify common content areas 
that can lead to collaboration and peer support (Vroom & Jago, 2007).  
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Furthermore, collaborative professional development needs a common approach and view. 
Although teachers were enthusiastic about collaborating even before this project, and we explained 
our project and its aims to them at the beginning of the study, they had different views about the 
aim of their discussions and in their co-lesson planning meeting. For instance, the mathematics 
teacher’s approach to this collaboration was more to skip some parts of the lessons and to avoid 
overlapping with the social sciences teacher in the teaching of shared financial concepts such as 
credit cards vs. debit cards. The social sciences teacher looked at this approach as an aid to fortify 
her pedagogical content knowledge, practices, and her students’ learning, however she believed 
this collaboration would be more effective if curriculum designers or teacher experts facilitated 
their meetings and provided them with tested materials and structured plans. 
 
As there is a gap between new curriculum reforms and teacher professional development, our data 
can provide a preliminary framework for further research projects in regards to financial literacy 
education and teachers’ needs for a structured investment in teacher professional development. 
 
Developing an efficient collaboration among teachers might require the building up of 
collaborative relationship among the members through regular meetings or workshops over a 
longer period of time. Such meetings or workshops might help to build authentic exchanges and 
learning culture among the collaborators (Krapfl & Kruja, 2015; Morrissey, 2000). More research 
is needed to study in-depth the complexity of interdisciplinary collaboration between mathematics 
teachers who teach financial mathematics and social sciences teachers who teach financial 
education. 
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INFORMATION LITERACY FOR STEM HIGH SCHOOL 
STUDENTS: AN ACTION RESEARCH STUDY 

Heather McPherson 1 
____________________________________________________ 
Abstract 
Information literacy (IL) includes the skills of information seeking, identifying research 
questions, finding answers to research questions, and evaluating and using information 
appropriately. The problem of low IL found amongst high school students is well 
documented, and yet the problem persists.  The goal of this action research study was to 
develop a standardized approach to teaching research skills that were multidisciplinary 
and suitable for students from Grades 7 to 12. A team of six teachers from multiple 
teaching disciplines and two high schools worked collaboratively for two years to 
develop student-friendly tools to improve IL skills. Initial findings indicated that IL 
training resulted in substantial improvements in necessary skills. However, teaching 
STEM in a post-truth area has meant that teachers had to develop new ways of 
addressing and resolving the IL skills of high school to mitigate the reliance on “fake 
news” as a viable reference source. Concurrently, teachers must focus on bridging the 
IL gap that spans the skill set of secondary school students and the expectations of college 
courses. The collaborative action research model used in this study, including teachers 
from multiple disciplines and schools, was an effective method to foster improved student 
research skills and to overcome learning barriers of essential pedagogies such as 
information literacy. 
____________________________________________________________ 

 
Introduction 
Information literacy (IL) is a multifaceted skill that encompasses information seeking, identifying 
research questions, finding answers to research questions, and then evaluating and using 
information appropriately (ALA, 2001). The focus of this paper is to explore how science, 
technology, engineering, and mathematics (STEM) teachers can leverage student thinking and 
knowledge construction by developing IL skills. High school students require guidance with IL 
research skills if they are to succeed in interdisciplinary research projects and problem-based 
learning activities. Globally, these learning activities are encouraged (Ministère de l’Éducation du 
Loisir et du Sport, 2007a; Next Generation Science Standards, 2013). However, successfully 
implementing problem-based learning (PBL) and interdisciplinary research projects presupposes 
that students have the necessary research skills to accomplish these learning activities. 
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In this research project, six teachers and one high school librarian systematically and with intention 
designed and carried out a research plan to resolve the problem of weak IL skills found among 
high school students. This paper draws on and extends a previous paper in which the school 
librarian and I developed a professional development program that focused on creating a 
standardized and multidisciplinary approach to teaching research skills that were suitable for 
students in middle school and high school (McPherson & Dubé, 2016).  
 
In the years following the initial action research study, it became clear that students required more 
guidance and more focused skills as they engaged with STEM research projects. Of particular 
concern was the proliferation of post-truth influences. Post-truth, chosen as the 2016 word of the 
year by the Oxford Dictionaries, is defined as “relating to or denoting circumstances in which 
objective facts are less influential in shaping public opinion than appeals to emotion and personal 
belief” ("Word of the Year 2016 is... | Oxford Dictionaries", 2019). Thus, teachers who engage 
with multidisciplinary projects in a post-truth era should address the problem of questionable 
information sources during student research projects. 
 
The learning goal of the action research project was to develop cross-curricular learning tools that 
would provide high school students with the essential skills needed to engage with problem-based 
learning activities in STEM classrooms. A second learning goal was to provide students with the 
expertise that would facilitate their transition from high school research projects to the more 
sophisticated research projects of post-secondary education. 

Literature Review 
Previous research has highlighted the low level of IL found amongst high school students 
(O’Sullivan & Dallas, 2010; Saunders, Severyn, & Caron, 2017; Varlejs, Stec & Kwon, 2014). In 
particular, high school students tend to over-rely on internet resources, notably Wikipedia. 
Additionally, many students are unable to “locate, access, evaluate, and use information legally 
and ethically” (Saunders et al., 2017, p. 276). An overall lack of sophistication in general research 
skills, and a failure to examine sources and to correctly cite sources are pervasive shortcomings 
that are common to high school students. Furthermore, high school students fail to make 
connections between IL skills taught in high school with the skills required in post-secondary 
education (Saunders et al., 2017; Varlejs et al., 2014).  
 
Juxtaposed with weak IL skills are the reform curriculum policies that encourage teachers to 
incorporate a variety of pedagogical strategies such as open-ended problems, research, and 
interdisciplinary projects (Ministère de l’Éducation du Loisir et du Sport, 2007a; Next Generation 
Science Standards, 2013). These curricula include the expectation that students should have the 
ability to seek information, identify research questions, find answers to research questions, and 
evaluate and use information appropriately. The curricula state that students must have the ability 
to “exercise critical, ethical and aesthetic judgment with respect to the media” (Ministère de 



Information literacy for stem high school students: an action research study 
 

 166 

l’Éducation du Loisir et du Sport, 2007b). Problem-based learning (PBL) is one teaching strategy 
encouraged in STEM classrooms. PBL emphasizes critical thinking skills because authentic 
learning situations are integrated into daily classroom activities (Windschitl, Thompson, & 
Braaten, 2011). These authentic learning situations integrate research skills and for this reason, IL 
training should be an essential component of high school curricula. However, high school students 
are often weak in IL, and they need focused training to develop these skills. 
 
One method to address the weak IL skill of students that has shown promise is the use of 
intervention strategies. Intervention strategies noted in the literature include the incorporation of 
learning modules that operate as either stand-alone presentations or that can be adapted into 
multiple IL instructional situations of a longer duration (Gross, Latham & Armstrong, 2012). 
Interventions are designed to meet specific research goals that assist students in deconstructing the 
process of information gathering into steps that include planning, searching, evaluating, and fair 
use (Gross, Latham & Armstrong, 2012; McPherson & Dubé, 2016). Added to this list is the need 
to teach students how to recognize "fake news," which has become ubiquitous in our post-truth 
era. Librarians and other educators have highlighted the need to teach students how to critically 
evaluate information and the source of information (Bluemle, 2018) in the effort to minimize the 
risk that students will unwittingly be ensnared by post-truth influences. 
 
Overall, guiding students as they learn and refine their research and inquiry skills when they 
engage with problem-solving teaches them essential life skills. These life skills include identifying 
appropriate information resources to solve a particular task, locating and accessing information, 
analyzing and communicating information, and evaluating the research process (Marino & 
Eisenberg, 2018). As students develop IL skills, they are learning crucial critical thinking skills 
that are an essential feature of competency development. 

Methods 
This study draws on action research (Goodnough, 2011). Participating teachers followed the action 
research cycle, including (1) research design (defining, exploring, and framing the issue, 
conducting an IL literature review, development of IL materials; (2) collection and analysis of the 
efficacy of materials; (3) communication and dissemination of the study at a school board 
conference; (4) ongoing reflection and adjustment of materials. The initial cycle was repeated over 
two years, and then re-evaluated and revisited two years following the initial research cycle. 
 
The team of one librarian and six teachers that worked on the original project represented 
Science/Math, English, and Social Studies/History departments from one middle school and one 
high school. Teacher selection was based on a recommendation by the school librarian, taking into 
account which teachers had conducted research projects in the previous school year. Both schools 
are large suburban schools located in the same geographic region. The middle school is the feeder 
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school for the high school. Additionally, the action research design emphasized the inclusion of 
teachers from multiple disciplines to ensure that the learning tools were diverse in scope and that 
they met the teaching needs of all teachers in the two schools. The follow-up research project was 
developed by McPherson (author) and Dubé (school librarian). 
 
In the first year of the action research cycle, the teachers worked collaboratively to established 
learning goals and to develop student-friendly tools to improve IL skills. In year one, the emphasis 
was on building the skills that students needed to succeed in high school research projects in all 
disciplines, with a focus on math and science. The focus on STEM research projects grew from 
the need to better prepare students who were competing in regional, provincial and international 
STEM competitions and was also a response to STEM high school graduates who reported that 
they lacked foundational research skills required in STEM college programs. In the first year of 
the project, the IL materials were created by Dubé and the team of six teachers. These materials 
were then used by the mathematics and science teachers in their grade 10 and 11 classrooms.  In 
year two, the materials were presented to new groups of grades 10 students, and to the grade 11 
students who had received instruction in IL the previous year.  
 
The cross-curricular pedagogical materials that were created included: (1) a research planner; (2) 
a summary of advantages and disadvantages of commonly used information sources; (3) an 
evaluating web site checklist; and (4) the use of online citation builders. The success of our action 
research was evaluated through an analysis of STEM research projects students did throughout the 
two years. The six teachers and the librarian evaluated the diversity of resources used by students, 
the quality of the resources, and students’ ability to cite references correctly. The analysis consisted 
of a careful and detailed examination of student projects, with a focus on students’ use of in-text 
citations and their bibliographies. Additionally, we conducted informal follow-up discussions with 
students.  
 
Two years after the professional development action research cycle had terminated, it became 
evident that the IL package needed a more rigorous tool that would help students evaluate the 
information/misinformation that is viewed and shared via multiple social media platforms. To 
address this need, Dubé, the school librarian developed teaching tools aimed to raise students’ 
awareness of the potential mistruths that are frequently presented on social media. Students were 
presented with some of the more outrageous claims found on social media platforms, which 
provided them with clear examples of the types of misinformation that proliferated on social 
media. When students had developed an understanding of how facts could be obscured, they were 
taught how to use fact-checking websites that were developed to support individuals who are 
interested in examining media sources for their veracity. Furthermore, teachers using the materials 
emphasized that students need to confirm their facts using evidence-based analysis and 
independent research to question what they read, and to make informed decisions after careful 
reflection. 
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Students were also taught that the first link that they see in an online search is often a sponsored 
link, paid for by an organization to occupy the top position in a search result. Last, students were 
taught how social media uses algorithms to personalize the content that a social media user is 
exposed to in what has been referred to as “corrupt personalization” (Sandvig, 2014) - the 
perception that personalization serves the user when in reality personalization serves a commercial 
or corporate interest that has nothing to do with the social media user. 

Findings 
The findings indicated that students with IL training were more sophisticated in their online 
searches. Instead of typing an entire research question verbatim into a search engine, students 
searched using focused keywords. Additionally, students were more likely to evaluate sources 
instead of using the first sources identified in an online search, which are commonly sponsored 
sites (Dewey, 2015). Analysis of student work indicated that IL training substantially improved 
essential literacy skills. For example, during structured in-class research time, students no longer 
relied exclusively on Wikipedia while many students began to use google scholar for STEM 
projects. Moreover, students correctly cited references – they progressed from merely including a 
URL in their work cited to proving a full citation that included correct use of capitals, italics, 
indentation, and alphabetizing authors’ last name. 
 
Noticeably, the calibre of in-class math and science projects improved significantly. Dubé and I 
informally surveyed students for feedback about the IL program. Following IL training, student 
comments included: “I wish we had known this a long time ago,” and “I never thought about using 
keywords before.” One recent graduate who was studying science at college returned to the library, 
saying, “Thank you for teaching us Boolean logic and correct citation format.” Following the 
lesson on mistruths and social media, a group of students were overheard discussing what they had 
thought was news but was in reality, fake news. Overall, students from grades nine to eleven found 
the intervention materials engaging and helpful, and there was an indication that students found 
the tools and interventions useful as they made the transition to post-secondary education 
institutions. 
 
When students were taught how social algorithms function, they began to look beyond the first 
links in online searches. Furthermore, students were increasingly aware of the misinformation and 
fake news on multiple social media platforms. Although we were unable to measure the extent to 
which students critically examined their information sources that they were using, I found that 
students who were presenting science fair projects at provincial, national, and international fairs 
were acutely aware that some information does not come from reputable sources. Thus, they were 
meticulous in their efforts to ensure that their sources were credible. Furthermore, these students 
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checked an author’s credibility or bias by examining the URL stem, or they used fact-checking 
websites.  
 
This study has several limitations. First, it was not possible to systematically evaluate the benefits 
that the generated tools provided. Our findings were anecdotal, relying on student and teacher 
perceptions of the research products, and conversations with students. Students showed evidence 
of developing research competencies; however, a metric to quantify their developing competencies 
would have been beneficial. Finally, following student experiences with IL after they were in 
college would have provided valuable insights into the efficacy of the high school intervention.  

Conclusions 
IL training is essential to help high school students develop practical, hands-on skills for planning 
research, searching, tips for using search engines, and evaluating and using online information. 
Developing cross-curricular pedagogical materials that students found easy to use provided the 
guidance that students need when they are engaging with problem-based learning activities in 
STEM disciplines. The overarching goal of this research study was to teach critical thinking skills 
and competencies related to digital and media literacy to high school students participating in 
STEM research projects. 
 
IL skills have become particularly relevant because young people are inundated with “fake news” 
on various social media platforms. Students need to be aware that much of the available 
information does not come from reputable sources, and they must understand how to evaluate the 
quality of a source. The materials generated from this project provided students with opportunities 
to reflect on their inquiry processes, the process of gathering and using information, questioning 
the quality of information, and making informed decisions about what information should be 
included or excluded in research projects. 
 
Action research was indispensable in addressing and resolving the weak IL of high school students 
while narrowing the IL gap between the skill set of secondary school students and the expectations 
of college courses.  We found that including teachers from multiple disciplines and multiple 
schools was an effective method to initiate change and to overcome barriers in the successful 
implementation of essential pedagogies, including information literacy. Moreover, the iterative 
design process of action research was particularly beneficial as a tool to address the constantly 
shifting landscape of IL. 
 
Teachers need training in IL. This project was initiated by a science high school teacher to address 
the perceived need that students are not adequately informed about research conducted on the 
internet nor how to use information ethically. None of the teachers at either of the two high schools 
had previous experience with teaching IL. As a result, students were not taught these important 
skills. This represents a particular problem that this research was able to address – not only did a 
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team of teachers develop a set of pedagogical materials that teachers of every discipline could use 
during research projects, but the teachers learned how to address problems of weak IL skills in a 
post-truth era. 
 
To conclude, IL skills need to be reinforced by teachers of all disciplines if students are to 
assimilate these skills. The challenge, therefore, is how to implement IL so that these skills become 
part of the school culture. The lack of IL skills is an on-going problem as every year a new cohort 
of students enter a school that need IL training. Moreover, STEM teachers need to ensure that high 
school students are proficient in these essential skills as students transition to college and 
university STEM programs. 
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MUSIC: ART, PHYSICS AND MATHEMATICS A PRACTICAL 
EXAMPLE OF INTERDISCIPLINARY TEACHING AND 

LEARNING 

Arturo Portnoy, Dana L. Collins & Héctor Jiménez 1 
____________________________________________________ 
Abstract 
The study and resolution of the complex problems that define the contemporary world 
require the use of integrative skills that go beyond the confines of a single discipline.  At 
the University of Puerto Rico, Mayaguez Campus, interdisciplinary general education 
courses that integrate the sciences, technology, and the humanities are being designed 
to fulfill this need.  The interdisciplinary course described here is a model for this type 
of general education interdisciplinary course in that it examines the intersections of three 
disparate disciplines: music, science, and mathematics. Moreover, it was developed with 
the objectives of fostering integrative thinking skills, increasing student engagement by 
studying the intertwining of apparently separate disciplines within a single complex area 
of study, and strengthening communication and group-working skills. 
____________________________________________________________ 

 
Introduction 
This section expands on the paper D.L. Collins, et al. (2015) Increasing Student Engagement through the Development 
of Interdisciplinary Courses”. (2015). In: Proc. Frontiers in Education. pp. 912-916. 
 
The expanding and multifaceted current developments in technology and information science that 
directly impact our society call for an examination of the links between the sciences, technology, 
and the humanities. Technology and science are formative and necessary parts of our culture and 
have the ability to alter how a person views and understands the external world, as well as helping 
form one’s own view or concept of reality, structures of meaning, and identity (Bustillos, 2011). 
Furthermore, the complex problems or concepts that comprise our society cannot be attended to 
within the confines of a single discipline.  Interdisciplinary or integrated approaches are needed 
for exploring or examining these complex problems.   
 
At the University Puerto Rico, Mayaguez Campus (UPRM), very few of the University’s General 
Education (GE) requirements examine complex problems, including the reciprocal relationships 
between science/technology and society/culture, from interdisciplinary or integrated points of 
view. In order to remedy this situation, the National Endowment for the Humanities’ (NEH) 
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supported project, “The Convergence of Science, Technology, and the Humanities”, aimed to 
examine these intersections in our culture through a set of interdisciplinary team-taught, theme- 
based GE courses that enable students to explore the links between the sciences and the humanities, 
while improving student engagement in their own learning. Given the complexity of the areas 
mentioned, an interdisciplinary approach was viewed as a needed ingredient for studying their 
diverse elements (Hübenthal, 2004; Klein & Newell, 1997; Loepp, 1999; Lattuca, 2001; Newell, 
2001; Minnis & John-Steiner, 2006). In their work, Klein & Newell (1997) indicate that such an 
interdisciplinary or integrated format provides a basis and process for examining topics, questions, 
or problems that are too broad to be dealt with by a single discipline or profession (Klein & Newell, 
1997). The principal motivations for our interest and development of integrative learning at UPRM 
are the abundance of topics that, by their nature, cross disciplinary boundaries and are relevant to 
UPRM students’ areas of study, as well as the need to foster in our students an independence of 
thought and a willingness to examine enduring problems from diverse points of view and examine 
our conceptions about our place in the world and society. 
  
More and more colleges and universities are using interdisciplinary courses to enhance and focus 
the development of students’ integrative skills, while addressing topics that are, by their very 
nature, intrinsically broad, multi-faceted and, therefore, beyond the scope of a single discipline. 
To be successful, these courses depend upon the integration of perspectives and tools from multiple 
disciplines for a more complete inquiry of the subject matter (Klein & Newell, 1996; Newell, 2001; 
Newell, 2010). While there are concerns about the effectiveness and problems associated with 
team-teaching (Newell, 2010; Richards, 1996; Wentworth & Davis, 2002;), in the interdisciplinary 
courses developed at UPRM, the teaching teams discovered that the team members had to maintain 
good communication lines and seek a deep collaborative experience for the development and 
offering of the course to flow smoothly. However, any logistical and organizational difficulties are 
offset by the richness that comes from the diverse and complementary perspectives that are a 
consequence of the teaching team’s diversity. 
  
Because UPRM is mostly a Science/Engineering university, the creation of interdisciplinary GE 
courses that examine the diverse intersections between the humanities and the sciences and 
technology was an important addition to the GE curriculum. Professors from very diverse, non-
related disciplines collaborated to develop and offer a variety of interdisciplinary, thematic, team-
taught GE courses that examine and contextualize current problems, debates, and questions that 
link the sciences, technology and humanities and that inquire about  (1) the reach, effects, and 
limits of artificial intelligence (AI); (2) the choices, including ethical, social, and technical choices, 
that distinguish the appropriate use of technology (AT); (3) the theological, social, and scientific 
aspects associated with the study of cosmology, evolution, and belief (CEB); and (4) the study of 
music from the perspective of the arts, science and mathematics (MASM). This last course is the 
focus of this examination.  Given the depth and complexity of these areas, an interdisciplinary, 
team teaching approach is well suited and provides the best tools for considering these topics 
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(Casey, 2010; Collins et al., 2015; Holley, 2017; Klein & Newell, 1996; Minnis & John-Steiner, 
2006; Newell, 2010; Richards, 1996).  
 
Course Design 
Three professors, a music theorist, a physicist, and a mathematician offered an innovative and 
interdisciplinary course exploring the connections between music, mathematics, and science. The 
course was first offered in the Fall of 2017, with a very enthusiastic reception by the 82 students 
who took it, even with the interruption and chaos caused by hurricane Maria in Puerto Rico. It was 
offered again for the Spring semester of 2019 to 55 students. The results for the course, both the 
surveys and the final projects, indicated that students in the course were able to strengthen their 
integrative skills. 
 
The course was designed for a general audience with no prerequisites, and as a consequence tends 
to a very heterogeneous population. Every meeting included a 30 minutes period of music 
education, where musical theory and practice was presented and built from scratch, followed by 
50 minutes of mathematics or science (mostly physics) alternating every week.  Readings were 
assigned for every class meeting and there was a short electronic quiz every class day that covered 
the assignment in order to encourage the reading and reviewing of the materials. During the music 
section, playing with a recorder or singing was an integral part of learning about musical notation, 
timing, melody, harmony, scales, and chords.  
 
Course Content 
The course was divided into essentially two major sections:  multidisciplinary presentations of the 
fundamental concepts of each of the three areas and an interdisciplinary presentation dealing with 
musical perception.  This division into multi- vs. interdisciplinary approaches was deemed ideal 
for a general education course which is designed to present fundamental concept of the areas and, 
at the same time, foster the students’ integrative skills.  It was necessary to present the fundamental 
concepts of each area followed by the discussions. 
 
According to Repko, Szosteck & Buchberger (2014) multidisciplinarity places insights from 
multiple disciplines side by side, without attempting to integrate concepts, whereas 
interdisciplinarity “subsumes … multidisciplinarity and transcends it (i.e., goes beyond its limits) 
by means of integration” (2014). These two approaches were utilized in order to clearly present 
the disciplinary materials and work with integrative skills by examining and discussing the links 
between the three areas.  In the beginning the materials were presented by discipline, while the 
students practiced their integrative skills by discovering, discussing, and presenting the links in 
their written and oral works.  In the last third of the semester, the content was presented in an 
interdisciplinary format, with the professors demonstrating the links between the areas. 
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Music:  In the section on music, basic topics such as musical notation, basic rhythms and durations, 
intervals (seconds to fifths), simple major and minor scales, and major and minor triads, were 
discussed and explored.  Given that this course involved an examination of the links between 
mathematics, science, and music, the presentation and exploration of these areas of music was 
considered key by the participating professors.  The content covered in this area was mostly aligned 
with the content in the sections of science and mathematics, so that the relationships were easier 
to explore and understand.   
 
Science: In the physics (science) section, topics such as sound vs. noise vs. music, types of waves, 
amplitude, frequency, and resonance, were explored both in theoretical discussions and 
demonstrations. The physics of the auditory apparatus, the perception of sound and music, and the 
construction of musical instruments were some of the other topics discussed. 
 
Mathematics: During the mathematics section Pythagorean musical theory was introduced, as 
well as the idea of musical scales and their tunings or temperaments. Patterns in music, for example 
in rhythm and harmony, analysis and synthesis of sound and music, and digital information and 
music were also discussed.  The basic concepts of exponents, exponentials and logarithms, and 
rational and irrational numbers were introduced as needed. 
 
Interdisciplinary Presentation: In the interdisciplinary presentation near the end of the semester, 
the concepts of diatonicity vs. chromaticism, analysis and synthesis of sound and music, scale 
tunings, and patterns in music were discussed and examined in the context of the perception of 
music and its effects on the listeners.  This section was considered by the students as more 
interesting due to the fact that they could clearly see connections between the three areas. 
  
As an example of the integrative approach, the discussion of musical patterns was particularly 
successful. After introducing major and minor musical scales and chords, the I-IV-V harmonic 
progression (which also translates to the minor scales) was presented and correlated to three 
consecutive notes in the circle of fifths, for example F-C-G (with C as the tonic). The circle of 
fifths was generated by transposition with the factor 3/2, the preferred Pythagorean interval, which 
was physically interpreted as the ratio of the frequencies of the third and second harmonics of a 
vibrating string. Finally, a demonstration with an electronic keyboard with automatic 
accompaniment was shown in class, which demonstrated the prevalence of these harmonic 
progressions in Latin-American and Caribbean music, as well as the Blues and Rock and Roll.  
 
The first part of the semester was dedicated to presenting the basics of the three areas.  This is a 
necessary step in courses that are designed to emphasis or develop the skill of integration.  The 
second part of the semester was dedicated to discussing and examining those elements of music 
which were interdisciplinary in nature. In this part of the course, the integration of the three 
disciplines was emphasized in the discussion of more philosophical ideas, such as: the difference 
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between noise and music, beauty in the context of music, consonance, dissonance, and harmony, 
the social and psychological implications of music, the intertwining history of arts and sciences 
and how one developments in one area may force another area’s advancement, and the 
omnipresence of music in human culture. 
 
All three professors were present in every lecture, and active discussion between the students and 
all three instructors was encouraged. Agreement and disagreement among the instructors were 
evidenced in real time through these discussions and witnessed by the students, encouraging the 
idea that civilized dissension was possible and even desirable. In discussions with the students, 
this idea was commented upon and appreciated by them in both offerings of the course.  
Additionally, the development of this type of course promotes collaboration between the diverse 
disciplines thereby leading to a systematic exploration of the areas of convergence and divergence 
between them. This approach is particularly relevant in that our students have demonstrated an 
interest not only in regards to the technical aspects of their specific disciplines, but also in regards 
to the wider issues that will affect their future lives as professional scientists, humanists, 
researchers, and citizens.   
 
In order to develop critical thinking and integration skills, writing assignments and teamwork was 
encouraged.  We have found that when students are able to verbalize their ideas and discuss the 
content of their work, they better understand the concepts involved.  “Writing to learn” (Libarkin, 
& Ording, 2012; Mulnix & Mulnix, 2010) is an important part of developing interdisciplinary 
courses.  For this reason, the students completed a midterm team essay on an approved topic and 
the final was an applied team-based project presentation.  The topics included such areas as the 
construction of an instrument, the composition and performance of a musical piece, or the practical 
exploration and presentation of a suitable topic. The final project involved a 10-minute public 
presentation. The integration of music, science and mathematics was paramount part in both 
midterm and final projects.   
 
Outcomes 
Students completed an anonymous survey after the final grades were submitted in order to gather 
information regarding their degree of satisfaction with the course forma the subject matters and 
their views of their own understandings of the three disciplines. The survey contained nine 
statements, and students were to assess their degree of agreement using the following Likert scale: 
Completely Agree (blue), Agree (Red), Disagree (orange) Completely Disagree (green).  
 

1. I enjoyed the interdisciplinary nature of the course. 
2. I liked that there was a professor representing each subject. 
3. I enjoyed the course format of half hour of music and 50 minutes of math or science. 
4. I felt the enthusiasm of the professors for the course. 
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5. I learned about the three subjects and how they integrate. 
6. I enjoyed working in groups. 
7. The essays and presentations were good evaluation instruments. 
8. The daily quizzes forced me to read the materials before class. 
9. I feel I got the grade I deserved in the course 

 
1st semester (Fall 2017) Satisfaction Survey Histograms: (25 responses out of 82) 

 
              1               2              3               4              5              6              7               8              9 
 
 
2nd semester (Spring 2019) Satisfaction Survey Histograms: (28 responses out of 55) 

 
              1              2               3               4               5              6               7               8              9 
 
The histograms correspond to the statements, ordered from left to right, 1-9. Likert scale: 
Completely Agree (blue), Agree (Red), Disagree (orange) Completely Disagree (green). 
1st semester (Fall 2017) Commentaries and suggestions submitted by students: 
At first I didn't have a clue about the course, I was one of the new students that were registered automatically.  
While the semester was running, there were times when I honestly had no idea what was going on, but little by  
little I could connect the issues. On several occasions I did not understand the material of the music part, I do  
not know if it was because of the language that was being used or the way it was explained. I did not enjoy group 
work. In general, I think the course is quite balanced and had a good time in class. It is not a course in which when 
you arrive what you feel is tension, you feel joy and curiosity of all. 

Use more instruments in class.  
Some freshmen students don’t have a strong enough background; therefore, the material became too difficult to 
understand rapidly. Perhaps reducing the complexity or starting out with more basic material would be a good idea. 
My favorite part of the class was those last days of the course where we went into quite subjective topics of music 
(what is good and / or bad music, the message, the interpretation, etc.) if the course is taught again at some point it 
would seem to me very interesting to dedicate a little more time to the topic of music because it is a topic that leads 
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to opinions, points of view and different personal perspectives for each student and it is really even exciting to be 
able to share that passion for music that after all It is the reason why many took the class. 
As mentioned in the evaluations that we all did on the last day of class, I would have liked some other evaluation 
method for the MIDTERM, because in my case it does not represent well what I really learned in the class. Maybe 
something more dynamic like conducting class discussions could be an alternative, apart from quizzes, and Danna's 
assignment on evaluating piece of music / film, etc. 
 
Also, perhaps giving a little "insight" of what themes like the pigeon-hole principle would be used for would be 
good to avoid not feeling too lost at the beginning of class. 
But anyway, this course is excellent. Thank you. 
The last themes (human behavior due to music) were very interesting. I would have loved to get to them before to 
cover a little more of the issue of the effect of music on the human brain. 

More types of evaluation instruments, probably another short essay, perhaps. 
 
2nd semester (Spring 2019) Commentaries and suggestions submitted by students: 
The class that I liked the most was the one in which Professor Arturo brought the instruments, very dynamic and 
different. I think that each subject should have the same class time. 
-Include music history. 
-Relate more the topics discussed in the different disciplines. 
Consider using google classroom. There is an app and it is more accessible than ecourses. 
A little more time for music, maybe 10 more mins. Also if possible, more examples of how the concept that is 
discussed as the patterns in other genres of music is applied since it was very interesting to see its presence in salsa, 
in addition to the golden ratio. 

Less material, basics only 

Make quizzes a bit more stringent so the lectures can be of further benefit in class discussion. 
Actually, the course is somewhat complex since you have to have some knowledge in the mathematical and Musical 
area. Many times I did not know where the class was going, but as for the teachers, Dana, the physicist and Portnoy, 
are all very good in their areas and they clearly like the course... 
I believe that the idea of adding an additional teacher to the course, who is a historian, should be implemented in 
order to provide context on the origin of various ideas. In general, I think the course is great. 
I would like the dynamics to be changed on certain occasions and bring guests to also share their knowledge about 
science or math music. 

Divide the subject by class meeting, changing subjects on the same day is too confusing. 
I very much liked the idea that was mentioned by Portnoy, I think, about having a history professor putting it all 
in historical context. 
I don’t think that a class should be interrupted after half an hour to start talking about another subject. Perhaps 
teach a whole Tuesday about Math and a whole Thursday about Music, and then another whole class about 
Physics. Maybe it would be better to teach it Mondays, Wednesdays and Fridays, 50 minutes for each professor. 

A bit more coordination in class; I got lost several times changing subjects. 
The only thing I would appreciate is the quizzes not starting half an hour before class. Maybe start the day before 
or something. Even if they were longer but we would not feel rushed to finish them right before class. 
I believe that they should unite the issues more ... That is, many times the music part was very interesting, but the 
teacher was rushed by the time limit and lost that essence of interest in the course. It was like taking different classes 
in the same place. Similarly, you should use the newest Moodle (or a better platform) since it has an app and allows 
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notifications. Many times, we lost important messages as they were published in E-courses and that site never 
notified and always had a mess in the notifications. 
 
Other than that, the course seemed like a good idea. 
I would have liked to have specific topics touched which were seen simultaneously by the three branches. For 
example: discuss harmony in a qualitative way from the point of the arts, describe them mathematically and finally 
describe the physics of harmonic sound waves. I felt many times that each branch was by itself and I would have 
liked to see the integration of the three. As for the musical part, I personally did not go to the course hoping to learn 
to read staves, which was the main focus of the area of arts, I would have preferred to discuss other aspects of music 
apart from that (these topics would depend on mathematics and physics being discussed). Having said that, thanks 
for taking the time to teach a course like this. I really enjoyed it and learned a lot. It is refreshing to see teachers 
with passion for what they teach. 
My problem with working in a team was that I had 2 groups from other classes and coordinating with 3 groups is 
difficult, and my classmate did not cooperate at all (these are problems outside the class). All my life I had heard 
that "music is mathematical" but they had never really explained to me what this means, so I really enjoyed learning 
the levels that this phrase entails. The teachers were excellent, since they are experts who understand in detail each 
topic they discussed, I saw a lot of enthusiasm on their part and in my opinion they managed to communicate the 
different topics very well. I think it was not necessary to emphasize much the distinction between concepts from 
different fields that bear the same name, something that happened on a few occasions, but I don't know if everyone 
agrees. All in all, it was one of the classes that I enjoyed most in my undergraduate school years. 

A bit more of organization so that the class would be more easygoing. 

 
Results  
In general, the results of the surveys indicate that the format was successful. However, there are 
areas that need to be addressed, especially if this format is to be employed throughout the general 
education curriculum at the University of Puerto Rico, Mayaguez Campus. 
 
Propositions 1, 5, and 9 exhibit the largest change from one semester to the next. 1 and 5 
(interdisciplinarity and integration) descended while 9 (grade expected) ascended. It is interesting 
to note that the Fall 2017 semester was largely populated with freshmen who were automatically 
enrolled in the course, and this was the semester interrupted by hurricane Maria. The Spring 2019 
semester was populated with students who voluntarily registered in the course based on the 1st 
semester’s word of mouth popularity. It was noted that first semester students responded more 
positively to interdisciplinary and integrative courses than those who have already started their 
college studies. This was also observed in all of the other interdisciplinary courses developed and 
offered in this initiative. The disappointment with grades may be explained by grade inflation 
during high school years. 
 
Propositions 3, 6, and 8 were the lowest in agreement in both semesters. Students did not 
thoroughly enjoy the format of the class (changing from music to either math of physics every 
day) nor did they enjoy working in groups or taking daily quizzes. Perhaps the format can be 
restructured to incorporate students’ suggestions. This would imply that the course format has to 
go from a primarily multidisciplinary presentation to a more interdisciplinary presentation. Group 
work is mandatory for these courses, unwanted as it may be, and should continue to be a part of 
an interdisciplinary course.  Daily quizzes are a painful but effective tool to ensure and reward 
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reading the assigned materials before class. 
  
More frequent comments: Students perceived the instructors’ enthusiasm for the material and the 
course itself. Students complained about organization, confusion, difficulty, jumping from one 
topic to another. This is related to the format suggestions. Students enjoyed the more philosophical 
topics and the use of instruments. They suggested inviting guests, including another professor 
(historian), more interdisciplinarity. Perhaps these two comments can be addressed by inviting 
speakers when these topics are discussed. 
 
The course evaluations show recurrent requests for the addition of more disciplines, like history, 
or improved integration of the three disciplines included now. There are calls for increased 
discussion of subjective areas related to human behavior which lie at the intersection of the three 
disciplines. The enthusiasm of three different specialists applying their knowledge to the study of 
music left an impression on many of the student reviewers. As a whole, students’ comments 
indicate that the multidisciplinary nature of the course and the simultaneous participation of 
different experts was appreciated, and there were calls for even more integration and 
interdisciplinary discussions of subjective aspects of music. There were multiple suggestions on 
how to improve the format of the course, but it was clear that this was a unique and new experience 
for them. One of the students indicated that this is "one of the courses that she has enjoyed the 
most in her undergraduate years". 
 
Conclusions 
The course’s original goals were that an interdisciplinary perspective would help increase our 
students’ engagement in their learning and, subsequently, their integrative and critical thinking 
skills by examining the links between the arts, sciences, and mathematics.  In addition, the course 
format was designed to also strengthen students’ communication and group-work skills, since these 
are key elements for developing and expanding critical thinking and integrative skills. The 
preliminary results show support for the idea that these objectives were largely achieved. While 
the assessment only measured the work during two semesters, the students did demonstrate 
improvements in their critical and integrative skills.  This was observed using class discussions 
and assignments. We observed an improvement in critical and integrative thinking skills in 
students’ written work during the course of the semesters. The beginning written assignments and 
the midterm essay were compared to the students’ final projects. In order to strengthen 
communication skills, all students (in both offerings of the course) were given the option to revise 
their midterm essays. It was noted that of those that did submit a revision of the midterm essay, 
there was a notable improvement in their critical and integrative thinking skills. In addition, a 
strengthening of their communication skills was observed.   
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The team-teaching format also demonstrated positive results with regards to the level of student 
engagement. In both semesters, student engagement was high, which was supported by the 
increased level of class participation during the class period.  This was especially noted by 
professors in the first iteration of the course, where the quality of the final projects was outstanding, 
even though this semester was interrupted by hurricane Maria, and student registration into the 
course was largely compulsory (freshmen).   
 
However, organizing this type of course does present various difficulties during the course design 
and its subsequent offerings.  First, it requires extensive pre-course development, as well as good 
communications skills between the participating professors and the teaching teams need to meet 
on a continual basis during the academic year before offering the course. In addition, each team of 
professors experienced a steep learning curve to understand and learn each other’s professional 
language, attitudes, and core beliefs. Further complicating the situation, we confronted obstacles 
with regards to the administrative aspects.  To offer such a course, a university needs to have well 
defined administrative procedures with regards to 1) teaching load, 2) publicity of the courses, and 
3) student registration. We observed this while working on the course preparation and student 
registration for the course.   
 
We hope that this model will continue to be employed throughout the University to enrich the 
curricula and support better student engagement, even though the format may not be as “efficient” 
financially as more traditional alternatives. This is a particularly poignant issue given the 
financially strapped times through which Puerto Rico and our institution is living and given the 
current trend in the nation to decrease public funding of higher education. 
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BEST PRACTICE FOR LEARNING THE CONCEPT OF FUNCTION 
IN THE DIGITAL ERA: REAL-WORLD EXPERIMENTS, VIRTUAL 

ENVIRONMENTS, APPS, OR SMART SPEAKERS? 

Astrid Beckmann 1 
____________________________________________________ 
Abstract 
The EU project ScienceMath has successfully proven that real-world experiments with 
connections to everyday phenomena promote the understanding of the concept of 
function. During these experiments, learners directly experience the aspects of 
correspondence (action) and covariation (process). Real-life experiments thus appear to 
deliver benefits even during times of digital transformation. Yet consideration must also 
be given to alternatives such as virtual environments and digital teaching methods – with 
options including dynamic geometry systems, computer algebra systems, and simulations 
– as well as video portals, apps, and smart speakers. This paper aims to stimulate 
discussion regarding these various options. 
____________________________________________________________ 

 
Aim of the Paper  
Real-life experiments with connections to everyday phenomena haven been recommended for 
promoting the understanding of the concept of function, for many decades. Different studies have 
proven their success, e.g. in the EU-project ScienceMath, coordinated by the author 
(Beckmann/The ScienceMath group, 2010). In our digital era, consideration must, of course, also 
be given to virtual environments and digital teaching methods. This paper aims to stimulate 
discussion regarding the various options. 

Introduction and Background 
The Concept of Function – Important and Complex 
The concept of function is one of the most important in all of mathematics. Functions form the 
basis of many mathematical fields and are also the key means of mathematization for a whole 
host of inner- and extra-mathematical applications. They help us establish, understand, and 
describe relationships, making them an important part of everyday life. However, the concept of 
function is also one of the most complex mathematical concepts. It requires us to be familiar 
with its approach to content, the various forms of representation, and potential shifts between 
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these different forms. Knowledge of significant types of function and their key characteristics is 
a further prerequisite.  
 
Learning the Concept of Function – Students’ Difficulties  
Against the background of the importance and complexity of the concept of function, it is one of 
the most fundamental and significant ones not only in mathematics, but also in mathematics 
education (Niss, 2014). For many decades the concept understanding has been a huge object of 
research. Several studies, including a particular cluster around the turn of the millennium, 
identified pupils’ often limited formal understanding of the concept of function (e.g. Adams, 1997; 
Beckmann, 1999; Gómez & Carulla, 2001; Vinner & Dreyfus, 1989). Above all, these studies shed 
light on the difficulties encountered when shifting between different forms of representation. 
Pupils experienced particular problems when shifting to verbal descriptions and when interpreting 
graphs, with the latter typically being understood via a “photographic image” rather than through 
a functional relationship.  
 
Teaching the Concept of Function - Toward an Application-Based Approach and Integrating 
Natural Sciences 
Various solutions were developed in response to the unsatisfying findings, with the move away 
from a purely mathematical treatment of functions and toward an application-based approach 
proving to be a decisive step. By 1992, Sierpinsky had observed the following (p. 31): “The first 
condition of understanding functions is, it seems, to become aware of the existence of the world 
above. One has to notice changes and relationships between them as something problematic, worth 
studying.” The importance of the real world with respect to understanding the concept of function 
has also been mentioned in other papers (e.g. Gray & Tall, 2001; Kaput, 1994), leading to the idea 
of using real and physical models to underpin the concept of function. One branch of this research 
focused on the specific opportunities generated by integrating references to natural sciences, 
particularly those of a physical variety (cf. e.g. Beckmann, 2003; Gerny & Alpers, 2004; Höfer, 
2006; Michelsen, 2001; Michelsen & Beckmann, 2007; Vollrath, 1978; Zell, 2010). Ganter (2013) 
undertook a more large-scale study demonstrating that experiments have a significant beneficial 
impact on understanding the concept of function. This showed how, in addition to promoting 
understanding of the aspects of correspondence and covariation, such experiments also boost 
motivation, interest in mathematics, and expectation of self-efficacy. These findings correspond 
with those recorded by Beckmann (2010, see ScienceMath project) based on trials conducted in a 
teaching environment, which indicated that experiments succeed in engaging even low-achiever 
learner groups in prolonged mathematical discussions. 
 
Integrating Virtual Environments 
The international consensus for around the last 30 years has been that pupils must be prepared for 
an information society and a digital world. During this period, more or less all countries have 
pursued the development of virtual learning environments. Initial approaches involved integrating 
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ICT (information and communication technology) into otherwise non-digital teaching, with 
subsequent efforts comprising a systematic build-up of digital infrastructure and application-based 
digitized teaching. This is now reaching the level of full-scale smart learning environments 
(Huang, Yang, & Zheng, 2013). As a consequence of these developments, there have also been 
various proposals for promoting understanding of the concept of function through purely digital 
approaches. We will discuss some of them below. 

The Concept of Function 
Understanding the concept of function is a process that extends throughout the entire duration of 
school education – and it can succeed only if we first develop adequate fundamental approaches 
and an active grasp of the aspects of the concept as represented in various forms. 
The three core aspects of the concept of function are: 

• Aspect of correspondence (action): Every x of a set X corresponds precisely to one element 
y of a set Y. Simple correspondence considers only one x and its corresponding y, whereas 
continuous correspondence involves (continuously) considering many/all x of X in 
succession. 

• Aspect of covariation (process): As x changes, so the corresponding y changes accordingly. 
In the context of discrete covariation, the process of changing x is clearly separated from 
the subsequent x (i.e. the change is discrete). Continuous covariation involves allowing 
each x to run through set X and observing the continuous changes.  

• Aspect of object: Understanding a function as an object means comprehending the function 
as a whole. This requires us to be familiar with aspects such as simple and continuous 
correspondence, discrete and continuous covariation in all forms of representation, 
potential shifts between these, and types of shift. 

The forms of representation/depiction are image or verbal description, spreadsheet, graph, and 
algebraic expression or term/formula. 
 
An excellent overview of the complexity of the concept of function is provided in the “house of 
functional thinking” (original: Haus des funktionalen Denkens, Höfer, 2006; cf. Figure 1) with the 
house featuring all aspects and forms of depiction for the concept of function across the three levels 
of complexity, namely correspondence (action level), covariation (process level), and object 
(object level). Each building block depicts a subskill involved in understanding the concept of 
function on one of the three levels, always in the form of a shift between two forms of 
representation. 
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Figure 1: House of Functional Thinking] (original: Haus des funktionalen Denkens, Höfer, 
2006; author’s translation), showing the different levels of the function concept 
(action/correspondence, process/covariation, object); each block representing a shift 
between different forms of representation on the appropriate level. 

A look at the house makes clear that understanding the concept of function requires a systematic 
structure. Mathematics teaching should therefore (first) concentrate on mastering the aspect of 
correspondence, then subsequently on mastering the aspect of covariation in all its forms of 
representation and for all the shifts between these forms.  

Real-World Experiments for Learning the Concept of Function 
Connections Between the Concept of Function and Real-World Experiments 
The idea of mathematics classes featuring natural science experiments as a means of teaching the 
concept of function is not new, having been mentioned in several publications dealing with 
mathematics teaching methodology over the last few decades (cf. Vollrath’s early work from 1978, 
for example). Real-world natural science experiments are particularly suitable for promoting 
understanding of the concept of function because (Beckmann, 2006): 

• The steps in an experiment correspond to the aspects of the concept of function and to the 
stages involved in understanding the concept of function. 

• The particular attributes of the experimental activities help generate authentic experiences. 
• Experiments simultaneously address multiple guiding principles involved in (the teaching 

of) mathematics and support a wide range of references to the real world: data recording, 
functional relationship, modeling, interdisciplinary relationship, plus reference to everyday 
life and not just “theoretical” variables such as x, y, and z. 
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Natural science experiments are suitable for understanding the concept of function as they ensure 
that the content-related aspects of the concept of function, such as the aspects of correspondence 
and covariation, are experienced through action and put into practice. The limits of the experiment 
can be used to promote interaction with the aspect of object. This will be explained below with the 
help of examples (Beckmann, 2006): 
Step in 
Experiment 

 

Concept of 
function 

Example Illustration 

(after 
formulating the 
hypothesis): 
Recording of 
individual data. 

Simple 
correspondence 
is experienced 
through action. 

When a ball with a certain 
radius is immersed in 
liquid, a precise volume of 
water is displaced. Each 
radius r corresponds 
precisely to volume V. 

 

Successive 
recording of 
data. 

Continuous 
correspondence 
is experienced 
through action 
and discrete 
covariation is 
also experienced. 

Rather than considering 
only one ball, we now 
consider several 
(continuously and in 
succession). The 
respective radius 
corresponds (continuously 
and in succession) to the 
displaced volume. 

 

Continuous 
recording of 
data, 

resp. recording 
(all) data. 

 

Here: The limits 
of the 
experiment 
encourage us to 
understand the 

Continuous 
covariation is put 
into practice.  

 

 

 

The aspect of 
object is 
experienced and 
put into practice. 

We wish to measure the 
volumes that is displaced 
by balls of any radius,  

esp. a large ball (cf. photo 
on right). The size of the 
ball compels us either to 
choose a larger container 
(which might not be 
available) or to state the 
functional relationship. 
For example, the volume 
could be calculated via an 
equation (in this case,  
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function as an 
object. 

𝑉 = 	 !
"
𝜋 ∙ 𝑟³) or read from 

a graph (components of 
the aspect of object).  

Another example: 
Step in 
Experiment 

 

Concept of 
function 

Example Illustration 

(after 
formulating the 
hypothesis): 
Recording of 
individual data. 

Simple 
correspondence 
is experienced 
through action. 

We consider the distance 
that a car travels within a 
given period of time. 

Each distance s 
corresponds precisely to a 
time t. 

 

 

Successive 
recording of 
data. 

Continuous 
correspondence 
is experienced 
through action 
and discrete 
covariation is 
also experienced. 

Rather than considering 
only one distance, we now 
consider several distances. 
The respective time 
corresponds to the 
distance.  

Continuous 
recording of 
data, 

resp. recording 
all (possible) 
data. 

 

Continuous 
covariation is put 
into practice. 

 

 

 

 

We now no longer look at 
the clock at certain times, 
but constantly. As time 
passes, we experience how 
the car travels a greater 
and greater distance. 

The limits of the 
experiment 
encourage us to 
understand the 

The aspect of 
object is 
experienced and 
put into practice. 

We wish to measure the 
time for a very long 
distance, esp. longer than 
the classroom. 
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function as an 
object. 

What shell we do? 

Another example, here focusing on the object aspect: 

Step in 
Experiment 

 

Concept of function Example Illustration 

(after 
formulating 
the 
hypothesis): 
Recording of 
individual 
data. 

Simple and  

Continuous 
correspondence is 
experienced through 
action. 

 

Discrete and 
Continuous 
Covariation is 
experienced. 

 

By pushing an air pump, 
we experience the 
correspondence between 
volume and pressure. 

(Using the Boyle-
Mariotte-instrument we 
can measure this 
correspondence). 

 

 

Continuous 
recording of 
data, 

resp. 
recording all 
(possible) 
data. 

 

 

The aspect of object 
is experienced and 
put into practice. 

The concept of 
antiproportionality as a 
component of the aspect of 
object is experienced 
through the pumping of a 
closed air pump, with the 
increasing pressure being 
detected on account of the 
decreasing volume. 

Beyond this, one notable strength of natural science experiments is that the usual sequence 
followed when conducting experiments is associated (almost automatically) with constant shifts 
between different forms of representation (Beckmann, 2006), like as follows: verbal description 
or image to graph or table, table to graph, table to term, graph to table, graph to table and then to 
term, graph to term and then to table, graph to verbal description, table to situation (verbal) and 
term to situation (verbal).  
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Results from the European ScienceMath-project 
Within the framework of the ScienceMath EU project coordinated by the author, a number of 
easily implementable experiments for understanding the concept of function were developed and 
tested as part of teaching in different countries (cf. www.sciencemath.ph-gmuend.de; Beckmann, 
2006). The results showed that the use of specific experiments is extremely beneficial for 
understanding the concept of function (Beckmann/The ScienceMath group, 2010). The fact that 
the activities mentioned above are stimulated through experiments has also been excellently 
demonstrated by deployment and testing in teaching environments. This saw various experiments 
being offered in stages, underpinned by an everyday impulse and a corresponding worksheet. The 
everyday impulse and worksheet helped stimulate intensive discussion of the phenomenon in 
question as well as highly specific reflections and activities relating to the aspects of the concept 
of function, such as observing modifiable variables and dependencies, forming hypotheses, 
systematic measurement series, etc.  

Virtual Environments for Learning the Concept of Function 
Using virtual environments for learning the concept of function differs from the approach using 
real-world experiments. Real-world experiments normally do not involve any digital tools (with 
the exception of some individual measuring devices) – digital tools are not a point of focus when 
it comes to understanding the concept of function through experiments with real-life objects. 
Teaching experience has shown that their use as a supplement to real-world experiments is only 
beneficial in the context of somewhat later learning phases and higher-ability groups (and so long 
as there are no relevant CAS-induced difficulties, see Jankvist & Misfeldt, 2015). To begin with, 
the discussion and interaction involved in hands-on experiments should take precedence. Later on, 
however, spreadsheet programs can help enable more wide-ranging tabulation and quicker graphic 
depiction. Computer algebra systems for determining algebraic expressions and function terms 
may also provide motivation and theoretical guidance (Höfer, 2006, but see also discussion below 
relating to “digital mathematical competencies“, Geraniou & Jankvist, 2019).In the following 
sections we will give a short insight into some of the well-known and some of the new and hardly 
investigated approaches. 
 
Common Virtual Environments for Learning the Concept of Function 
Dynamic Geometry-Systems  
When dynamic geometry software became established in mathematics teaching, which occurred 
around three to two decades ago in Germany, its potential for understanding the concept of function 
was also discovered. This was based on the notion that the combination of algebra and geometry 
tapped into a visual dimension, aiding comprehension and supporting a more thorough overall 
understanding of the concept. In addition, these dynamic geometry systems also enable 
experimental situations that can be of benefit in relation to understanding the concept.  
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Example: Understanding the aspects of correspondence and covariation, taking the relationship 
between the side length and area of a square as an example: 

We have a square that can be 
modified in terms of its side 
length (and surface area) by 
pulling on a corner. 

 

Aspect of correspondence: 
Each side length corresponds 
precisely to one area. 

 

Aspect of covariation: Pulling evenly on point P causes the area to change in 
accordance with the change to the side length.  

When performed in digital learning environments, these systematic modifications of variables can 
also be depicted through various forms of representation. Example: We have a circle and the chord 
PQ (P is fixed, Q is mobile). The relationship between the length of the chord and the path of Q 
on the circumference is then considered in the experiment and in the coordinate system 
simultaneously (Figure 2). The locus can also be drawn accordingly during the dynamic 
modification (pulling on Q), which in turn generates a function graph (Figure 3).  

 
Figure 2: Parallel depiction of experiment and function graph in the coordinate system for 
correspondence between the chord length à path on the circumference of the circle 
(author’s own modification of basic construction from www.juergen-roth.de, cf. also Roth, 
2005)  
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Figure 3: Locus as a function graph (based on above example of a chord) (author’s own 
modification of basic construction from www.juergen-roth.de) 

 
Computer Algebra Systems and Spreadsheets  
Computer algebra systems (CAS) and spreadsheets are two more key digital tools that have long 
played a role in understanding the concept of function. Their strength resides in the fact that they 
make it quick and easy to shift between the various forms of representation, such as tables, graphs, 
and algebraic equations (cf. also Hollar & Norwood, 1999; O’Callaghan, 1998). Beyond this, they 
are also suitable for use as a supplement to real-world experiments (see above). On the other hand, 
possible difficulties with using CAS have to be regarded as well (Jankvist & Misfeldt, 2015; 
Jankvist, Misfeldt & Aguilar, 2019). Difficulties can appear through students simultaneously using 
their mathematical competencies and digital competencies, but not as a connected whole (Geraniou 
& Jankvist, 2019). So, students could perform CAS-based mathematical activities without 
understanding the underlying processes (Jankvist & Misfeldt, 2015), while the latter would be 
more important for understanding the concept. Under this consideration, the observed CAS-
induced difficulties lead to the need to carefully consider the use of using CAS in the mathematical 
classroom. 
 
Simulations  
Simulations of real-world experiments represent another approach for understanding the function 
concept (experimenting with models as stated in Greefrath & Weigand, 2012). In this context, for 
example, the physical experiment may be depicted on a screen so as to enable interactive use (real-
world model). Sliders and pullers normally allow manipulations (applets/computer model) that can 
simultaneously be viewed in tables, graphs, and algebraic equations (mathematical model). 
Simulations of this kind enable a process potentially similar to that of real-world experiments. 
However, the predefined nature of the experiment prevents us from engaging in important 
discursive analysis of the dependent variables based on the real-world elements involved in the 
experiment, its planning, and its individual execution. Should the completed graph appear in the 
course of interaction without the pupils having had any opportunity to experience a specific 
example of correspondence, this also has a negative impact on understanding the concept of 
function (Figure 4). Certain applets thus enable users to view the experiment and the function 
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graph one after another, which makes it possible to have the pupils state their predictions prior to 
seeing the function graph (Lindenbauer, 2014; e.g. http://ggbtu.be/b95856).  

 
Figure 4: Example simulation of “Proportional dependency between distance and time” (this 

simulation developed for the physics topic of “Uniform movement” taken from 
www.leifiphysik.de, 04/27/2019) 

 
Videos of Real-Life Experiments  
Another development concerns the use of videos for supporting understanding the function 
concept. These may be videos of real-life experiments: Pausing such videos enables viewers to 
record the measured values and thus engage in further processing of the data. Alternative options 
include clips or tutorials from video portals such as YouTube, which can also be accessed on 
smartphones using tools such as apps and QR codes (Grunewald & de Canto, 2019). 

New and Special Virtual Environments for Learning the Concept of Function 
Recent years have witnessed the launch of a whole host of digital innovations, most notably smart 
speakers such as Alexa and OK Google and apps. This begs the question of the extent to which 
these new virtual environments may also be used for understanding the concept of function and 
whether they may be of benefit in relation to the aspects of correspondence and covariation. There 
are in fact good examples that are easy to implement, have the potential to be beneficial, and are 
ideal for in-depth and systematic testing (see also Ball et. al., 2018). 
 
Selected Apps  
There are numerous apps on the internet market which allow activities relating to the above 
described aspects of the concept of function (cf. figure 5). 
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Figure 5: Use of apps (Padlet in this example) to process the aspect of correspondence – 
each country corresponds precisely to one capital city 

 
Smart Speakers  
Very new ways for mathematical learning are discussed, especially in the North American 
countries (often esp. promoted by technology companies, e.g. see Google conferences). One of 
the ideas is the use of smart speakers in mathematics classroom or at home. Students could 
“communicate” with and through Alexa or OK Google. Concerning the concept of function, they 
could “teach” them facts about it, develop questions and tests etc. (cf. figure 6). More ideas have 
to be developed and put into body of research. 

 

 
Figure 6: Use of smart speaker´s “learning function” to process and consolidate the 
concept of function (here: smart speaker quiz)  

 
Augmented reality  
The possibilities of Augmented Reality allows us to combine different approaches, e.g. viewing 
videos of experiments by demand and individually, showing and using interactive work-sheets, 
finding (animated) answers to the questions of students or teachers etc. Many proposals can be 
found in the internet. However, beside experiences, there is a need for further reliable research 
results.  
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What Constitutes Best Practice? – Comparing Real-World and Virtual Environments 
There have already been several studies aiming to compare the merits of digitized and non-
digitized teaching. As part of the long-term study conducted by Rieß (2013), computer algebra 
systems were used to promote functional thinking in the later stages of lower secondary education. 
Upon comparing the results with those of control groups that did not make use of digital 
approaches, Rieß ultimately found that both groups were equally successful. In contrast, Scheuring 
et al. (2017) asserted that computer simulations were more effective at promoting functional 
thinking than approaches involving the handling of real-life objects. Guerrero et al. (2019), whose 
study dealt with degree-level engineering courses, noted that virtual experiments had a positive 
impact on the learning of mathematical concepts. Lichti et al. (2018) came to a similar conclusion 
after conducting a functional thinking test with a group of sixth-graders. Nevertheless, their 
account suggested that real-world experiments are particularly beneficial for the aspect of 
correspondence while simulations deal primarily with the aspect of covariation, therefore Lichti et 
al. assert that simulations are better at preparing pupils for the aspect of object. In this context, 
however, it must be borne in mind that the aspect of correspondence is also of crucial and 
fundamental significance to acquiring a thorough understanding of the concept of function. The 
experiments tested within the framework of the ScienceMath project thus place great emphasis on 
the highly specific and explicit execution and documentation of the aspect of correspondence. 
Rolfes (2014) has also stated that animations and dynamic representations can only be conducive 
to learning if they provide a cognitive stimulus. This requires both interaction with and initial 
analysis of the phenomenon at hand (Baum, 2013). The latter of these two factors is an explicit 
component of the real-world experiments featured in the ScienceMath project 
(www.sciencemath.ph-gmuend.de). Writing on the topic of video experiments, Roth (2014) has 
noted the major significance of including preparation and follow-up stages in the course of 
teaching. Roth stated that the advantage of such video experiments is that they can be used to 
conduct complex tests and make these accessible to pupils. Finally, Feifel’s more small-scale study 
comparing two groups of seventh-graders demonstrated the positive impact of YouTube tutorials 
(Feifel, 2019).  

What Constitutes Best Practice? – Conclusion and Springboard for Critical Discussion and 
Further Research 
The digital age has brought with it a series of digital tools that can have a beneficial impact on 
mathematics teaching. In order to be adequately prepared for the digital world to come, it is 
essential for pupils to amass considerable amounts of digital experience. These pupils should be 
just as familiar with the opportunities of digitization as they are with its limits and hazards. In 
particular, they should receive a digital education to ready them for the digital future. And while 
this contribution has addressed the fact that there are numerous proposed methods for 
understanding the concept of function with the support of digital resources, it has also emphasized 
the strengths of real-world experiments – as demonstrated via testing in teaching environments. 
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Against the background of the research results, real-world experiments have to be seen among the 
foremost examples of best practice in this field.  
  
Another argument for real-world experiments arises from a new societal development. In response 
to global challenges, there is now an international tendency to focus not only on digitization but 
also on technology and natural sciences. In particular, there are schools of thought that consider 
practical natural science tasks to be an outstanding means of preparing pupils for the future 
(Alyenadi, 2019). This is because real-world experiments not only promote understanding of the 
concept of function, but also support other interdisciplinary skills. In addition to boosting interest 
in mathematics, motivation, and expectation of self-efficacy, as was mentioned earlier, these 
experiments have also been shown to stimulate curiosity, open mindedness, objectivity, 
intellectual honesty, and rationality (Omiko, 2007).  
 
However, concerning the concept of function, experiments are particularly suitable for beginners, 
as they permit wide-ranging analysis of the real-world phenomenon in question, enable specific 
and explicit links to the aspect of correspondence, and ultimately make it possible to experience 
the concept of function in all its facets. Based on that a variety of digital tools and virtual 
environments are suitable for consolidating the knowledge that is acquired, with new innovations 
appearing on a daily basis. Concerning these (new) virtual environments for learning the concept 
of function, further digital teaching concepts and research is needed. 
 
In conclusion, teacher training lecturers and teachers in general should familiarize themselves with 
these resources. This will make it possible to integrate such methods alongside real-world 
experiments in an appropriate and considered manner, then use them to promote effective learning. 
But, even in the digital age, there are a variety of excellent reasons for conducting real-world 
experiments to promote understanding of the concept of function. 
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FOUNDATIONS OF USING INQUIRY-BASED LEARNING IN AN 
INTERDISCIPLINARY CONTEXT: WHAT DOES RESEARCH SAY? 

Dominic Manuel 1 
____________________________________________________ 
Abstract 
Inquiry-based learning is a type of instruction in which students take more responsibility 
in their learning, and co-construct their knowledge through interactions. Although this 
approach is recommended in mathematics and science curricula, it remains rarely used 
in k-12 classrooms. In this paper, I present results of a literature review on inquiry-based 
learning instruction in k-12 mathematics classrooms to examine its theoretical 
foundations and how it is used in classrooms, focusing on teaching and learning 
mathematical concepts and in an interdisciplinary context. Findings revealed that 
although inquiry-based learning seems to bring deeper learning opportunities, 
theoretical and practical foundations must be defined to better implement it in 
mathematics classrooms. These include a clear definition of inquiry-based learning in 
mathematics and putting an emphasis on effective teaching practices. 
____________________________________________________________ 

Introduction 
Inquiry-based learning (IBL) is a teaching and learning approach in which students play a more 
active role in their learning (Aulls & Shore, 2008; Maaß & Artigue, 2013). This approach 
represents a paradigm shift from traditional teaching methods for which the teacher explains the 
content and shows examples, students do exercises, and the teacher corrects the problems. IBL 
positions itself within a collaboration process between teacher and students who together co-
construct the learning of concepts (Dorier & Maass, 2014). 
 
IBL was formally known as the scientific method, which was introduced in science curricula 
during the 1960s. The scientific method consisted of the following steps: observation, hypothesis, 
experimentation, data collection, data interpretation, and conclusion. This approach was, however, 
criticized for being too structured (Aulls & Shore, 2008). The concept of IBL has evolved over the 
years bringing more flexibility for students to create their own experiments and use or invent their 
own strategies, thus doing similar activities as scientists and mathematicians (Aulls & Shore, 
2008). IBL has later been implemented in other disciplines, such as social studies, and 
mathematics. Studies of IBL in mathematics classrooms appear to be more recent. 
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In the last decades, IBL has been suggested as the “preferred pedagogy” in many parts of the word 
(Alberta Learning, 2004; Ministère de l'Éducation du Québec, 2001; National Council of Teachers 
of Mathematics, 2000; National Research Council, 1996, 2011; Rocard et al., 2007) for mostly 
three reasons: (1) It is perceived as an option to improve students’ interests (particularly girls) in 
the STEM fields (Rocard et al., 2007); (2) It promotes deeper learning of concepts as well as the 
development of the necessary competencies for students to be productive citizens in the 21st 
century (Boaler, 1998; Lappan, 2000; Makar, 2007; Towers, 2010); and (3) It supports 
constructivist learning theories which are suggested in the curricula, thus giving students a more 
important role in their learning (Aulls & Shore, 2008; Cobb & Steffe, 1983; National Council of 
Teachers of Mathematics, 2000). However, in their synthesis of large-scale implementation, Maaß 
and Artigue (2013) confirmed that IBL is rarely used in classrooms. These authors advanced two 
hypotheses explaining this: (1) Minimal attention is focused on the implementation and the 
dissemination processes of IBL, and (2) The links between theory and practice are not clearly 
defined. 
 
The goals of this paper are twofold: to explore the literature on the foundations of IBL in 
mathematics compared to science and other school disciplines, and to examine research findings 
on the use of IBL in K-12 mathematics classrooms focusing on teaching and learning mathematical 
concepts and, to align with the MACAS conference, in an interdisciplinary context. I conducted a 
literature review of approximately 75 empirical studies using precise criteria that I defined in the 
following section. Findings of this review will enable researchers and practitioners to identify 
elements well defined and implemented with IBL as well as those needing more attention so IBL 
can be better implemented in mathematics classrooms.  

Method 
I used the 12 steps proposed by Teddlie and Tashakkori (2009) to conduct this literature review. 
First, I selected my research topic: using IBL in mathematics. Second, I searched for peer-reviewed 
articles, book chapters and theses using the ERIC, ProQuest Thesis and Dissertations, and 
WordCat databases. For this, I used the keywords “inquiry” and “mathematics” as well as 
“enquiry” and “mathematics.” Third, I examined the results of the search. Fourth, I chose to only 
include results that presented empirical studies and literature reviews. I still kept non-empirical 
articles if they focused on theoretical foundations but did not include them for this literature 
review. Approximately 200 texts fitted the criteria. Fifth, I read the titles, the abstract and the 
keywords of each text and eliminated those not pertinent to my goals. The texts eliminated 
involved the use of IBL in postsecondary institutions, university professors’ professional 
development, and teaching scientific concepts only. The latter element eliminated approximately 
two thirds of the research results. However, I retained texts that focused on teaching and learning 
both science and mathematics. Sixth, I read each article, and seventh, I noted the key elements and 
arguments for each of them. I also looked at the bibliographies for pertinent texts as secondary 
data. I repeated the third to seventh steps for texts in French using the keywords “démarche 
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d’investigation” and “mathématiques” as well as “démarche d’enquête” and “mathematiques.” I 
also consulted the 2012 and 2015 proceedings of the Espace mathématique francophone 
conference since working group 10 is on IBL in mathematics. However, I only kept the texts that 
presented empirical studies not presented in other articles. Ninth, I classified the 75 remaining 
articles into categories. Tenth, I created links between the articles that I define as themes for each 
category. Table 1 presents the categories and themes. The themes used for this paper are in bold. 
Eleventh, I wrote the results of the literature review and finally, I reflected on the results and drew 
conclusions about the results. The results and the main conclusions are presented in the following 
sections.   
Categories Foundations of IBL Teachers and 

Teaching 
Student and Learning 

Themes 

• Generic 
foundations 

• Definitions of 
IBL 

• Types of IBL 
• Investigation 

and Questioning 
• Models of 

Teaching using 
IBL 

• Measures to 
assess the level of 
IBL 

• Theories 

• Teachers’ 
perceptions and 
beliefs about IBL 

• Personal 
development 

• Teacher 
professional 
development 

• Teaching 
practices 

• Learning in 
general 

• Development of 
processes and 
abilities  

• Learning specific 
mathematical 
concepts 

• Interdisciplinarity 
• Learning with 

information 
technology 
 

Table 1: Categories and themes that emerged from the literature review 

Results and Discussion 
In the following two subsections, I present the results of this literature review. The first subsection 
will focus on the foundations of IBL in mathematics compared to science and other disciplines, 
which is the first goal of this paper, while the second one will focus on the second goal: the use of 
IBL in mathematics classrooms. The results presented in the first subsections are the themes 
highlighted in blue from the first category of Table 1, while the ones for the second subsections 
are those in the last two categories. The themes are also in bold in this section. I also briefly discuss 
(and question) the results while presenting them to identify possible elements that might be missing 
or could be added to better respect the epistemology of mathematics with IBL instruction. 
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Foundations of IBL in Mathematics 
The generic foundations of IBL in science and other disciplines are inspired by the socio-
constructivist theories of learning developed by Piaget (1951; 1967), Vygotsky (1978), and Bruner 
(1960). The foundations of IBL in mathematics are borrowed from science. This “migration” 
(Artigue & Blomhoj, 2013) was done since some researchers believe that mathematics and science 
are closely related, arguing that mathematics is not purely deductive, and that some concepts can 
be taught by experimentation (Dorier & Maass, 2014). The concept of active learning developed 
by Dewey (1933, 1938) is mostly cited for mathematics. This concept emphasizes the importance 
of inquiry in a child’s attitude towards science. According to Dewey, education implies a practice 
of teaching based on projects closely linked to students’ lives and interests and to the development 
of habits of minds considered as generic. Moreover, there is continuity in inquiry because the 
conclusions reached in one inquiry become material for carrying out other inquiries. 
 
Although some see IBL in mathematics and science as similar, others have different visions, 
mostly in the linguistic communities. For instance, Americans tend to associate IBL in 
mathematics as problem solving (Kilpatrick, 2013; National Council of Teachers of Mathematics, 
2000), while francophone communities like in Europe tend to use the term investigation for IBL, 
which consist of a process involving the following steps: (1) choice of the situational problem by 
the teacher; (2) appropriation of the problem by the students; (3) formulation of conjectures; (4) 
investigation of the problem; (5) acquisition of knowledge; and (6) mobilization of the knowledge 
(Cariou, 2015). However, Rocard et al. (2007) associated investigations as part of the foundations 
for science and problem-based learning for mathematics, arguing that investigations are less 
feasible in mathematics compared to science. 
 
Not only does the literature present co-constructivist theories of learning as part of the generic 
foundations of IBL, some theories and ideas in mathematics education are suggested as being 
related to IBL. Maaß and Artigue (2013), and Dorier and Maass (2014) presented six of them. 
They are: (1) problem solving (Hiebert et al., 1996; Polya, 1971; Schoenfeld, 1992); (2) the theory 
of didactic situations (Brousseau, 1998); (3) realistic mathematical situations (Freudenthal, 1973; 
Gravemeijer, 1999); (4) modelling perspectives (Blum et al., 2007; Kaiser et al., 2011); (5) 
anthropological theory of didactics (Chevallard and Matheron, 2002); and (6) dialogical and 
critical approaches (Yackel & Cobb, 1996; Yackel, Cobb, & Wood, 1991). 
 
In terms of definitions of IBL, the literature contains multiple views. In their literature review on 
IBL in education, Aulls and Shore (2008) found over 1500 definitions of IBL and classified them 
in three different types: IBL: as a process, as a teaching instruction, and as learning. A definition 
of IBL in mathematics seems, however, absent. Either the definitions are borrowed from science 
just like the foundations of IBL or they are created for both mathematics and science, again 
envisioning both disciplines as similar. A definition of IBL is presented in the Encyclopaedia of 
Mathematics Education (Dorier & Maass, 2014) in which IBL is seen as a student-centred 
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approach where students ask questions, explore contexts and situations and develop their own 
solutions to the questions. Again, the authors explicitly mentioned that the definition is inspired 
by science but argued that it can be applied to mathematics.  
 
Cariou (2015) analyzed 10 of the most popular definitions of IBL for mathematics and science 
including the one presented by the National Research Council (1996) and found four common 
features in the definition. These are: (1) an engagement to an interrogation, (2) students have more 
control and responsibilities in their learning, (3) the presence of dialogues over solutions, and (4) 
various productions made by students individually or in groups.  
 
Not only does the literature present multiple definitions of IBL, it also defines other teaching 
approaches that can be associated with IBL, such as problem-based learning, project-based 
learning, research, and discovery learning (Aulls & Shore, 2008). Having multiple definitions and 
approaches related to IBL seems to be problematic because teachers often find themselves 
confused with all the various interpretations of those terminologies, thus not knowing how to 
implement IBL in classrooms (Chichekian, Savard, & Shore, 2011). In addition, I agree with the 
researchers who argue that the lack of foundations and a definition of IBL for mathematics does 
not support the epistemology of the discipline. For instance, Rocard et al. (2007) and Houdement 
(2012) argued that experimentation is not always usable in mathematics compared to science. 
Moreover, Grenier (2012) suggested that experimental observation and deductive reasoning do not 
have the same functions in mathematics and in science. The author also stated that validation is 
more plausible in mathematics because results can be generalized and proven in mathematics, 
which is not always possible in science.  
 
Instead of attempting to define IBL in mathematics, some authors attempted to define key elements 
such as the types of investigations and questions that can be used with IBL. For instance, Cariou 
(2015) proposed three types of investigations according to the types of questions asked, which are 
explicative, pragmatic, and informative. Explicative investigations come from questions that lead 
to understanding a phenomenon and to bring explanations. Pragmatic investigations are realized 
with problems for which the goal is to find various strategies to find possible solutions. Informative 
investigations are types of questions that tend to bring answers or information. These types of 
investigations seem to fit for mathematics. However, I argue that other types of investigations 
could be added. One of them could be “justificative” investigations where the goal would be to 
justify and prove results. Finding patterns and proving them are important parts of doing 
mathematics.  
 
As for the types of questions, some indications are cited in the literature. For instance, Astolfi 
(2008) proposed two types of questions teachers can ask students: learning questions and 
evaluative questions. I argue that this classification may not always respect IBL instructions as the 
questions could be of low cognitive level. Lehrer, Kobiela, and Weinberg (2013) proposed a model 
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to analyze questions asked by students when using IBL in Euclidian geometry. These authors 
suggested four characteristics of questions. They are: (1) questions having the potential to 
generalize and prove results, (2) questions having the potential to study relations between 
variables; (3) questions having the potential to study invariants, and (4) questions having the 
potential to propose other investigations. I wonder if those characteristics can be applied to other 
mathematical concepts.  
 
Along with definitions and key elements, some authors presented types of IBL according to the 
roles and responsibilities of the teacher and the students in asking questions and in finding 
solutions. Kremer and Schluter (2006, in Bruder and Prescott (2013) proposed three types, but 
those types are for both mathematics and science. The types are structured IBL, guided IBL, and 
open IBL. In a structured IBL, the teacher poses the questions and also suggests strategies or 
resources for students to solve the problem. In a guided IBL, the teacher poses the questions or 
problems and the students must use or invent their own ways to find answers or solutions. In an 
open IBL, the students are responsible for both posing questions and finding ways to answer them.  
 
Some authors also suggested models of teaching using IBL in mathematics and science 
classrooms as well as for all school disciplines. I found two types of models in the literature: 
models that present key elements for implementing IBL in classrooms, and models that suggest 
practical steps for implementing IBL in classrooms. For the purpose of this paper, I describe one 
model from the second type: the 4E x 2 model, created and validated by Marshall, Horton, and 
Smart (2009). This model is the only one found that is considered for both mathematics and 
science. Marshall et al. (2009) argued that the 4E x 2 model was designed to equip mathematics 
and science teachers to implement elements from the reforms in classrooms. This model presented 
in Figure 1 contains three major components: formative assessment, metacognitive reflection and 
teaching. The teaching component consists of four phases: engage, explore, explain, and extend. 
In the engage phase, the teacher determines students’ prior knowledge including misconceptions, 
motivates and develop students’ interests towards a topic, and attempts to develop students’ 
scientific questioning. In the explore phase, students make predictions, plan and implement 
strategies, and collect information and arguments. In the explain phase, students interpret and 
justify the results and communicate them with others. In the extend phase, the teacher makes links 
and generalizes the results, and proposes additional challenges in order to see whether students can 
apply the new knowledge co-constructed in other contexts. The authors of the 4E x 2 model argue 
that this model is created using a Venn diagram because assessing and metacognitive reflecting 
should be done throughout the process. In addition, they suggest that this model presents the IBL 
process because the explore phase is done before the explain phase. The opposite (explain before 
explore) would consist of traditional teaching.  
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Figure 1: 4E x 2 model (Marshall et al., 2009). 

Implementation of IBL in Mathematics Classrooms 
Some studies focused on the implementation of IBL in mathematics or in mathematics and science 
classrooms. These studies shed light on different aspects of teaching and learning of mathematical 
concepts and processes and in an interdisciplinary context.  
 
As for teaching practices, one study considered them in a more general sense while two others 
emphasized the interactions between the teacher and students during discussions. The study on 
teaching practices in general was conducted by Blanton, Westbrook, and Carter (2005) as they 
studied the practices of three high school mathematics and science teachers using Valsiner’s theory 
that describes two zones: the zone of promoted actions which consists of what teachers value and 
perceive as teaching, and the zone of free movement which represents the teacher’s actions in the 
classroom. The authors concluded from classroom observations and discussions with the 
participants during eight visits that when the two zones do not align (the perceptions and the actions 
are different), teachers are situated in a third zone: the illusionary zone, and that zone creates 
obstacles in teaching. The results of this study thus stressed the importance for teachers to have 
clearer visions of what they promote and do in classrooms.  
 
The two studies on interactions focused on discussions researchers observed in three mathematics 
lessons in elementary grades during a period of six months. Each study used a different framework 
for their analysis. McCrone (2005) used Cobb’s discussion model that consists of five elements: 
discussion formats (small group of whole group discussions), the level of response (shorts of 
sophisticated reasoning), the roles of the teacher and the students, the sociomathematical norms, 
and the mathematical abilities. Results showed that the two components mostly emphasized were 
the discussion formats and the level of response. In fact, during the six months, students began to 
take a greater part in the discussions by listening and questioning others’ ideas. Leikin and Rota 
(2006) created their own model that represented three important actions during discussions: 
stimulating a beginning question, stimulate ideas, and synthesize ideas. They also added specific 
teaching practices to do while engaging in classroom discussions. These are questioning students, 
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representing ideas, restating ideas, creating a logical chain of ideas, presenting claims, and giving 
feedback. These authors concluded that teachers developed their proficiency in managing 
classroom discussions by asking more open-ended questions and giving more freedom to students 
to ask questions and argue their classmates’ ideas.  
 
Although the latter two studies seem to bring similar results, it is important to notice that the 
researchers only focused on one part of IBL instruction: the discussion. I argue that the whole 
implementation process should be studied even though most of the interactions between the teacher 
and students usually happen in that phase. Moreover, it is important to question the mathematics 
learned in these studies. Although teachers seemed to be able to orchestrate richer discussions, I 
question the richness of the mathematics learned during these discussions. Were the discussions 
oriented toward specific mathematical goals? Or were they going in various directions? Did these 
discussions bring opportunities for students to explore deep mathematical content and make links 
between mathematical concepts and links between concepts and students’ daily lives or even with 
other fields? Or did they only lead to the “show and tell” (Stein, Engle, Smith, & Hughes, 2008) 
of one mathematical rule or procedure? I suggest that deeper analysis of teaching practices in 
mathematics classrooms with IBL instruction is mandatory to shed light onto the quality of the 
learning process.  
 
Some studies have however made conclusions about student learning in general. In a meta-
analysis of studies on the implementation of IBL in mathematics and science classrooms in small, 
medium and large scales and mostly in Europe, Bruder and Prescott (2013) concluded that in 
general, students experienced deep conceptual learning, mostly with guided IBL by means of short 
problems with one correct answer. In her longitudinal study comparing mathematics teaching with 
IBL and traditional teaching in the United States and the United Kingdom, Boaler (1998) found 
similar results, concluding that students experiencing IBL on a regular basis in classrooms score 
better on standardized testing, and chose more challenging careers in the future. 
 
Similar positive results have been concluded with studies on mathematical abilities and 
processes. Chinnappan and Pandian (2009) studied how six students from Australia and six from 
Malaysia read, represented, explained and reflected on problems posed. They found that students 
were able to clearly explain their reasoning, but had more difficulty representing problems for 
which more than two steps were necessary to find a solution. As for the abilities to pose questions 
to generalize results, find relations between variables, and to determine invariants in ideas related 
to Euclidian geometry, Lehrer et al. (2013) found that six grade students were able to pose more 
open-ended questions in time, mostly those that enable studying relations between ideas.  
 
A few studies focused on learning specific mathematical concepts. Using IBL brought positive 
learning impacts in studies on proportions (Warren & Cooper, 2007) if the problems were 
accessible for students (Wozniak, 2015), in 3D geometry (Battista, 1999), and statistics (Ben-Zvi 
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& Garfield, 2004; Meletiou-Mavrotheris & Paparistodemou, 2015). However, the transition 
between different contexts seemed to be a challenge for students. In fact, in a lesson on comparing 
fractions, Tzur and Marty (2004) found that students had trouble making the link from the concrete 
to the abstract when the teacher asked them to compare two fractions with the same numerator. 
These authors concluded that for conceptual learning to occur, students must pass fromwhat they 
define as a participatory phase (discovering through action) to an anticipatory phase (being able 
to transfer abstract knowledge in other contexts), but more studies need to be conducted to 
understand the transition between those two phases.  
 
Integrating other school disciplines with mathematics while using IBL seems to also value student 
learning, but few studies have been done on learning in an interdisciplinary context. One was 
done combining mathematics and social studies as Brelias (2015) examined how high school 
students defined the utility, the potential and the limits of mathematics in society. In his study 
conducted in a mathematics and statistics methods course in social studies, students investigated 
questions related to social problems and used data to bring answers to those questions. The 
thematic analysis of classroom discussions and interviews showed that students were able to 
confirm that mathematics can be useful to prove certain facts, can permit objectivity in complex 
phenomena, and can put into question their thoughts and beliefs. Students were, however, able to 
find limits of mathematics as well. They found that mathematics cannot always put into perspective 
every aspect of a social phenomenon, do not always permit the possibility to make predictions 
about certain social problems, are not always relevant for phenomena involving citizens’ morals, 
and are not accessible for certain phenomena.  
 
Integrating the STEM fields with IBL also seems to bring positive results related to student 
learning. Morrison, McDuffie, and French (2015) investigated the impact of a high school’s 
mission in the United States to implement the STEM fields using IBL. Using interviews conducted 
with students, teachers and school administrators as well as classroom observations for two years, 
the authors found that problem solving was constantly used in that school and this strongly 
influenced students’ motivation, collaboration and interactions. The students from that school even 
obtained higher scores in standardized testing.  
 
The studies on IBL in an interdisciplinary context seem to show positive results, such as 
developing critical thinking in the case of integrating mathematics with social studies. But what 
do students learn in mathematics specifically? Even with IBL in STEM disciplines, although 
standardized tests results appear to be higher for students who were exposed to problem solving 
on a regular basis, I wonder if that result is based on the fact that students really learned 
mathematics or simply know how to solve problems better. 
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Conclusion 
The results of this literature review reveal that studies on IBL in K-12 mathematics classrooms are 
more recent and still quite limited. Although studies conducted to this point reveal positive effects 
on student learning and achievement, more research is needed to bring precision on its impact as 
well as effective strategies to support successful implementation in classrooms. However, I must 
confirm an important limit for this literature review. The results obtained came from studies where 
the authors clearly defined IBL as the topic of interest. Other studies definitely exist for which the 
authors did not explicitly define the instruction as IBL or used a different terminology. 
Contradictory results may exist, although I hypothesise that they would be similar if those studies 
were added to the collection of texts gathered for this review.   
 
For IBL to be implemented regularly and successfully in mathematics classroom, I propose that 
two key elements must be addressed. The first element is the lack of definition and precision on 
theoretical and practical foundations of IBL. The results of this literature review confirmed Maaß 
and Artigue (2013)’s hypothesis that links between theory and practice are not made. To respect 
the epistemology of mathematics and to better equipt teachers with tools for implementing IBL 
instruction, I propose that clear definitions and foundations should be made proper to mathematics. 
These theoretical foundations should highlight what it means to “do mathematics”. Borrowing 
foundations from science creates a “parent-child” relationship where IBL in science would be the 
parent and IBL in mathematics the child, in other words, all traits of IBL in mathematics come 
from the parent: IBL in science. IBL in mathematics having its own foundations would thus create 
a “sibling relationship” with IBL in science where each sibling would have its common and 
different traits.  
 
The second element that needs more attention is looking deeper at teaching practices. Aulls and 
Shore (2008) claimed that any forms of inquiry instruction cultivates and honors the student’s 
challenges to become an individual who is more independent at learning, as well as successful as 
a learner, and a productive citizen in society. For IBL to be successful in improving student 
achievement in mathematics, effective learning conditions must be implemented in schools. The 
best activities and the best resources are not enough to create those learning conditions. How 
teachers use those activities and resources will have a stronger impact on student learning. Thus, I 
argue that improving teaching practices in mathematics classrooms must be studied more 
thoroughly by researchers. Understanding the effectiveness of teaching practices with IBL will 
provide a basis for guiding teacher education and professional development in ways that could 
ameliorate student achievement. 
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PROBLEMATIZING INTEGRATION OF MATH AND SCIENCE 
LEARNING: USING REASONING 

P. Janelle McFeetors & Mijung Kim 1 
____________________________________________________ 
Abstract 
Interdisciplinary approach, knowledge integration and problem solving are key elements 
in a STEM approach, yet the meaning and level of integration have been critiqued with 
superficiality and separated curricula in classroom practice. We started our 
conversation by reflecting on our own mathematics and science teaching in the current 
teacher education programs and questioned where integration of science and 
mathematics takes place implicitly and how we could address this explicitly with our 
future teachers. We examined ‘reasoning’ as a possibility to deliver an interdisciplinary 
approach to STEM education. By sharing our learning and working with colleagues and 
teachers through one STEM hands-on activity in conferences and workshops, we attempt 
to examine the intersection of mathematics and science reasoning and further develop 
our pedagogical dialogues on interdisciplinary learning and teaching.. 
____________________________________________________________ 

Introduction 
As a conference proceedings paper, we would like to offer some thoughts that take seriously the 
call to inquire into possible connections between mathematics and science learning in elementary 
school. We situate our inquiry as teacher educators, curious about where we could explicitly 
integrate science and mathematics in teacher education by investigating with teachers and teacher 
educators their experiences of integration through reasoning. We have purposefully chosen an 
unconventional format, a conversational space, to honour one of the enriching characteristics of 
the Mathematics and Its Connections to the Arts and Sciences [MACAS] community as dialogue 
permeated the entire conference. We invite you to listen in on our conversation as we wrestle with 
what it means to create opportunities for authentic connections for elementary school learners 
across disciplinary boundaries. 
 
Janelle: I come to our work with a background in teaching high school students mathematics and 
currently as an academic in teaching and researching in the area of elementary mathematics 
education. As a high school teacher, there were clear disciplinary boundaries between mathematics 
and science, even in the institutional organization of separate departments. One of my last years 
of school teaching, a science colleague and I piloted an interdisciplinary project exploring 
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population growth and decline of endangered animal species. My science colleague helped the 
students explore environmental factors that contributed to changes in population while I helped 
students learn how to analyze trends in exponential growth and decline of the animal populations 
over time. The students integrated all of this learning within the product for the project. 
 
Mijung: I have been working in the area of elementary science education for the entirety of my 
career as a teacher and researcher. Working as and with elementary school teachers, I experienced 
the effects and necessity of knowledge integration and the collaborative nature of problem solving 
in the development of students’ scientific literacy. Yet, school curricula are separately structured 
and introduced independently of each other to school teachers. As a teacher educator, I have been 
teaching science methods courses to pre-service teachers and found myself often caught in the 
question of curriculum and teaching in silos, which limit students’ reasoning and problem solving 
into separated disciplines. How is the current separated approach to curriculum and teaching 
influencing children’s reasoning and problem-solving skills? This made us question the current 
practice of our teacher education program. 
 
Janelle: I think our early conversations of exploring how we could come together to create an 
interdisciplinary course for our undergraduate students reminded me clearly of the fact that 
children as problem solvers do not experience separation or differences in mathematical and 
scientific reasoning. And certainly, as another presenter pointed out at the MACAS 2019 
conference, everyday problems do not have disciplinary boundaries, but call on individuals to use 
their experiences, skills and understandings in connected ways. 
 
Mijung: Yes, we talked about our observations of elementary school classrooms, where we noticed 
that teachers often plan in interdisciplinary ways knowing that children’s learning is more 
meaningful when they make connections among ideas. I really noticed this when I was exploring 
students’ learning through scientific inquiry in a science charter school. In the science classroom, 
the teacher and students were into everyday, local environmental problem solving such as energy 
issues, salmon creek conservation, etc. and these required reasoning skills with knowledge 
integration, not science or mathematics only. Teachers often ask for activities they could use in 
their classrooms to integrate knowledge and skills and reasoning and problem solving around 
mathematics and science. I realized the nature of problem solving as captured in a STEM (Science-
Technology-Engineering-Mathematics) approach and further with STEAM inclusive of Arts, 
could support teachers (e.g., Singer, 2011). STEM problem solving includes social demands and 
engagement, design, and thus human ethics, thus A as Arts became critical in STEM integration.   

 
Janelle: Infusing STEAM activities as opportunities to learn through problem solving appears to 
be a promising response to integrate science and mathematics, along with other disciplines. In 
recent years, more resources have become available that contain engaging activities for students 
(e.g., Flinn & Mulligan, 2019; Jolly, 2016). A critical viewing reveals that much of the early 
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implementation of STEAM results in a coordinated approach (Babb et al., 2016) -- rather than 
integration -- where one subject area is prioritized over the other. We have talked about how this 
is a result of a preoccupation with the design of the activity, rather than how students experience 
the activity. How do teachers navigate these resources not only to ensure integration, but to make 
sure that each STEAM activity they select aligns with both the science curricular expectations and 
the mathematics curricular expectations of the grade they are teaching? 
 
Mijung: Teachers at schools encounter great challenges. Educators believe that children learn 
with/through experiences to become critical and creative problem solvers, which inevitably 
requires knowledge integration (Godemann, 2008; Polk & Knutsson, 2008). In learning 
through/with experiences, there are no disciplinary boundaries, but school curricula suggest and 
emphasize its own knowledge and skills. We can see those in our curriculum documents. Teachers 
are trying to balance the curricular expectations and realities of children’s learning. I remember 
the moment when you and I were discussing children’s reasoning in one problem context, you 
mentioned something as “mathematical reasoning” and I said, “That’s science reasoning.” We 
looked at each other laughing. And I think this was the moment that we realized we are looking 
into children’s reasoning, not mathematics or science reasoning. 

 
Janelle: I remember that clearly! I think we simultaneously imagined how children we have 
observed and listened to in our teaching/research would problem solve and justify their solution 
within the context. To me, our orientation speaks to the desire to humanize learning in mathematics 
and science, a preoccupation of mine with high school mathematics students previously 
(McFeetors, 2006, 2014). Fischer (1992) speaks to this as the “human factor, the relationship 
between people and mathematics” (p. 10, emphasis in the original) that has implications for 
learning. Rather than prioritizing content, humanizing learning in mathematics and science seeks 
to understand how students make sense of ideas, how students come to see the disciplines as 
sensible, and how students come to see themselves as capable mathematicians and scientists. For 
us, it means focusing on children’s thinking, ways of communicating, and substance of their 
communicating as they work on particular contexts or problems. 
 
Mijung: And that’s where reasoning helps give us a window into how students are learning 
through inquiry. Reasoning is a cognitive process that students express in a variety of means and 
at many times throughout an activity. So while an activity draws students together around a 
common problem to solve and could be contextualized within mathematics or science, students 
frequently employ reasoning to learn through the process of resolving the problem. But within the 
process, labelling reasoning as mathematical or scientific has not been as productive in my research 
as recognizing and understanding the different aspects of reasoning students employ. 
 
Janelle: I appreciate the reminder that there are different aspects of how students go about 
reasoning as I have thought about the forms and verbs of reasoning (McFeetors & Palfy, 2017) 
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that aid in identifying moments of reasoning. With our previous research and interest in the role 
of reasoning in children’s learning of mathematics and in children’s learning of science, perhaps 
we can pose questions that can help us connect our understandings toward enhanced learning in 
schools: Can we enter into a conversation about integrating elementary school mathematics and 
science learning differently? To what extent is the process of reasoning a possible intersection 
between mathematics learning and science learning in elementary schools? 
 
Mijung: These are challenging questions that we have only started to think about. Perhaps the 
MACAS community could join us in exploring the possibilities. 

Our Connections to Mathematical Reasoning and Scientific Reasoning 
Mijung: We could start with an international perspective. Critical reasoning and problem solving 
are key skills of 21st century citizenship as we experience increasing numbers of complex problems 
in society such as energy shortages and pollution (OECD, 2013). People deal with non-routine, 
complex problem-solving tasks more than ever today and this tendency will continue to grow 
(Wüstenberg et al., 2016). This led us to question how to educate young students to get ready for 
these challenges and how to develop students’ reasoning and problem-solving competencies for 
future society (Wirth & Klieme, 2003). How are these competencies introduced in our curriculum? 
We started to look into our provincial curricula. 
 
Janelle: I think the question of re-viewing our curriculum for instantiations of reasoning as a place 
to ground our conversation is a strong place to begin. While textbooks are often used as teaching 
resources in elementary school, in our jurisdiction of Alberta, Canada, it is the provincial 
curriculum documents that teachers turn to most frequently. Even our provincial curricula 
perpetuate a dis-connect between mathematics and science as the documents are not only separate 
but also have differing structures making connecting challenging for teachers. 
 
Mijung: I agree that provincial curricula are a good starting place to understand the context of our 
inquiry. In fact, since there are many perspectives on what reasoning might entail, for example, 
scientific thinking by Kuhn (1989), informal reasoning by Sadler (2004), and evidence-based 
reasoning by Furtak et al. (2010), we could use working definitions from each of the documents 
regarding reasoning as a starting place. As I searched in the science document, however, I was 
surprised to find no direct definition of reasoning. Rather, the document described the qualities of 
reasoning that students might embody in learning science, such as: 

Active inquiry and problem solving can be stimulated by providing an initial focus and challenge for 
learning, by engaging students in developing or adapting a plan of action and by involving students in 
evaluating results … program provides a rich source of topics for developing questions, problems and 
issues, that provide starting points for inquiry and problem solving. (Alberta Education, 1996, p. A.2) 

In addition to an inquiry focus, developing critical thinking skills is a primary goal of science 
education, especially by employing evidence to support emerging ideas. Students’ understanding 
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the coordination between theory and evidence has been emphasized as an essential part of scientific 
thinking (Kuhn, 1989). This has also been reflected in our curriculum. For example, a General 
Learner Expectation includes: 

Students will show growth in acquiring and applying the following traits: … critical-mindedness in 
examining evidence and determining what the evidence means; a willingness to use evidence as the 
basis for their conclusions and actions. (Alberta Education, 1996, p. B.24) 

Scientific thinking, in the provincial curriculum, is viewed as comprised of critical thinking and 
evidence-based reasoning. 
 
Janelle: In my reading of the mathematics provincial curriculum, I did find that reasoning is named 
more explicitly as a mathematical process, of which seven processes are “critical components that 
students must encounter in a mathematics program in order to achieve the goals of mathematics 
education and embrace lifelong learning in mathematics” (Alberta Education, 2007/2016, p. 4). 
Beyond that, I found a similar phenomenon of an absence of definition, but with the benefits and 
also characterizations of the actions students carry out while reasoning, such as: 

Mathematical reasoning helps students think logically and make sense of mathematics … Students can 
explore and record results, analyze observations, make and test generalizations from patterns, and 
reach new conclusions by building upon what is already known or assumed to be true. Reasoning skills 
allow students to use a logical process to analyze a problem, reach a conclusion and justify or defend 
that conclusion. (Alberta Education, 2007/2016, p. 6) 

Broad in nature, these actions could be woven through all of the content strands as children 
describe and support their mathematical thinking (Mason et al., 2010; Schoenfeld, 1992; Tall, 
2013). The embodied and cognitive actions offered in both curricula provide strong starting places 
for teachers to attend to children’s reasoning. At the same time, they also point toward reasoning 
as logical and systematic patterns of thinking (e.g., McFeetors & Palfy, 2017; Reid, 2002) that 
enables children to make sense of phenomena and situations under consideration. 
 
Mijung: This gives us a broad definition to work with in our thinking about integrating science 
and mathematics learning through the cognitive process of learning. I think both science educators 
and mathematics educators could see their respective disciplines reflected in a logical and 
systematic way of thinking. In my own research with young children, I have learned that 
“reasoning as higher order thinking emerges and develops first through social interactions, which 
are internalized later” (Kim, 2016, p. 55) and that the social context enables students to “signify 
and justify their interpretation of observed phenomena through the dynamics of diverse 
information, evidence, and communication” (p. 53). I think reasoning relies on effortful reflection 
where children bring together their prior understandings and current evidence generated from a 
problem to evaluate both a resolution and their logical thinking that led to the resolution. 
 
Janelle: This really resonates with my sense of Dewey’s notion of educative experiences (Dewey, 
1916/2007, 1938/1997), where learning occurs through activity and reflection that is marked by 
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interaction and continuity. I would like to suggest that we could productively inquire into a 
possibility for connecting mathematics and science learning in a similar manner. Why don’t we 
engage with this inquiry by working on how we and our colleagues might collectively experience 
integration through reasoning? While eventually we would like to move toward using reasoning 
to integrate mathematics and science learning in elementary school, I think exploring the 
possibilities with adults who are both disciplinary experts and teachers will help us understand 
what to watch for in elementary school classrooms in children’s learning and how to support our 
pre-service teachers in learning about reasoning and integration. 

Connecting through Experiencing 
Mijung: Since the spark in our conversation was ignited by a shared understanding of how children 
would reason through a particular context, we invited participants at MACAS to consider 
connections between mathematical reasoning and scientific reasoning by engaging in an activity. 
Perhaps their rich background in working with children in many classrooms across several 
countries will provide a broader view of what we can anticipate in children’s reasoning across 
science and mathematics. 
 
Janelle: Perhaps this seems contrary to our assertion that authentic integration must be found in 
places other than starting with activities. However, it seemed necessary to have a common 
experience of reasoning in action to fold back reflection on during those moments and to enliven 
the conversation. It is a great way to proceed, could we revisit the car and ramp activity we have 
used previously? 
 
Mijung: This activity has generated a lot of interesting thinking and feedback when we have used 
it with teachers and teacher educator colleagues. A lot of teachers often use this activity to develop 
science inquiry skills such as hypothesis making, data collection and analysis, and drawing 
conclusions. It is one of the popular science activities among teachers. The car and ramp activity 
is depicted in Figure 1 along with two problems that we posed to colleagues at the MACAS 
conference. To support the exploration of the activity and associated reasoning, we provided small 
groups of colleagues a toy car, ramp, washers, protractor, and measuring tape to solve the 
following questions. 
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Problem 1: How can you make your toy car stop at a certain distance (by itself)? 
Problem 2: How are the angle of the plank and the distance that the toy car travels 

related? 

Figure 1. A toy car on the ramp (Investigating Toy Cars, n.d.). 

 
Janelle: Here is where it gets interesting! At MACAS conference we had two different groups 
working on this problem, but in previous years we have had colleagues and teachers try out this 
activity. Let’s share a compilation of observations of how a variety of groups proceeded. We can 
piece together a storyline that has as its priority being faithful to the kinds of thinking -- the 
reasoning -- that participants as problem solvers employed while going about resolving the 
problem. At the same time, we can weave in interpretive observations of the kinds of reasoning 
we see at play and that were often discussed as we wrapped up the problem solving. 
 
Mijung: I have noticed that conversations begin immediately as groups negotiate which problem 
to work on. Our intention in providing a choice was more to open up the space rather than fostering 
a rich conversation, but the deliberation causes participants to examine critically the problems. We 
have noticed that often groups choose Problem 1 when their curiosity is piqued by wonders about 
how far they suspect the car will be able to travel or by a desire to have a very open starting place 
that allows them to select what factors impact the distance the car travels they will attend to through 
the inquiry. We have noticed that often other groups choose Problem 2 when they immediately 
imagine that they could be systematic about their investigation or when they appreciate the 
productive constraints of a relationship to develop where the independent variable is given (i.e., 
angle of the ramp). 
 
Janelle: Even at this early stage of engagement, colleagues have helped us move forward in our 
thinking with suggestions as groups pick up and examine the provided materials. Participants 
appreciate the simplicity of the materials, where teachers could easily improvise with what they 
have at hand. In fact, at MACAS we improvised with large portable whiteboards used as ramps 
instead of flattened, large cardboard boxes! Within the setup of materials, we were grateful for 
colleagues’ recommendations to provide children opportunities to design their own vehicles -- 
rather than our provision of cars -- to incorporate a design element to reflect the engineering aspect 
of STEM (Truesdell, 2014). At conference workshops, I still think it was an effective decision to 
provide vehicles so that colleagues can quickly engage in the investigation and logical thinking. 
 
Mijung: And so related to problem selection, the first moment we often saw logical thinking -- 
reasoning -- is when participants read the problems. Reading the problems, they started to interpret 
what the problem was asking of them and how this could be resolved (Polya, 1954). For Problem 
1, participants often talked about how students could predict what factors would impact the 
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distance the car would travel such as weight of the car, angles of ramp, resistance of the ramp 
surface, etc. Then they started to predict what would happen if they changed one variable 
(hypothesis-making) and tested their ideas. Examples of hypotheses could be ‘if the car is heavier, 
the car will travel a shorter distance,’ or ‘if we put a wool scarf on the ramp, it will slow down the 
speed of the car, then the travel distance is getting shorter,’ or ‘the steeper the ramp is, the further 
the car travels.’ For Problem 2, the variables are already given -- the angle and the distance -- thus, 
limiting hypothesis and test design. Science education research has long emphasized the 
importance of hypothesizing (e.g., Lei et al. 2009; Tytler & Peterson, 2003), especially within 
hypothetico-deductive reasoning (e.g., Chen & She, 2015; Lawson, 2008). 
 
Janelle: Ah! It does not surprise me when mathematics teachers and educators exhibit the same 
kind of thinking that you have just identified as hypothesizing. However, in mathematics education 
we often refer to this as a conjecture (e.g., Boero et al., 2007; Burton, 1984; Polya, 1954).I often 
heard conjectures for Problem 2 related to proportional thinking, as in ‘if we increase the angle by 
10° each time, perhaps the car will go 25% further.’ A conjecture can be defined as “a statement 
which appears reasonable, but whose truth has not been established” (Mason et al., 2010, p. 58) 
and as a “process of sensing or guessing that something might be true and investigating its truth” 
(p. 59). It seems, then, that a hypothesis in science and a conjecture in mathematics share a 
commonality in problem solving where individuals reason by making a claim based on prior 
experiences, knowledge, and perhaps observation to predict what could happen in an unknown 
situation. I have noticed that the hypothesis/conjecture often propels groups quickly into their first 
trial. In Problem 1, groups tend to background factors related to the ramp and vehicle and focus 
on hoping the car will go as far as possible. When groups have trivialized the problem by placing 
a barrier at the expected distance, we engage in conversation about how to make the context 
problematic by estimating a distance they think the vehicle can travel. In Problem 2, I have noticed 
many groups across workshops begin with small angle of inclination and find a precise angle by 
employing their skill of measuring with a protractor. Initial investigation and reasoning aligns with 
Polya’s (1954) use of plausible reasoning where “it is reasonable to try the simplest case first” and 
that “even if we return eventually to a closer examination of more complex possibilities, the 
previous examination of the simplest case may serve as a useful preparation” (p. 194). 
 
Mijung: The first trial was usually quite instructive in terms of setting up and testing the materials, 
yet soon groups were engaged in describing their observations of what happened and offering 
tentative explanations of why it occurred. This first trial often leads to modifying the goals of 
problem solving. We observed a group of teachers who chose Problem 1 and after the initial trial, 
they changed their goal. They observed that their car raced across the conference room and almost 
right out the door. So, rather than trying to get their car to stop at the predetermined distance of 2 
metres, they modified their goal for the car to go out the door into the hallway. They surveyed the 
materials available and decided to experiment with differing number of washers. Problem solving 
as science inquiry is a dynamic non-linear process where students interact with the materials, peers, 
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and other elements of learning environments (Stamovlasis, 2006). In particular, material 
availability and manipulation often orient and intervene ways of students’ reasoning and problem 
solving process (Kim & Roth, 2016) and this example clearly demonstrated the moment that social 
interactions through materials led the teachers to change task goals, test design, and later their 
conclusion. 
 
Janelle: What I have noticed in most groups is that after their first few attempts and refining their 
conjecture/hypothesis, the experimenting becomes more focused and yet maintains a sense of 
playfulness in changes between each attempt. Playfulness, grounded in Dewey’s (1913) 
characterizing, is gaining importance in conversations about mathematical experiences (e.g., 
Francis, 2019; Higgins & McFeetors, 2019; Suh, 2020). In mathematics, this focused approach to 
problem solving would be seen as systematic, signaling a sophisticated way of engaging. In fact, 
the systematic, sophisticated and organized manner allowed the adults to reason efficiently similar 
to what is expected of older students as they progress in experiences to reason mathematically 
(Glass, 2004). Working systematically has required group members to convince each other of how 
to vary each attempt, calling on informal reasoning, “which rely on the application of everyday 
knowledge and thinking skills to a suitably similar situation” (McFeetors & Palfy, 2017, p. 106), 
to explain what factor should be varied and by how much. What is fascinating are the bases that 
group members use to convince the rest of their group, and how fluidly group members move 
between mathematical concepts and scientific concepts. For example, in Problem 2 I have 
witnessed discussions that are sometimes quite animated about whether to increase the angle by a 
common difference (addition) or a common ratio (multiplicative). 
 
Mijung: Yes, I remember some of those groups. For Problem 2, groups used tables and graphs for 
their data recording. Here are some examples. In this process of data collection, groups were really 
involved in thinking quantitatively (Steen, 2002). They repeated their tasks and recorded data in 
the table. They mentioned, ‘Let’s calculate the total and average for each angle.’ Later they put the 
averages on a graph where the relation between angle and distance could be visualized. Visualizing 
is an important process in both science and mathematics education (Norris, 2012). 
 

Angles of ramp 1st run (cm)  2nd run  3rd run  ... Average distance  

10°              
   

30° 
     

60° 
     

Table 1. An example of data table format. 
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Groups continued to use the chart and graph in discussing what conclusion they could make from 
this data set to support their hypothesis. During the data collection, they also mentioned words like 
weight, mass, speed, velocity, acceleration, gravity, etc. which were associated with car travel 
distance, which later became the base of their interpretation and discussion on the numeric data. It 
was evident that their problem solving was intertwined with quantitative and qualitative ways of 
thinking and doing. Regardless of the disciplines from which they draw their previous knowledge 
and understanding, the way they go about convincing their other group members (the process of 
reasoning) is similar. It was clear there was an intersection of science and mathematics in this 
problem solving. 
 
Janelle: Making a graph, considered an iconic representation (Bruner, 1966), could also be 
labelled as imagistic reasoning (English, 1997). I think in mathematics, the desire to keep track 
through making charts and graphs is a common approach. To build on being systematic, the charts 
and graphs enabled looking for patterns in the attempts. This move supports the use of inductive 
reasoning where the goal is “drawing of a ‘generalized conclusion from particular instances’ using 
observation or experience” (Simon, 1996, p. 197). I also observed a similar occurrence in Problem 
1 cases. For example, while working on Problem 1 a group decided to use a toy dump truck that 
had an open box and place washers in the truck box. Once they started systematically adding the 
same number of washers in for each new attempt, a group member recorded the number of washers 
in the truck at the beginning and end of each attempt (sometimes washers fell out when the truck 
hit the floor at the bottom of the ramp!). As this group and other groups saw patterns in their charts, 
they would express them aloud to offer explanations of the phenomenon. 
 
Mijung: Do you remember one group working on Problem 2 encountered extreme cases which led 
them to another level of questioning and conjecturing? The group tried to raise the ramp each time 
and finally put it at 90° from the floor. Before that time, they saw the distance of the car travel kept 
increasing as the angle of the ramp increased. They said their hypothesis was being proved and 
felt quite confident. Then at 90°, suddenly the distance got shorter. They repeated it and reached 
the same result. This datum broke the pattern and made them question why. They questioned why 
the positive association between the angle and distance was not working any more at 90°. Then 
they strove to observe the phenomena more carefully and come up with various hypotheses to 
make sense of the situation. This is a great moment of science inquiry. Discrepant events like this 
in science and mathematics learning are effective to develop students’ critical thinking and 
reasoning (Chin, 1992; Hoover, 2016) as these challenge students’ reasoning at the process of 
generalization. This theory can explain most of cases but why not this case? 
 
Janelle: I would say this would be specializing through extreme cases (Mason et al., 2010) which 
mathematicians do (often in order to eliminate possible counter examples). And I think for many 
of the groups, testing of extreme cases pointed to the fact that they were very close to completing 
their problem solving and wanted to ensure they were being thorough so they could justify their 
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conclusion. The resolution of problem-solving leads to a statement of conclusion that needs to be 
supported by the analysis of their observations. I remember a group solving Problem 2 ended up 
looking at the pattern they noticed in the relationship between angle and distance travelled. In fact, 
some mathematics educators may agree that “mathematics is … about pattern and order of all 
sorts” (Steen, 1990, p. 2) and that pattern-noticing and pattern-expressing are important actions in 
mathematizing. I have been wondering about the role of data, because in mathematics class we 
often prioritize a generalization in patterning as a justification. The act of justifying is often 
discussed interchangeably with reasoning in related literature (e.g., Jonsson et al., 2014; Thom, 
2001) that includes convincing others that a solution works all the time (Mason et al., 2010). It 
seems to leave behind the particularities of individual data. 
 
Mijung: That’s an interesting wonder. Let’s return to one of the groups as an example. For the 
group solving Problem 1 and trying to get their car out the door of the conference room, they 
resolved the problem by achieving that goal. Immediately after that occurred, they sat back and 
reflected on what contributed to their success. They noticed a pattern in the number of washers 
they added to the vehicle and how many fell out at the end of the ramp. The group also connected 
this to scientific concepts of increased momentum caused by more washers on the truck’s descent 
but decreased friction when travelling on the floor caused by the washers that fell out at the bottom 
of the ramp. Their pattern-noticing continued to make sense of the relationship between the number 
of washer and car distance and was enriched by their explanations. The number of washers and 
distance were becoming evidence for generalization, that is, evidence-based reasoning for/with 
rules (Brown et al., 2010). However, in classroom situations, unexpected results and discrepancies 
take place during students’ experiments as seen in the case of 90° ramp above and also falling out 
washers in this case. These unexpected data also needed to be reflected on and examined in the 
process of generalization and justification, which furthers their reasoning. 
 
Janelle: Workshop participants, both at MACAS and at other conferences, attempted to solve the 
problems by collecting and analyzing data to generate answers to these problems. They also 
reflected on how their reasoning worked during the problem solving in terms of mathematical and 
scientific reasoning. What resonated strongly with us is how participants frequently discussed the 
unnecessary boundaries of disciplines in problem solving contexts. We found this reaction worthy 
of noticing, as our colleagues identify themselves by their disciplinary context as science educators 
or mathematics educators, yet even within their disciplinary expertise the boundaries disappeared. 
We wonder how much more this may be the case for elementary school children who may not be 
enculturated into disciplinary differences when they live out problem solving holistically. 
 
Mijung: When I have tried this activity with my classes, pre-service teachers suggested to expand 
this activity to everyday situations by adding some scenarios. For instance, for Problem 2 they 
added a scenario of tobogganing: To enjoy tobogganing safely, I need to make it stop at some point 
so that it does not crash into any obstacles, so what is the best way to make it safe? Students were 
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excited about these kinds of real-life problems. It is really exciting to see how eagerly they were 
engaged in problem solving inquiry and contextualizing in lifeworld contexts. They also perceived 
the possibilities of interdisciplinary learning and teaching with mathematics, science, social issues, 
language, design art, etc. As they problem solve in authentic contexts, this is a stance that my pre-
service teachers are developing for themselves out of their experiences. What is interesting to me 
is the resilience of engagement and knowledge integration are not any different in elementary 
science classrooms. I had elementary students work on similar problem-solving activities on forces 
and motions of moving objects in everyday lives. There were of course, differences in the level of 
knowledge and skills involved in problem solving activities, yet, knowledge integration and 
reasoning through everyday experiences were evident in both groups. One year, I also had my 
university students work with elementary students on problem solving in the unit of flight and 
aerodynamics. They experienced and appreciated the dynamics and complexity of children’s 
knowledge building and problem solving in holistic, everyday contexts.  

Exploring Possible Connections 
Janelle: We have learned a lot by having discussions with our colleagues at MACAS around the 
potentiality of reasoning being a point of authentic integration for mathematics and science 
learning in elementary school. It seems that as groups were engaged in problem solving, they 
continuously relied on accepted forms of reasoning or argumentation -- such as inductive, 
deductive, analogic, etc. -- that helped them express the reasoning processes they employed -- such 
as conjecturing/hypothesizing, explaining, investigating, representing, modifying, convincing, 
justifying, etc. And while in the moment of reasoning and then during reflective thinking 
afterwards, participants were challenged to identify disciplinary practices and turned discussions 
toward the processes they enacted to resolve their problem. Once the problems are identified and 
goals are shared in the problem-solving community, disciplinary traditions and knowledge and 
reasoning skills are all complexly intertwined and integrated in collective levels. At the same time, 
we must recognize that participants and children would rely on concepts related to the two different 
disciplines (e.g., proportionality or measurement in mathematics, friction or velocity in science) 
to justify their solutions, but that the approaches to thinking have many similarities between 
mathematics and science. 
 
Mijung: As a result of this inquiry and our conversations, we are left with more questions and 
challenges to explore how children develop reasoning and knowledge integration through problem 
solving processes and further how to develop pre-service teachers’ understandings of intersections 
of mathematics and science reasoning and knowledge building. As discussed earlier, the 
STEM/STEAM approach has been critiqued for being superficial, and yet developing intersection 
of disciplinary knowledge and skills is critical for meaningful integration (DeCoito, 2016). In fact, 
an interdisciplinary approach is more than “putting things together.” The boundaries of disciplines 
are intersected and blurred to the point where it is not productive to label actions as either scientific 
or mathematical. The activity we introduced here is a good example of intersecting disciplines 
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with commonalities and inseparability in reasoning and problem solving. Problem-based learning 
(PBL) is a well-known pedagogical strategy to develop students’ reasoning and problem-solving 
skills in mathematics and science education (Gillies & Khan, 2009; Wirth & Klieme, 2003) and 
teachers introduce problems in everyday contexts to connect students’ learning to their lifeworld 
(Hmelo-Silver, 2004; Zou & Mickleborough, 2015). Yet, as we questioned in the opening of our 
conversation, how effective is it to teach this problem-solving context separately in mathematics 
and science classrooms? 
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CONTEXT LIMITS AND BENEFITS: THE CASE OF 
PROPORTIONS 

Anastasia Lobanova, Elena Vysotskaya, Mariya Yanishevskaya1& Iya Rekhtman2 
____________________________________________________ 
Abstract 
In traditional math curriculum, fractions are introduced before all other ratio-based 
concepts, moreover, teaching these concepts is based on fractions. This paper describes 
our experience with teaching ratio-based concepts without any reference to students’ 
previous math knowledge related to ratios. We discuss different contexts that support 
learning the idea of compound unit as a building block of the ratio, as well as their 
benefits and limitations. The compound unit is considered as a basis for building other 
strategies to deal with ratio-based concepts. 
____________________________________________________________ 

 
Introduction 
Proportional reasoning is a vital outcome of teaching math at middle school. Researchers and 
educators consider it as a prerequisite to learning in more advanced algebra courses (see, e.g., 
Kaput et al., 2008; Lee & Hackenberg, 2014; Pearn & Stephens, 2018). Proportions, fractions, 
percent, and other ratio-based concepts form a highly interconnected structure that is a challenge 
to teach. Researchers discuss different contexts where ratio is used and emphasize the importance 
for students to be familiar with a variety of interpretations (e.g., Lamon, 2012; Lobato & Ellis, 
2010; Quintero & Rosario, 2016). Unfortunately, such innovations are rarely implemented into the 
regular middle- school math curricula, and every science teacher knows that many errors should 
be expected when students face ratio-based concepts ranging from density to concentration (e.g., 
Arons, 1997; Dawkins et al., 2008; Hawkes, 2004). As a result, students often have to be taught 
each important concept from scratch because their understanding of the ratio and the skills required 
to manipulate it are not sufficient.  
 
Understanding the Ratio 
Every ratio-based concept is necessary and helpful in its own context that implies a particular 
situation, prompts a certain way to deal with it, and makes the concept meaningful and 
understandable. Math educators use various contexts, from scaling a recipe to enlarging a photo, 
to discuss with students the meaning of a given ratio and ways to deal with it (e.g. Cengiz & 
Rathouz, 2018; Lamon, 2012). But what about the math core of the ratio? Researchers emphasize 
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two different but connected ways to understand ratio: as a multiplicative comparison of two 
quantities and as a composed unit (Lobato & Ellis, 2010).  
 
According to Lobato and Ellis (2010), forming a multiplicative comparison involves asking “How 
many times greater is one thing than another?” or “What part or fraction is one thing of another?” 
(ibid, p.18). Joining (or composing) two quantities to create a new unit is another way of 
understanding a ratio. When students repeat or partition two given quantities simultaneously in the 
course of solving a problem, they represent the ratio as a composed unit (ibid, p.19). Cengiz and 
Ratouz show how the students express their ideas and even emphasize “a lack of multiplicative 
comparison language (times as much) in favor of composed unit language (for each, for every, 
per)” (2018, p.151) when working with preservice elementary and middle school teachers. 
Researchers consider the multiplicative comparison as more advanced, efficient, and complicated 
understanding as compared to the composed unit (Cengiz & Rathouz 2018; Lobato & Ellis, 2010,). 
This view might stem from the fact that the former is more independent from any context, whereas 
the composed unit is described as “a rudimentary, yet foundational concept” (Lobato & Ellis, 2010, 
p.19). We agree that the composed unit is a “foundational concept,” but we cannot agree to its 
characterization as rudimentary. It can be regarded as primitive or insignificant only if the students 
learn and apply it on their own, without any analysis, discussion, and support from the teacher. In 
our experience, as will be discussed below, the composed unit can be developed and significantly 
refined; moreover, it can support students’ proportional reasoning from the very beginning up to 
quite complicated problems. Besides, teaching within a context can significantly promote students’ 
understanding and proportional thinking that is based on the composed unit. As this approach 
provides numerous benefits, we see no reason to try to get rid of the context or promote early 
transition towards multiplicative comparison. In fact, we consider the composed unit in such a 
different way that a different name is warranted; henceforth, we will be using the term "compound 
unit." 
 
Compound Unit: Building Block of the Ratio 
As science educators, we believe that (1) for students, understanding intensive quantities such as 
density, concentration, speed, pressure, power, etc. is at least as important as the pure ratios 
(fractions, percent, etc.); (2) the students who master these scientific concepts well enough will 
have no significant difficulties dealing with fractions, percents, and other pure ratios in their 
subsequent math classes. But is it possible to teach intensive quantities without using the 
mathematical machinery built around fractions?  
Intensive quantities are especially tricky because they require students to manipulate 
simultaneously two quantities of different kinds. Simon and Placa (2012) argued that they require 
students to work in two “measure spaces” instead of one. Two quantities of different kinds that 
form a ratio should be measured, each with its own unit (this is why we prefer the term "compound 
unit" to "composed unit"). Another feature is that we consider compound unit as the smallest 
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building block of a given ratio expressed in whole numbers, and we teach students to look for it 
when they deal with a ratio [1].  
 
Our main research question is whether the students are able to learn the ratio nature of a particular 
scientific concept within the related context without studying the "mathematical side" of ratios 
(e.g. fractions) first. If the answer is positive, we would like to know what the benefits and 
limitations are of this approach. Below we summarize in general terms our experience with 
teaching several experimental modules, each targeting (explicitly or implicitly) a certain ratio-
based concept in its particular context. 
 
Modules and Their Features 
We have tested different contexts to introduce the ratio for elementary and middle school students 
in various settings. The following contexts have yielded promising results and will be discussed 
below:  

• Buoyancy: students build the concept of density via the module for 5-6th graders called 
“Make It Float!.” Several versions of the module have been tested, with and without the 
support of computer simulation. In different configurations, this module takes from 2 
months (16 class-hours) to a semester (34 class-hours; Vysotskaya et al., 2017).  

• Paint mixing: students model the process of ink dilution, with a possible transition to the 
concept of concentration in later grades; this module for 2-4th graders takes from 2 months 
(16 class-hours) to a semester (34 class-hours) to complete. 

• Reflections: students figure out how to find heights or distances using the mirror method, 
write a manual for it, and then compete in hitting a target by a reflected beam of light; this 
module for 5-6th graders takes from 10 to 20 class-hours to complete (Vysotskaya et al., 
2015). 

• Marketplace: students play a game of “trading goods” to determine either the rates of 
exchange or how to make a profit; the duration varies from 10 to 20 class-hours for 4-6th 
graders. 

• Assembling a kit: the 1st-graders learn how to count by groups as they assemble various 
kits, and how to figure out how many items they need to make a certain number of kits. 
The course takes from 20 to 34 class-hours to complete (Vysotskaya et al., 2019).  

 
The modules were designed within the Developmental Instruction framework (Davydov, 2008) 
that considers students’ concepts as derivatives of their meaningful actions [2]. 
The modules share the following common features: 

• There is a real or virtual “object” that can be controlled by changing the terms in the 
associated ratio. Both terms are clearly presented, and the students check all their guesses 
by experimenting with the “object” [3]. 
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• Students work in pairs where each of them is in charge of only one term. They alternate 
roles as they work through the presented problems. This way, both students can realize 
how a change of a term affects the whole “object” [4]. 

• Students gradually realize that there is a characteristic of an “object” that allows them to 
manipulate it. We argue that this characteristic is the compound unit; it works as a tool that 
enables students to predict the behavior of the “object” and plan how to change it in a 
desired way. The first part of each module aims at presenting the idea of a compound unit; 
the second part lets students explore it, learn its properties and the ways to manipulate it. 

• Every module offers various types of meaningful problems that are supported by the central 
context. In each case, this set is slightly different, as discussed below. 

 
Method 
We have exploited the “genetic experiment” (term by L.S. Vygotsky) approach that is similar to 
the educational design research methodology (e.g. Cobb et al., 2003). All modules were taught in 
urban schools; whenever possible, the studies used pre- and post-tests design with a control group. 
In a few cases, such a design was problematic due to completely new problems and contexts that 
young students had never encountered in other settings. For example, the “Paint mixing” module 
(see below) implies that the students model the composition of ink-water mixtures to learn how to 
prepare a given shade. This content is absent in regular elementary school curricula, so it is 
impossible to find a control group for comparison. We deal with a similar problem regarding our 
newest “Assemble a kit” module for the 1st-graders because such content is not typical to 
elementary math curriculum for the first grade. By contrast, the “Reflections” and “Marketplace” 
modules have not been taught independently; rather we have used them in addition to other 
modules, in particular, “Make it Float!” or “Paint mixing”. By doing so, we transfer the idea of 
compound unit to new settings or to review it after a break 
 
Density Through Buoyancy: “Make it Float!” Module 
The context of buoyancy allows 5-6-graders to build and test different “submarines” in various 
“waters.” These “waters” have a “secret” property – adults call it “density” – but the students do 
not know what it means and how to use it. To learn how different objects behave in water, students 
start by building real “vessels” from Styrofoam blocks and nails to make them float, sink, and hang 
in the water (i.e., be balanced). Next, the students switch to a computer simulation that eliminates 
the disturbances of real experiments. The context can provide a step-by-step support for students 
to learn, explore, and realize the following:  

• what it means for ratios to be equivalent, how to check whether given ratios are equivalent, 
how to build equivalent ratios, and how to use a grid to display them;  

• how to compare ratios, and what it means for a ratio to be "greater" or "smaller" than 
another ratio;  

• the ratio (i.e., density) has its own meaning, and a comparison of two ratios makes a 
physical sense rather than being just a math exercise; 
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• the grid is helpful in solving ratio-problems: it allows students to find equivalent ratios, 
compare given ratios, find a ratio “in between” of two others, and so on;  

• The strategy used to solve a particular problem can be turned into a rule, but the easiest 
way to understand the rule is to solve and explore the original problem without referring to 
the rule; 

• the standard addition rules and strategies are useless for ratios. 

 
Table 1: Development of students’ actions. 

 
In addition, there is an opportunity to explore more complicated problems with "unknown" 
weights: advanced students can build a proportion and figure out how to solve it based on their 
own reasoning rather than using the well-known rules. In Table 1, we show what students are able 
to learn from scratch during the full version of the module.  

The main limitations of this context are as follows:  
• the numbers of weights and floats are integers, so the students work only with discrete 

values;  
• the first part of the module is suitable even for 3rd graders (stages #1-4, see Table 1), but 

the second part (stages #5-6) is interesting only to older students who can easily interiorize 
all previous steps;  

Stage        Students’ actions   Students’ understanding 
1. Change the 
buoyancy of a given 
vessel 

Each student changes the number of 
weights or floats to make the vessel 
sink or float. 

How the change of each 
term affects the result. 

2. Find a hidden value 
by the bracketing 
approach 

Coherently change both terms to 
make the vessel balanced, use the 
grid to find a good candidate. 

A special combination of 
both terms can be found: it 
makes the ratio equal to 
some hidden value.  

3. Maintain the ratio Find multiple balanced vessels using 
the compound unit: locate them on 
the grid. 

How to get an equivalent 
ratio using a compound 
unit. 

4. Compare ratios Coherently change two ratios to 
compare them: will this vessel sink 
or float if another known vessel is 
balanced? 

How to compare ratios. 

5. Discover the 
intensive quantity 

Find the weight of water in one 
“unit” of volume (i.e., density). 

How to find “the simplest 
form.” 

6. Find the unknown Evaluate the unknown weight by 
constructing a proportion with 
certain restrictions. 

How to deal with a 
complicated problem. 
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• the module supports only a limited set of arithmetic operations with ratios, namely, how to 
multiply or divide a given ratio by a whole number. 
  

Table 2: Problems for the unit. 

Paint Mixing Module 
In this module, 2-4-graders dilute ink to learn how to obtain a given shade of paint or how to 
change it in a certain way. This context supports learning equivalent and inequivalent ratios 
through comparing lighter and darker shades of the corresponding solutions. The students model 
the composition of a diluted ink by indicating the numbers of ink drops and spoons of water used 
to prepare the mixture. Subsequently, they plan how to solve a problem and check all their ideas 
and guesses by the hands-on experiments.  

Problem types Solution  Tool  Understanding  
1. Make a given shade 
lighter or darker. 

Add more water or ink. Paint model How the change of 
each term affects 
the result. 2. Find the 

composition of the 
lightest/darkest paint 
(one component is 
constant). 

Locate given compositions 
on the water axis or ink 
axis. 

Water axis & 
ink axis 

3. Fill several 
containers with the 
specified paint.  

Partition of the model. Paint model How to find a 
compound unit. 

4. Prepare a different 
amount of the same 
paint (the numbers are 
divisible). 

Find the compound unit for 
the given paint, then 
replicate it, build the 
required equivalent ratio, 
locate the answer on the 
grid. 

Compound 
unit, 
Ink-water grid 

How to obtain an 
equivalent ratio 
through a 
compound unit. 

5. Choose the 
composition of a paint 
lighter or darker than 
the given (comparison 
of paints). 

Coherently change two 
ratios to compare them. 
Locate the paint 
composition on the grid. 

Compound 
unit, 
Ink-water grid 

How to compare 
different paint 
compositions. 

6. Prepare a specified 
shade of paint by 
mixing several paints 
with known 
composition. 

Find the compound unit of 
each paint and plan the 
solution. 

Compound unit 
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It is a perfect context to compare ratios: the students compare their models to make a conclusion 
and verify it by looking at the real shades of color. The context supports learning the idea of 
compound unit, representing the values on the dedicated number lines that we call the ink axis and 
water axis, and exploring the opportunities offered by a new instrument, namely, the whole-
numbered grid. An important feature of the context is the impossibility to remove any ink or water 
from the prepared mixture: after mixing, water and ink remain mixed. Realizing this fact, the 
students start pairing the two terms representing the ink and water in the mixture.  This highlights 
the role of the compound unit in the planning of problem solution. An additional benefit is the 
opportunity to master manipulations with models and clearly distinguish them from the reality. 
The context offers a rich opportunity to explore in detail the classical solution mixture problems 
and grasp what works and what does not, as well as how to model and solve such problems. A set 
of problems supported by the context is shown in Table 2. 

The main limitations of this context are as follows:  

• the students work only with whole numbers representing the number of drops and spoons;  
• there is no direct way to use formal units to express concentration, and the formal solutions 

of mixture problems are not suitable for younger students; 
• the context permits only the discussions related to division or multiplication of a ratio by a 

whole number.  
 
On the other hand, the context lets the students figure out that the regular addition is often 
meaningless for ratios, and we believe that this valuable observation will provide benefits for 
learning ratio-based concepts in the future [5]. 
 
Reflections 
This module offers a limited but very useful context: the students explore how the mirror method 
allows us to calculate one out of four values related by a proportion. These values are either the 
distance from an object or its height, provided that the three other terms are known (or can be 
measured). All students’ guesses can be accepted or rejected by real experiments that, among other, 
refresh their measurement skills. The module provides an opportunity for the students to go one 
step further in the following:  

• building a real proportion and manipulating it;  
• learning and formulating the strategy to solve the proportion; 
• learning different ways to build proportions and establish their equivalence; 
• figuring out how the compound unit "resides" inside the proportion;  
• working with continuous values.  

Additionally, the students can gain footholds into certain advanced mathematical topics (e.g., 
vectors, similarity, etc.) by exploring other associated factors, such as direction.  
The limitations are as follows:  
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• this module is not suitable for younger students; it is more efficient after the students have 
mastered the idea of the compound unit;  

• further development within the context is limited.  
 
Marketplace module  
The module helps students  

• to master the idea of the compound unit in new settings;  
• to build a proportion and explore certain ways to solve it; 
• to turn the compound unit into a mental tool, i.e. interiorize it. 

 
The game of “trading goods” can be played in two different modes: to determine the rate of 
exchange (i.e., the “price”) and to learn how to make a profit. It is a kind of competitive, or zero-
sum, game. For this reason, the participants monitor closely each other’s actions, calculations, and 
conclusions. The partner who can build and solve the proportions mentally and quickly has a 
significant advantage.  

The limitations of the context are as follows:  
• only whole numbers can be used to count “goods” and “currency”;  
• limited support for grasping the idea of the “compound measure”; 
• development within the context is limited.  

 
“Assemble a Kit” 
Our newest module devoted to assembling different kits is currently in the active testing stage. It 
strives to build the idea of the compound unit at the earliest stages of learning math in school. At 
the moment of writing, we have established that 1-graders are able to solve various problems in 
pairs, such as:  

• how many kits can be assembled using a given number of items; 
• how many items for a certain number of kits are needed; 
• given the number of items of one type, calculate the number of items of the other type, and 

so on.  
 
Besides, the context supports modelling of a problem using symbols, solving two-step word 
problems, discussing with a partner all kinds of what’s and why’s. We believe that these are 
significant contributions to future success in learning ratios. More research is required to determine 
the long-term impact of the strategy and effective ways of combining it with other modules. 
 
Conclusion 
In our experience, the ratio-based essence of important scientific concepts can be learned from 
scratch within a particular context, but in order to master its math core completely, the students 
should work within different contexts. Various contexts are especially helpful because each of 
them has its own set of intrinsic limitations that can be easily understandable by students. Densities 
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of two vessels cannot be summed even if a combined vessel is built because this operation is 
meaningless. The color (i.e. composition) of a particular shade is conserved even if somebody 
takes away a part of the mixture. Students are able to formulate such simple ideas based on their 
experience in modeling each situation with a compound unit. Thus, each context contributes to the 
success of learning by supporting these ideas because they scaffold understanding more advanced 
and abstract math concepts such as fractions, percents, proportions, etc. in the future. To be 
effective in such a support, the contexts have to possess some important features:  

• there is an “object” that can be controlled by changing the related ratio such that the ratio-
based concept is used as a measure of a particular property (Simon & Blume, 1994), thus 
making the concept meaningful, tangible, and understandable for students; 

• it supports usage of the compound unit for problem solving; 
• it allows students’ joint actions to change the properties of the controlled object; this way, 

students can realize the effect that each term has on the ratio and properly coordinate the 
terms in their actions with the object; 

• it offers a range of meaningful problems that can have some natural limitations (e.g., no 
ink can be removed after dilution); these problems shape students’ actions and thinking 
within a particular context. 

 We consider the compound unit as a powerful tool to solve various ratio-based problems 
that can be used to develop students’ proportional reasoning. It allows students to learn and explore 
how to obtain equivalent ratios, how to compare them, and plan a solution of quite complicated 
problems supported by a particular context. Mastering the idea of the compound unit promotes 
students’ understanding of fractions (Vysotskaya et al., 2015), serves as a reliable basis for other 
ways to understand ratios [6], and scaffolds the development of more advanced strategies to deal 
with ratio-based concepts in math and science.    
 
Notes 
1. Confrey and Scarano referred to the smallest building block of the ratio as its “little recipe” 
(1995). 
2. The Developmental Instruction framework was built on the Cultural-Historical Conception 
(Vygotsky), the Activity Theory (Leontiev), and the Step-by-step Formation of Mental Actions 
Theory (Galperin). These conceptions consider how individual’s concepts originate from 
collaborative people’s actions, so they can provide an essential basis to design a particular teaching 
strategy.  
3. It is similar to what Simon and Blume called “ratio-as-measure” (1994). 
4. The role of students’ joint actions to shape their mental actions was studied by Rubtsov (1989) 
and his followers. 
5. When our students start learning fractions, they often say that “these fractions have the same (or 
different) color.” 
6. The multiplicative comparison can be built on students’ understanding of the compound unit, 
but the opposite does not work. Besides, the multiplicative comparison works well in the contexts 
where two quantities of one kind can be measured with the same unit. However, for intensive 
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quantities (Simon & Placa, 2012) the meaning of such a comparison might be questionable because 
in this case, we need two different units to measure the quantities forming the ratio.  
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EQUITY, DIVERSITY AND INCLUSION IN STEM: AN ANALYSIS 
AND METASYNTHESIS OF THE RESEARCH, FOCUS ON K-12 

Priscilla Bengo 1 
____________________________________________________ 
Abstract 
There are a number of recent efforts to promote equity, diversity and inclusion in STEM 
(Bilimoria & Singer, 2019; Casillas-Martinez & Gonazales-Espada, 2019; Darden et 
al., 2019; King, 2019; Matlin, McCormack, Blank, & Spohrer, 2019). Increasing 
diversity, equity and inclusion in STEM allows a nation to attain the full benefits of its 
STEM enterprise (Kang et al., 2019; Lynch et al., 2018; Osborne, Paige, Hattam, Rigney, 
& Morrison, 2019; Speed, Pair, Zargham, Yao, & Franco, 2019). The purpose of this 
study is to create an outline of empirical research studies in STEM that focus on 
inclusion, diversity and equity, in order to highlight recent proposals to promote them 
and the challenges associated with their implementation. Critical issues and possible 
ways to address them are presented. The studies included in this review are 
representative of K–12 settings in Canada from 2009–2018. Specifically, studies were 
included if they focused on equity, diversity or inclusion in STEM. After an initial 
screening of several articles, papers and dissertations on STEM education, 34 studies 
were chosen according to their fit with the research framework. These studies were 
analysed, and a synthesis of the research was conducted. 
____________________________________________________________ 

Introduction 
Though Science, Technology, Engineering and Mathematics (STEM) has a number of issues that 
can be discussed (e.g., Gough, 2015), this paper focuses on diversity, equity and inclusion issues 
in STEM. The research on these issues has grown in Canada in recent years. Equity, diversity and 
inclusion (EDI) in STEM have been defined as follows: diversity is a characteristic of groups and 
not individuals. “It involves cultivating talent and promoting the full inclusion of excellence across 
the social spectrum” (Gibbs, 2014, par. 3). People from traditionally underrepresented 
backgrounds and those from traditionally well-represented backgrounds are included (Gibbs, 
2014). Many have noted the lack of diversity in the STEM workforce in Canada. Quantitative data 
alone cannot adequately demonstrate how diversity challenges in STEM often result from deeply 
ingrained systemic issues and existing cultural biases that are disproportionately borne by women, 
people of colour and others whose identities are traditionally underrepresented in STEM 
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disciplines (“Defining DIE,” 2018). Many have noted that diversity in STEM is an issue in Canada 
and other parts of the world. 
 
Equity is defined as “ensuring community members are fairly getting their needs met” (“Defining 
DIE,” 2018, par. 6). Historical and cultural context is important, particularly in cases of long-
established precedents and current expressions of inequality affecting certain groups of people 
(“Defining DIE,” 2018). Equity is more than how many members of a particular background are 
in the community; it is about whether the community’s spaces allow each member to get the 
resources they require to flourish within the group (“Defining DIE,” 2018). No panacea exists for 
inequity nor any one-size-fits-all strategy for creating an inclusive, diverse and just community 
(“Defining DIE,” 2018). It is a perpetually moving target that can be addressed if efforts are 
focused and adaptable (“Defining DIE,” 2018). 
 
Inclusion concerns the quality of the community (“Defining DIE,” 2018). Activist and lawyer 
Vernã Myers (2015) argues that “diversity is being invited to the party; inclusion is being asked to 
dance” (p. 1). Diversity initiatives missing a commitment to inclusion may be viewed as shallow 
and may lead to backlash: “It [inclusion] is about ensuring community members feel supported, 
empowered, and represented, we have to prioritize outcomes over optics” (“Defining DIE,” 2018, 
par. 8). 
 
Enhancing diversity, equity and inclusion in STEM is important for a number of reasons. Some 
reasons follow. Many have noted that people from different backgrounds tend to approach work 
and problem solving differently. These differences can bring new perspectives needed to promote 
innovation, solve global problems such as environmental problems, population growth, world food 
and social challenges. Many have also noted striking imbalances in racial or ethnic and gender 
representations across some STEM fields, for instance, yet “there is no evidence that cultivatable 
potential in these fields segregates across lines of social identity” (Gibbs, 2014, par.11). Therefore, 
the large and persistent underrepresentation of certain social groups in STEM fields is a loss of 
talent. Enhancing diversity is also key to long-term economic growth and global competitiveness 
(Gibbs, 2014; Harkavy, Cantor, & Burnett, 2015). As Gibbs (2014) notes, “it is hard to grow a 
domestic workforce – let alone get the best workers – when there is broad underrepresentation of 
up to 75% of the potential talent pool” (par. 12). This is US data. It is also an issue of fairness.  
 
Despite the growing body of research on EDI in STEM in Canada, until now there has been no 
single comprehensive overview of such research in K–12 settings in Canada. This metasynthesis 
is an opportunity to learn about the initiatives addressing the issues with the intention of 
determining existing gaps/barriers and current approaches to addressing them. The paper is made 
up of five sections. The next section contains the methodology. I present the findings in the third 
section. The critical issues based on the studies in the paper and possible ways to address them are 
in the fourth section. The fifth section is the conclusion. 
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Methodology 
The synthesis focuses on K–12 education across Canada, in order to review the range of issues 
around EDI in STEM. 

Research Questions: 
1. What are the issues concerning EDI in STEM?  

2. What initiatives or strategies are in place, based on the research literature, to address 
the issues?  
3. How can the critical issues concerning EDI in STEM be addressed?  

Study design 
Meta-synthesis is a form of research integration study in which secondary analyses are conducted 
on relevant extant (often qualitative) empirical literature to answer a particular research question 
(Brown, 2017). The research question “stems from a need to review a particular field of study in 
order to provide a comprehensive answer that goes beyond a single study” (Timulak, 2014, p. 486). 
Therefore, the chosen studies should be connected along a topic or construct (Brown, 2017). The 
rationale for a meta-synthesis is that qualitative studies have limited effect as they can be described 
as small-scale and richly contextualized (Brown, 2017). Given their localized nature, however, it 
is important not to change the unique contexts of original studies during the meta-synthesis process 
(Brown, 2017). Therefore, findings synthesized across studies to give a more comprehensive 
picture should have rich context descriptions when appropriate (Thorne, 2012).  
 
Despite its strengths, there are also limitations associated with metasynthesis. For example, 
qualitative research in general is designed to show localized, situated knowledge, so generalizing 
findings across studies goes against the very nature of much qualitative research (Timulak, 2014). 
Since a meta-synthesis is designed to form new knowledge from the original studies, its 
conclusions could be criticized, as they are the result of a researcher’s interpretation of the data. 
To reduce this concern, Walsh and Downe (2005) propose that readers think of this action as 
“opening up spaces for new insights and understandings to emerge, rather than one in which 
totalizing concepts are valued over richness and thickness of description” (p. 205). Establishing 
the trustworthiness of the research process also reduces this concern. I established the latter 
through “faithfulness in handling the data so that it remains true to its source [such that] the original 
research participants [are] able to recognize their experiences in the meta-synthesis” (Walsh & 
Downe, 2005, p. 209). In addition, I incorporated feedback about the codes used in this study from 
two experts in STEM education.  

Data collection 
A meta-synthesis has commonly accepted procedures for gathering and looking at extant literature 
to give novel findings (Brown, 2017). The process typically starts with assessing the existence of 
a sufficient body of published studies in the field (Brown, 2017). If a case can be made that a meta-
synthesis is warranted, then justifiable inclusion and exclusion criteria should be determined for 
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choosing the appropriate data (Thorne, 2012). Because I was interested in EDI in STEM, this was 
directly reflected in my inclusion criteria.  
 
Several meta-synthesists propose that studies be evaluated for quality before being chosen as data 
sources (Brown, 2017). This may involve determining how well study findings reflect their 
methodologies or the level of detail within findings (Timulak, 2014). Eventually, the researcher 
determines the studies to be included and the goals of the meta-synthesis. Walsh and Downe (2005) 
state that “in some cases this whole issue [of appraisal] has been by‐passed with the justification 
that the rigour of individual studies is less important than the attempt to be as inclusive as possible” 
(p. 208). I wanted studies that focused on EDI in STEM in K–12 settings in Canada. Hence, the 
first study appraisal was guided by the following inclusion criteria:  

• EDI was the main feature of the study (i.e., the study employed EDI as the guiding 
framework, contained research questions specific to at least one of the three, and/or 
reported findings on EDI);  

• Studies addressed K–12 education across formal and/or informal learning 
environments in Canada; and  

• Studies were published in the period between 2009 (when a lot of STEM research 
was written) and 2018. Research in STEM is relatively new in Canada (DeCoito, 2016). 

Employing these inclusion criteria, the data selection process took place in two separate stages, 
with the second stage based on Strauss and Corbin’s (1998) notion of theoretical sampling. Data 
collection in theoretical sampling is “based on concepts that emerged from [earlier] analysis and 
that appear to have relevance to the evolving theory” (p. 202), instead of restricting sampling to a 
predetermined set of studies. In the first stage, I checked in academic databases (Academic Search 
Complete, ERIC, Education Research Complete, ProQuest); the journals Educational Evaluation 
and Policy Analysis, Journal of Engineering Education, Journal of Research in Science Teaching, 
Journal of Research in Mathematics Education, Science Education – Issues and Trends Section, 
Journal of STEM Education, and the Canadian Journal of Science, Mathematics and Technology 
Education; Google Scholar and Google (Google Books search: STEM education Canada).  

The search syntaxes employed were:   
1. STEM OR (Science AND Technology AND Engineering AND Math*) AND K-
12 AND Canada*AND DIVERSITY;  

2. STEM OR (Science AND Technology AND Engineering AND Math*) AND K-
12 AND EQUITY;  

3. STEM OR (Science AND Technology AND Engineering AND Math*) AND K-
12 AND INCLUSION;  

4. STEM OR (Science AND Technology AND Engineering AND Math*) AND K-
12 AND Canada*AND diversity AND equity AND inclusion;  
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5. STEM in Education AND issues AND Canada AND K-12;  

6. STEM OR (Science AND Technology AND Engineering AND Math*) AND K-
12 AND diversity AND equity AND inclusion AND Canada* OR Newfoundland OR 
Prince Edward Island OR Nova Scotia OR New Brunswick OR Quebec OR Ontario OR 
Manitoba OR Saskatchewan OR Alberta OR British Columbia;  

As I read the articles for general trends, I noted that most of the studies were on diversity, written 
in English and most of them were written before 2017. In addition, this study found no empirical 
study including students with disabilities in STEM in K-12 settings in Canada whereas such studies 
existed in the US (e.g., Gottfried, Bozick, Rose, & Moore, 2016). Walsh and Downe (2005) state 
that “search strategies must augment electronic searches with more traditional methods of 
reviewing, including back‐tracking of references” (p. 206). As a result, I gathered more articles in 
a second stage of data collection. I searched for empirical studies in languages other than English 
and papers that referenced the studies that met the inclusion criteria for this paper. I consulted 
search experts about terms to use in order to find more studies on equity and inclusion and in other 
languages. In total, I obtained 34 studies.  
 
The data set for this study was determined by the keyword search and inclusion and exclusion 
criteria. Although I followed procedures set out by meta-synthesists, it is unlikely that I gathered 
every source reporting on EDI in K–12 settings. Thus, findings are based on specific studies 
contained within this meta-synthesis. To allow for an extensive search, the inclusion criteria did 
not require as strict a quality level. However, my initial reading confirmed that the articles 
contained valuable examples of EDI.  

Data analysis 
To examine the data, I employed a technique described by Noblit and Hare (1988), which proposes 
the systematic comparison and translation of studies over several phases. I began by re‐reading 
the studies to determine their relatedness in terms of key constructs, methodologies employed, 
contexts and dominant themes in the reported findings. I noted similarities and differences across 
studies employing these parameters. These results were tabulated in Table 2. After this, I then 
started “translating the studies into one another” (Noblit & Hare, 1988, p. 28) to construct a more 
holistic picture of the phenomenon – EDI in STEM in K–12 settings – from the studies. The 
evidence passages were verbatim excerpts taken from the articles. I began the translation process 
by applying a coding scheme based on the definitions of equity, diversity and inclusion in STEM 
presented earlier in the paper. Table 1 contains the details. 
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Table 1: Coding themes 

Studies included in this metasynthesis were also coded as “S1, S2, S3, …” for convenience. See 
Table 2 for details in the Appendix. I also stored memos to help with holistic interpretation. The 
findings in terms of methodologies employed in studies in this paper are presented in the figure 
below. The figure shows that 65 % of the studies were quantitative, 17% were qualitative and 18% 
of studies employed mixed-methods. 

 

Figure 1: The distribution of methodologies employed in the STEM studies 
 

 

 

 

 

 

THEME THEME CONTENTS 

DIVERSITY DIV – “Promoting full inclusion of excellence across the social spectrum” (“Defining 

DIE,” 2018, par. 3) 

EQUITY EQU – “Ensuring members of communities are fairly getting their needs met.” (“Defining 

DIE,” 2018, par. 6) 

INCLUSION INC – “Ensuring members of communities feel supported, empowered and respected” 

(“Defining DIE,” 2018, par. 8) 
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Table 2 shows that one study was a thesis, 88% of the studies were articles and 9% of the studies 

were reports. 

 

 
 

 

 

Table 2: Types of studies in the metasynthesis 

Findings 
Diversity  
Most studies in this section focus on accounting for the diversity issues in STEM and various 
explanations for diversity issues are contained in the research below. There is a need, according to 
the research, to clarify the diversity challenges in STEM. The research below shows that diversity 
issues still exist in Canada and other parts of the world, for example Australia and the US. Some 
studies focus on one subject in STEM, for example science and science literacy. The diversity 
findings follow: 

1. Six studies found that others’ notions of girls’ abilities reduced their numbers in STEM 
fields. 

2. Six studies found that the lack of engagement with a STEM subject(s) was the cause for 
underrepresented youth in STEM fields. Three studies found that teaching methods in STEM 
subjects were not inclusive. Underrepresented youth were not engaged and were as a result 
less likely to pursue STEM careers. Three studies argue that Aboriginal students were not 
taught science in ways they can relate to it. As a result, they have significantly higher levels 
of civic scientific illiteracy compared to non-Aboriginal students, which leads to diminished 
job opportunities in science-related fields including STEM and reinforces marginalization. 
Four studies (including the latter 3) noted that it was necessary to make cultural notions of 
science literacy more mainstream (Rahm, 2014). 

3. One study found a weak gender socialization hypothesis. Support for a weak gender 
socialization hypothesis is that a father’s employment enhances a son’s interest in science 
careers, while a mother’s employment inspires a daughter to go into biology, agriculture and 
health. 

4. Two studies found that most women choose biology or science programs and not 
engineering. As a result, engineering does not have as many women as it should. 

Types of studies f % 

Articles 30 88% 

Reports 3 9% 

Thesis 1 3% 

Total 34 100% 
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5. Three studies maintain that STEM’s history and purpose in many forms is directly opposed 
“to science education for critical democratic engagement” (Weinstein, Blades & Gleason, 
2016, p. 210). 

6. One study found that youth in low-income communities have psycho-social barriers related 
to participation in STEM fields. 

7. Two studies found that the factor most linked to variation in science literacy was student 
socio-economic status. One study found that students with high socio-economic status (SES) 
were less likely to pursue STEM careers. Immigrants and students with high achievement or 
self-efficacy were more likely to pursue STEM careers. 

8. Two studies found that the lack of diversity was due to the nature of the education system 
(for example, academic tracking and the extent to which the educational system was 
standardized). The expectations for science-related careers of students in national education 
systems that have standards-based external examinations are  lower than those of students in 
systems that do not employ such exams (Han,  2016). Greater stratification in education 
systems is linked to larger gender gap in expectations for high-status professional STEM 
occupations, but not to a larger  gender gap in expectations for relative lower-status STEM 
occupations (Han, 2016). 

9. One study found that the lack of curricular standardization leads to diversity in skills with 
a significant number of students not well prepared for gateway science courses in STEM. 

10. One study found that bad vocational counselling in guidance departments in secondary 
schools led to the underrepresentation of women in STEM fields. 

11. Three studies found that certain ethno-linguistic groups (Asian) were more likely to pursue 
STEM careers than non-Asian students. Students who entered the Canadian educational 
system later were also more likely to pursue STEM careers than students who entered the 
educational system earlier. 

12. Two studies found that females were underrepresented in STEM fields due to a lack of role 
models in those fields. 

13. Two studies found that the low opportunity costs of not going into STEM fields and liberal 
ways of life accentuate the influence of intraindividual academic differences. Girls have 
significant strength in reading compared to boys while boys have significant strengths in 
math compared to girls.  

14. One study found a reverse gender gap in terms of adolescents’ expectations of higher 
education in 50 systems in the world. 

15. One study found that math anxiety was higher in girls than in boys and contributed as a 
result to the lower number of females than males in STEM fields. 



Equity, Diversity and Inclusion in STEM: An Analysis and Metasynthesis 
 of the Research, Focus on K-12 

 

 247 

16. Two studies found that girls were unrepresented in STEM careers because of fertility and 
life choices. 

17. One study found no stereotypical gender differences in educational and occupation 
outcomes in Canada and the US. 

Inclusion  
The studies here focus on improving teaching in STEM courses as many researchers have 
associated the lack of engagement with STEM courses for some students (e.g., girls and 
marginalized youth) with teaching methods. The studies present strategies for teaching STEM 
subjects effectively to these students. 
 

1. One study described how to increase the number of Aboriginal people in STEM fields. 
Specifically, when teaching, educators do not begin with STEM expectations but in a place 
that has the potential to teach it, for example, activities in which explorations, questions and 
conversations can come about. When teachings emerge, learners are engaged. The students 
see themselves as capable of learning mathematics, science and engaging with Indigenous 
perspectives in teaching and learning. When STEM comes about, students are engaged and 
don’t dismiss it as something they cannot do, something they have no connection to or fear 
(Borden & Wiseman, 2016). Given how they have engaged with ideas, some students will 
take up studies in STEM and pursue STEM careers. 
 

2. One study found that girls could be engaged in STEM education if mathematics is taught 
such that explicit connections between math and its social uses are shown. Many have noted 
that girls are interested in high social-value careers as early as middle school. As a result, 
presenting math in this way can increase their interest in the subject and STEM fields. 

3. One study found that there were no significant differences between girls and boys  in 
terms of science engagement and science literacy. The study was designed to explain the 
international concerns about some students’ non-pursuit of courses and careers in STEM. It 
did, however, find that science literacy was strongly associated with students’ socio-
economic backgrounds and the amount of formal time spent doing science. Based on the 
results they proposed student-directed  approaches in teaching and learning and ways of 
broadening their view of science beyond the science classroom, starting at home. 

4. One study proposed to address the gender gap among higher achievers by building girls’ 
confidence in mathematics. According to the study, high achievers are more likely to pursue 
STEM careers, and a student’s self-efficacy affects how well they do in mathematics. 

5. Four studies demonstrated how to engage girls in STEM courses through teaching. In one 
of the studies, inquiry-based learning was employed to increase girls’ interest in science. The 
authors found that teachers would appreciate having short simple documents with strategies, 
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web resources and examples to empower girls in day-to-day science lessons. An infographic 
to address the issue with research and ideas about how to better teach girls science was 
created by a researcher. It mapped out five phases of inquiry-based learning. In another 
study, including real-world examples in lessons, hands-on learning, collaborative learning, 
visiting facilities and connecting girls to female scientists increased girls’ interest in science. 
Two studies found that outreach workshops can provide experiences that ignite interest and 
demonstrate how STEM connects to everyday life and careers and allow students, 
particularly girls, to expand their skills in the inquiry process. 

6. One study recommended placement tests so that unprepared students could have better 
chances of doing well in gateway science courses in STEM fields of study. 

Equity 
The studies below focus on how to fairly meet the needs of members of a community. Various 
strategies are presented that involve schools, the community and parents. The authors note that the 
strategies are not easy to implement.  
 

1. Two studies described how to engage Aboriginal/Indigenous students in science courses. 
One method is thinking of STEM not as a framework for teaching and learning but as an 
artifact that emerges from teaching and learning. A description of the teaching is in 1) above 
in the inclusion section. The second study argues for curriculum that includes Traditional 
Ecological Knowledge (TEK) developed and taught in partnership with Aboriginal people. 

2. One study focused on how to increase the number of marginalized youth and youth from 
low SES in STEM fields. The authors evaluated an after-school program offering community 
science clubs. The study found that the program met students’ needs in science as it 
addressed the barriers that prevent meaningful engagement in STEM education and 
programming (e.g., Duodu et al., 2017). For example, the program was delivered within a 
community context to address evidence that low-income families are less likely to participate 
in enriched out-of-school programs due to lack of accessible options. It also provided 
increased safety to caregivers as they walked their children to the program and picked them 
up. It provided opportunities for constant engagement. In the area covered by the study, 23 
workshops were offered annually at each of 14 community locations. A success of the 
program was establishing positive youth–staff relationships that made students confident in 
trying new things. There were challenges (Duodu et al., 2017). These included dealing with 
community-based issues (e.g., cancelling sessions due to violent incidents that were about 
to happen in the community). The other challenges were “conducting outreach and 
promotion, and  accommodating a wide range of youth” (Duodu et al., 2017, p. 6). 

3. Two studies found that female adolescents’ interest and valuation in math could be 
enhanced if they had accurate information about math requirements for different kinds of 
careers. 
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4. One study proposed that educators raise the learning bar resulting from the combined 
cultural differences and gender to create welcoming classes. 

5. One study recommended early education and work with parents to create educational 
experiences which address cultural constructs that frame the types of jobs the different sexes 
can have. 

Critical Issues and Ways to Address Them  
A number of authors of studies in this metasynthesis stress the importance of teaching STEM courses 
in ways that engage girls and students from underrepresented groups. For example, employing inquiry-
based learning, explicitly showing the social value of mathematics and collaborative learning. They 
recommend PD for teachers to learn new strategies and some authors call for the development of 
resources for teachers to teach STEM subjects effectively. Research literature on curriculum reforms 
(e.g., Olitsky, 2015) indicates that the adoption of new teaching practices has been slow. Studies 
included in this paper raise this concern (DeCoito, 2015b; Filippi & Agarwal, 2017). Therefore, lessons 
from efforts to change teaching practice must be incorporated in ways to teach these students 
effectively. 
 
Some authors call for further research to explain factors that lead to under-representation of certain 
groups in STEM, noting that the research is just emerging (e.g., Sikora & Pokropek, 2012; Zhou 
et al., 2017). Stoet and Geary (2013) also mention that it will take more than improving girls’ 
science education and raising overall gender equality, as the issue of intraindividual differences in 
academic competencies and the accompanying influence on expectations have been overlooked 
and need to be included in approaches encouraging more women to enter the STEM pipeline. Other 
researchers share limitations of cross-sectional data. Hence a critical issue is that more research is 
needed to help determine what strategies can help address EDI issues in STEM. So, research that 
can address the limitations of the studies in this paper will be extremely useful. 

Conclusion 
More could be written about STEM as noted above. For example, though there are promising 
results from out-of-school programs/activities, Duodu et al. (2017) found only a few evaluations 
of such activities/programs. In addition, this metasynthesis found no empirical study on increasing 
the number of students with disabilities in STEM fields in K-12 settings in Canada. However, the 
US, has such studies (e.g., Gottfried et al., 2016).  
 
The concepts of equity, inclusion and diversity are complex (“Defining DIE,” 2018). Even experts 
who have been working in these areas for years or decades are constantly evolving their 
understanding of and approaches to the three (“Defining DIE,” 2018). For example, Miller, Eagly 
and Linn (2015) mention that it is not yet clear how best to weaken stereotypes in attempts to 
address gender gaps in STEM. Thus, the nature of the concepts affects how fast solutions can be 
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generated. As result, the impact on the solution process due to the nature of the concepts is a critical 
issue. 
 
A possible approach to EDI issues in STEM is the mathematics for human flourishing (Su, 2017). 
Su shows that mathematics is an experience of the mind and, most important, of the heart. He 
argues that more students from underrepresented populations will take math at the highest level if 
teachers can be advocates for the students. He states that a reason for their absence in mathematics 
courses is that they feel like they do not belong there. He proposes that a teacher take one student 
he or she knows needs help and show them the way to greatness. He acknowledges that doing this 
is challenging and it takes time. He expects teachers of mathematics to be able to rise to the 
challenge since they know how to solve challenging problems. This is an approach to teaching that 
can address issues of diversity, inclusion and equity in STEM because it is essentially about a 
teacher connecting with students he or she teaches. The metasynthesis has evidence that a key 
challenge is making underrepresented groups in STEM feel like they belong there. Su’s approach 
is therefore promising. 
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