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Preface 

Dear readers, 

to encourage many more young people to appreciate the real nature and spirit of 

mathematics and possibly to be enrolled in mathematics study it is important to 

involve them in doing mathematics (not just learning about mathematics) as early as 

possible. This goal could be achieved if mathematics teachers are prepared to identify 

and work with mathematically gifted students (without losing the rest), to integrate the 

informatics and IT tools with mathematics explorations, to introduce some topics and 

activities (not present in the traditional mathematics curriculum) that would be more 

appealing and relevant to the students and teachers alike. 

With the idea of addressing some of these problems the project Meetings in 

Mathematics: Mathematics Enrolment and Effectiveness of Teaching in Mathematics 

was carried out in the years 2005–2008 in the frames of Comenius 2.1 program of the 

European Commission. The goal of the participants (University of Pisa, Institute of 

Mathematics and Informatics at the Bulgarian Academy of Sciences, University of 

Vienna, and VIA University College – Department of Teacher Education, Aarhus) 

was to share their experience in identifying mathematically gifted students, in offering 

mathematical challenges for those who love competing and for the ones who prefer to 

attack an open problem not being pressed by the time limitations. Furthermore, the 

spectrum of “mathematical giftedness” was not determined so as to address just 

mathematical elite but rather to help teachers in revealing the potential of young 

people to be creative in a mathematical context. 

One of the products of this project was the book Meeting in Mathematics, oriented 

to the needs of mathematics teachers in the Project countries (Austria, Bulgaria, 

Denmark and Italy). 

After publishing the first edition of the book we distributed it among math 

educators and teachers and got various valuable remarks and suggestions by the 

readers. The most encouraging feedback was “More, please!”, so here it is – what you 

are holding in your hands is the second edition of Meeting in mathematics. 

The preparation of the new edition was brought to life thanks to a new Comenius 

project, MeetMe – 527629-LLP-1-2012-1-AT-COMENIUS-CAM.  

The authors’ team (enriched by a new member from VIA University College – 

Department of Teacher Education) took the chance to turn back to the original 

materials developed several years ago and to make some improvements based on the 

accumulated experience in the context of teacher training courses  and the users’ 

suggestions for refinements and enrichments. 

Here is the updated content in a nut shell. 



Preface viii

In Chapter 1 we present some characteristics of gifted students, as they are 

experienced in research and practice. The chapter also deals with some of the 

challenges that teachers might meet.  

In Chapter 2 we present and use the concept of mathematical competence for 

description of mathematics teaching and learning in accordance with the most recent 

theoretical developments.  

In Chapter 3 we present various types of math competitions, both individual and 

team ones. The specifics of the individual math competitions of IMO type are 

compared with those of the team competitions and ways to combine the advantages of 

each kind are discussed. Special emphasis is put on the team competitions since in 

general they: 

• involve larger groups of pupils; 

• have attractive and dynamic form; 

• integrate knowledge from other fields, e.g. arts, modeling, physics;  

• could be considered as natural elements of some traditional school events.  

Ideas related to the organization of math team competitions are presented based on 

a concrete example – the international math competition The Unsung Hero. 

In Chapter 4 the idea of doing mathematics together is further developed in the 

context of math clubs activities. The organization and the management of the math 

clubs and circles is considered together with their specifics for some of the countries 

participating in the Project. 

In Chapter 5 we give examples of how informatics and IT tools could be used so 

as to enrich the existing mathematics curriculum at the high school, as well as to allow 

better exploratory and interdisciplinary work. 

We hope that with the right attitude to the teaching of mathematics, when digital 

technologies are used to stimulate the spirit of discovery, students will come to see 

mathematics in a new way – as an area in which interesting experiments can be made 

and hypotheses formulated. Even if they happen to reinvent the bicycle, the students 

may feel the joy of the process of invention itself and acquire habits of creative 

thinking. Special attention is paid to the fractals with an original recent journey into 

the so called “the apple man”. 

In Chapter 6 we discuss some approaches and forms of doing math research at 

school age aimed at revealing the real nature of mathematics as profession. The 

importance of working on math projects in developing specific research- and 

communication competences is presented in the context of two high school research 

institutes the authors are involved in – the High School Students Institute of 

Mathematics and Informatics (HSSI) in Bulgaria, and the international Research 

Science Institute (RSI) held at the Massachusetts Institute of Technology, USA. The 

opinion of alumni of these institutes about the impact of their research at school age 

on their further professional development is discussed. 



Preface ix

In the Appendices we provide examples showing that mathematics teaching could 

be made more appealing to students so that they could be attracted to deepen their 

knowledge in mathematics. 

The biggest hope of the authors has been to share with you ideas and practices 

which might help you to encourage  the young people in seeing mathematics not only 

as a critical filter in career choices, as opening career doors, but also as a field 

broadening one’s horizons of appreciation for the beauty of logical structures. 

If you belong to any of the following groups 

• teachers interested in the classroom implications of recent good practices in 

mathematics education 

• mathematicians interested in integrating information technology in math 

teaching/learning 

• mathematics educators interested in working with gifted students 

• students interested in math research projects 

you would find this book useful. 

Let us mention also that the MeetMe project embraces a second edition of another 

book, Bringing Math to Earth, a product of the Math2Earth European project, which 

is related in spirit with Meeting in Mathematics and could be considered as a 

continuation of the ideas expressed in the current material. Although the new editions 

of the two books could be used independently by teachers and math educators, 

working with them in parallel would hopefully create an enhanced combined effect. 
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CHAPTER 1  

Meeting the gifted – while not 

forgetting the others 

 

Thousands of geniuses live or die undiscovered –

either by themselves or others. 
Mark Twain 
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What does it mean to be gifted? 
Most teachers regularly come across students, they consider especially gifted or 

especially challenging to teach. The word gifted is often used to characterize these 
students. The question is what do we mean when we say gifted? This was dealt with in 
an action research program 2003–2006 in Aarhus, Denmark [1]. In each one of 57 
different classrooms we focused on two of the students, identified by their math 
teacher to be the most gifted. This gives rise to the following question: How can a 

teacher know who they might be? 
This decision was left up to the individual teacher. Some teachers based their choice 

on regular assessment through written tasks or tests. Some teachers had known the 
students for several years, some had just been appointed to the class. In each case the 
choice was not made until the action research program was three months underway.  

Seen this way, the gifted students were two out of a typical total of 25 students in 
each class, or 8% of the class. However, in intelligence research you will often meet 
the expression, “students with special qualifications”. These students are 
approximately 2% of the total number by IQ-test, and might very well be among the 
gifted students mentioned above. 

There is a large variation in teachers’ perception of gifted students. The following 
characteristic may be helpful for parents and teachers, who are in doubt. The table is 
provided by the Mensa organization [2]. Though the two columns do not exclude each 
other, members of Mensa suggest the right column to present characteristics of the 2% 
most intelligent children. This is accepted by the Danish parent organization Gifted 
children [3]. 

 

Gifted student Student with special qualifications 

Is interested 
Has good ideas 
Is ironical 
Answers questions  
Is in the top of the class 
Learns easily 
Is popular among peers 
Remembers well 
Accepts information 
Likes to go to school 
Is fond of structured learning 
Has a talent 
Becomes happy 
Becomes angry 

Is extremely inquisitive 
Has wild crazy ideas 
Is sarcastic 
Poses questions to the answers 
Ahead of the class 
Knows already 
Prefers adults 
Makes informed guesses  
Adapts information 
Likes to learn 
Gets on with complexity 
Has many talents 
Becomes ecstatic 
Becomes furious 
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Gifted students therefore do not necessarily constitute a homogeneous group, as 
they would fit in both columns of the table above. But they always challenge the 
teacher in matters regarding form and content in teaching.  

The challenge may not be noisy or obtrusive. Some of these students can be silent, 
pleased by a strong structure or “keeping their heads down”, to be almost invisible in 
the classroom. Others may be seen as clumsy, anti-social or arrogant – and anyhow 
extremely visible in the classroom. In any case they are challenging to the 
mathematics teacher. And one should consider various approaches when meeting 
these students.  

You as a teacher could ask yourself these questions: 
 

• How do I recognize them all? 
• Do they have particular strengths, experience or interests, which may be 

important starting points for the teacher? Which initial understanding could 
be built on? 

• Can I formulate particular goals, possibly jointly with these students? 
• Can these students take part in the planning of (their own) teaching and 

learning? 
• Will these students profit by certain ways of organization when it comes to 

lessons? 
• Do these students pose certain demands on my role as a teacher, in 

particular my oral communication, be it at a joint start and end of a 
teaching sequence or partially en route? 

• Are there specific types of problems by which these students would profit the 
most? 

• Should I consider particular materials or teaching aids, such as ICT? 
• Do these students pose particular demands on the ways I assess them? 

 

Identification 
Who might the gifted students be? How can you identify them? Some teachers say: 

I don’t think I have any really gifted students – although I have some who are smart. 
Perhaps you should see ability or giftedness as a wide spectrum and support the 
student differently. Therefore it might be a good idea to clarify what it means to be a 
challenging, gifted, capable or promising student in math. As a teacher you may think 
of the students you have taught and then write down some of their characteristics. 
Does your list include some of the statements in Fig. 1? 
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 Learns very quickly  Enjoys mathematics  
Asks clever 
questions 

   Accurate 
memory 

  

 

  

Able to spot 
patterns 

   Ahead of most 
in the class 

 Comes up with 
unusual explanations 

 Works concentrated and for a 
long time with difficult tasks 

 

 Fig. 1. A description of the gifted student provided by an English grade 4 teacher [4] 

Numerous attempts to uncover the competence of students have been made; this is 
reflected in many publications. In 1995 a report was published by the group ”Task 
Force on the Mathematically Promising” (NCTM, the American National Council of 
Teachers of Mathematics) prompted by the requirement to increase attention to 
talented math students in the USA. In the report Sheffield describes [5] mathematical 
promise as a function of ability, motivation, belief and experience or opportunity. 

None of these variables are considered to be fixed, but rather are areas that need to 
be developed, so mathematical success might be maximized for an increasing number 

of promising students. 
The assumption that abilities can be enhanced and developed is supported by 

knowledge from brain research, where it is understood that experience results in 
changes in the brain. Together with the NCTM-report, this suggests that motivation 
should be affected and treated seriously when a school culture makes students keep 
low profiles to avoid being labeled as nerds. Self-confidence and good role models 
amongst classmates and teachers are decisive for students’ attitude to the subject. 

Sheffield suggests these characteristics of mathematically gifted students: 
• Early and persistent attention, curiosity and good understanding of “quantitative” 

information. 

• Ability to grasp, imagine and generalize patterns and connections. 

• Ability of analytic, deductive and inductive reasoning. 

• Ability to shift a chain of reasoning as well as the method. 

• Ability of easy, flexible and creative handling of mathematical concepts. 

• Energy and perseverance in problem solving. 

• Ability to transform learning to a new situation. 

• Tendency to formulate mathematical problems – not just solving them. 

• Ability to organize and ponder information in many ways and sort out irrelevant data. 
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Please notice that this list does not include the ability of calculating fast and 
correctly! Of course many of them are capable of doing that – but Sheffield insists that 
it is neither a necessary nor a sufficient condition for being a mathematically gifted 
student. A lot of these students are impatient with details and reluctant to use time on 
computations. The Russian psychologist Krutetskii [6] suggested the following list of 
characteristics of mathematically gifted students: 

Good at 

• reasoning quickly 

• generalizing 

• manipulating abstract concepts 

• recognizing and using mathematical structures seen before 

• remembering rules, patterns and solutions seen before 

• finding shortcuts, which means thinking “economically” 
Krutetskii also mentions two significant norms of behavior of gifted students. 

Firstly working with mathematics does not tire them; they can keep on for hours. 
Secondly they have an ability to see cross-curricular problems through mathematical 
eyes. 

 

Risk 
A proposition to combine Krutetskii’s and Sheffield’s lists has been made, so as to 

build a single checklist suited to estimate mathematical potential. 
However, there is a risk in using such a simplified list for the following reasons: 

• Gifted students show their special talent only if there are stimulating opportunities 
for this. 

• Some students play down their scope of abilities to avoid extra homework. 
• Some students conceal their abilities in order not to be different – and be bullied. 
• Multilingual students may have language problems. 
• Some students have social problems or lack of self-confidence – e.g. no support 

from home. 
• Other outside factors may also affect and provide ability, motivation, attitude and 

opportunities. 
Of course teachers spot capable students more easily when there are challenging 

contexts of teaching and learning, i.e. these students get an opportunity to show their 
special abilities. 

This may take place in talks with classmates, elderly students or siblings, parents, 
teachers or school counselors.  

Observing how students approach and solve relevant tasks in and out of school 
may also help teachers to notice gifted students. 
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Parents’ role 
Some children show particular abilities before their start in school, and one could 

imagine a talk about this to take place with parents at the enrolment of kids in school. 
To make sure it happens, a line with focus on this should be included in the 
application form.  

Parents’ ambitions may also result in inquiries to the school about special 
consideration for their children. On the other hand there may be a total lack of support 
from home.  

Some countries are better than others at breaking the social heritage. 
The role of parents regarding support and challenge was emphasized in interviews 

with some of the students and teachers in the action research project. Here is a typical 
statement by a Danish teacher [1]:  

 

The condition – a prerequisite to go further in teaching and learning than normally 
requested at a certain grade level is to explain at the first parents meeting how you intend 
to teach the students: 

• by keeping a focus on challenge also for the gifted students 

• by offering all students suitable and challenging opportunities 

• by assuring parents that nobody will be lost, the scope is to amass successes rather 
than defeats. 

At a parent-teacher meeting, the teacher gives some examples of oral communication in 
teaching, e.g. the teacher could go through a teaching unit, and give the parents the 
same sort of tasks, which the teacher later would introduce to their children.  

Ask the parents to reply, comment on the answers and tell them what teachers would 
expect, including creative remarks, add that these are welcome. 

Concerning homework (or in periods the lack of same), it is likewise necessary to clarify 
that it is not quantity, but quality that counts. The students must be able to explain their 
line of thought. 

 

Let us keep in mind, that the role of the parents should be supportive, not 
demanding or a transfer of unfulfilled parents’ ambitions. 

 

Test 
The qualifications or learning outcome of students can partly be assessed by a test.  
If written tests are used for all students, it is important to remember the limitations 

of such a test.  
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As a teacher you may ask yourself: 

• Will the test results tell me something new about the individual student? 
• Does the test contribute to my planning of better teaching? 
• Is the test also suited to the gifted students? 
• Does the test method enable creative thinking?  
• Is there a risk of losing surprising solutions or comments? 
• Does the test fit the grade level and the curricular goals? 

A test may be so easy that it either does not provide an optimal challenge or 
misleads some students to believe it to be more difficult than it actually is. 

Krutetskii has developed 79 different tests in his work [6]. Of these 22 cover 
arithmetic, 17 algebra, 25 geometry and 15 other disciplines.  

The following example that appears in the first set of Krutetskii’s tests is meant for 
grades six and seven. This first series does not contain questions, a fact which the 
student initially must be conscious of. Krutetskii assessed the mathematical abilities of 
students by how fast and in which way the students formulated questions to the tasks. 
Thus the students first recognized the tasks as mathematical issues, next gave 
formulation of questions and finally they answered the questions themselves.  

Tasks were noted on separate cards which the student then got one at a time. 
Krutetskii’s expected questions are stated in italics [6, p. 106]. 

1. 25 pipes of lengths 5 m and 8 m were laid over a distance of 155 m.  
How many pipes of each kind were laid? 

2. There are 140 rubles in two cashboxes of a store. If we shift 15 rubles from the first 
cashbox to the second, there will be equal amounts in the two boxes. 
How much money is in each box? 

3. Some Young Pioneers collected 65 kg scrap metal, with 1 kg more of copper and 
aluminium together being collected than zinc, and 15 kg more copper than aluminium. 
How many kilograms of copper, aluminium, and zinc separately did they collect? 

4. I went shopping. If I pay for my purchase in 3-ruble notes, I must give out 8 notes more 
than if I pay in 5-rouble notes. 
How much does the purchase cost? 

5. A boy has as many sisters as brothers, and his sister has half as many sisters as 
brothers. 
How many brothers and how many sisters are in the family? 

6. The speed of a freight train is 38 km per hour, and that of a passenger train is 57 km 
per hour. The former left station A 7 hours before the latter, but the latter outdistanced it 
and arrived at station B 2 hours before it.  
What is the distance from A to B. 

7. Before the end of a day it remains 4/5 of what has elapsed since the day began. 
What time is it now? 

8. A cyclist made the journey from A to B at 20 km per hour, but went back at 10 km/h. 
What was his average speed for the whole journey?  
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This series was intended to reveal some characteristics of the pupils’ mental 
perception of a mathematical problem. … For us the point of the series is that it 

permits us to clarify how a pupil perceives a mathematical problem – whether he sees 
in it only a collection of odd and unconnected facts (which must still be expressly 

connected) or whether a problem exists naturally for him as a complex of interrelated 
quantities. In the former case we should expect that the pupil, as a rule, will not 
realize the hidden question, or will at least not be aware of it immediately; whereas if 

the examinee catches on quickly to the problem’s basic relations he will see the hidden 
question, which always proceeds organically from these relations [6]. 

Thus the tests used by Krutetskii were not diagnostic but purely research ones. 
Each series reveals one or few aspects and manifestations of the mathematical abilities 
being studied. And the 72 tests are of four basic categories, where three correspond to 

the three basic steps in solving a mathematical problem (gathering the information 
needed to solve the problem, processing this information while solving the problem, 

and retaining in one’s memory the results and consequences of the solution). The 
fourth category concerns the investigation of types of mathematical ability [6, p.98]. 

This may be a reminder to many of us. Any cleverly designed test will map only 
some aspects of what might characterize mathematical giftedness.  

Experience and strengths 
How do you as a teacher use the experience and strengths of gifted students in the 

classroom?  
To make teaching effective, you should start from recognizing the backgrounds of 

the students.  
But each of the strengths is accompanied by disadvantage when teaching in a 

multilevel classroom. The following table makes use of some of the characteristics, 
Sheffield and Krutetskii pointed out. Tables like this one appear in [7], and the 
description is often found to explain the social challenge of some gifted students: 

The strength The disadvantage 

Is curious  
Has critical thinking  

Poses questions, that may embarrass others  
Is critical and intolerant towards others 

Works alone  
Remembers earlier rules and solutions 

Seems superior and obstinate  
Opposes exercises 

Does abstract thinking 
Has high expectations 

Rejects details, looks for simple solutions  
Is perfectionist 

Shows energy and patience in problem 
solving 
Is goal-oriented 

Loses interest, when things do not develop as 
intended 
Is impatient with the slowness of others  

Generalizes patterns and connections  
Transfers learning to another situation 

Does not like routines, will easily be bored 
Formulates complicated rules and systems 

Finds shortcuts 
Thinks ”economically” 

Gets frustrated by inactivity 
Interrupts and seems hyperactive 
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Goals and Aims  

Are there especially good opportunities to make gifted and motivated students 
aware of and conscious about setting their own goals?  

Yes, we can suppose so. And it may very well be a necessary step in order to meet 
the particular experience and strengths of these students. Well aware that cultures and 
settings may differ between schools and countries, we would like to mention that the 
following viewpoints are based on Danish experience. 

Mathematics in grades 1–9 of the Danish primary and lower secondary schools is 
taught by teachers with a 4-year long teacher education. The teachers specialize in 2–3 
subjects, but normally teach 3–4, and the students attend the same school for 9 years.  

The classes within the same school year are never determined by academic levels, 
but the teaching set-up may be based (in periods up to 50% of the total teaching time) 
on other criteria than pure chance, e.g. by academic level, groups of girls and groups 
of boys or by interests. Mathematics in grades 10–12 of the Danish upper secondary 
schools is taught by teachers with a 5-year long teacher education. The teachers 
specialize in two subjects and only teach these. Mathematics is offered at three levels 
(C, B and A, C-Level is compulsory). 

Many math teachers at all levels are provided support through course books. And 
new course materials include teacher’s guidebooks presenting the aims of tasks 
suggested in the material. It is tempting to appoint such goals as your teaching goals, 
and such goals may indeed be a nice support for the teacher’s common goal setting.  

However, important parts of the curriculum of the primary, (lower and upper) 
secondary and tertiary math teaching are not easily rendered in a course book, e.g. oral 
communication of student’s methods is necessary, and this demands a setting for 
developing oral communication. And to meet student needs most teachers will 
supplement their teaching and the work of students with other materials, situations and 
organization instead of using the same written tasks for everybody inside the 
classroom and organized as whole class teaching. 

Below we give an example on how goals may be formulated differently in national 
standards and in actual teaching. In actual teaching practice any teacher will have to 
focus on aims of national standards – but of course not all of them in each sequence of 
teaching. 

In order to engage students in the interpretations of teaching goals and 
accommodating their personal considerations, the chosen aims may then be 
formulated in various ways. This example is from the Danish curriculum for grade 9 
[8]: 
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Applied mathematics  
The teaching should lead students to acquire knowledge and skills enabling them to: 
• choose arithmetical operations, use the concept of percentage and to make use of 

proportions in various settings  
• deal with problems related to the society including economics, IT and environment  
• give economical considerations referring to everyday shopping, housing and tax 

demands  
• work with interest rates, especially related to savings, loans and credit 
• work with and investigate mathematical models with formulas and functions  
• acquire knowledge about the possibilities and limitations of mathematics as a means of 

description and basis for a decision 
• work with statistical descriptions of collected data with emphasis on method and 

interpretation 
• carry out simulations, e.g. by means of computers 
• know the statistical concept of chance  
• use the computer for calculations, simulations, investigations and descriptions, also on 

the basis of societal relationships 
• use mathematics as a tool for the solution of practical and theoretical problems in a 

versatile way. 

Applied mathematics (Aims from actual project work in mathematics, one month) 
The teaching should enable the student to 
• collect and process statistical information using the computer 
• get experience with project work on architecture or problems related to technology and 

environment   
• interpret and construct simple mathematical models as formulas and functions, including 

the use of a computer 
• investigate and interpret statistical descriptions, as they are found in other subjects as 

well as in the media, and deal with probability and statistics in combination with computer 
simulations.  

 
When working with very capable students such common goals for a class may be 

too modest. The gifted student can aim higher than other students in the group. In the 
Danish action research scheme [1] we interviewed 115 gifted students. Only very few 
felt too loaded by tasks and expectations from their mathematics teacher, who even 
had them in focus as especially gifted. On the contrary, for many students it was the 
other way around, i.e. most were eager to have at least a few more challenging tasks.  

So three questions may be asked: 
• Would it help to make goals more visible and involve the students in matters of 

organization and evaluation? 
• How do teacher’s expectations affect the attitude and work of gifted students? 
• Should teachers be ambitious on behalf of their students?  

We will offer an answer to these questions below. 
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Planning 
Can capable students co-operate in planning their math work?  
Yes, research confirms this. But it implies expectation, initiative and support by the 

math teacher. 
Learning a subject such as mathematics is an individual process, taking place in a 

social context. Co-operation is part of the learning process; in some countries it is 
even included as an aim in the subject curriculum: 

Danish Mathematics Curriculum grades 1–10 (Purpose, section 2). 
The teaching should be organized in a way that students independently and through 
dialogue and cooperation with others, will experience that working with mathematics 
requires and promotes creative activity, and that mathematics provides tools for problem 
solving, reasoning and communication [9]. 

The curriculum is a common condition for all students, and it stipulates sharing 
responsibility in setting goals and choosing contents. However, the curriculum is not 
addressed to young students, i.e. it is not formulated in a language well-suited for 
young students, and it is a major challenge for math teachers to interpret the purposes 
and aims of the mathematics teaching for the class. Nevertheless, teachers ought to do 
that.  

As is the case in many countries, the Danish curriculum of mathematics is imbued 
with a constructivist view on learning, i.e. based on an understanding that knowledge 
and insight cannot just be fed from teacher to student, but have to be constructed by 
each student with the assistance of a teacher and in interplay with classmates. The 
learning process takes place in a social setting where students can develop meta-
cognitive abilities to monitor and direct their own learning and performance.  

This means students share some responsibility in an active learning process. Here it 
is fundamental to success that the students practice self- and peer-assisted-evaluation. 
It is possibly the best argument for portfolios as tools of reflection and documentation 
in school. 
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Fig. 2. An evaluation plan model [10] 

Many Danish schools use the model in Fig. 2 to visualize and remember important 
steps when seeking and maintaining quality. The notions in this context mean: 

Status is a description of the actual situation before a new effort or teaching sequence. 
This is the launching pad for new goals.  

Goals express the changes we aim at. 

Indications are the selected signs (of getting nearer to the goal). They specify what we 
want to achieve after a given period. 

Actions are the steps we take to reach the goal, e.g. tasks or activities. 

Evaluation is an expression of the degree of goal fulfillment, i.e. the resulting experience 
and the knowledge.  

Evaluation plan contains a short description of 

• what is assessed, and how it is documented 

• who is responsible to register, measure and/or evaluate what is being expressed by the 
indications. 

(The goal, the indications and the evaluation plan are closely interrelated.) 

  
Let us look at an actual example written by a Danish 10-grade teacher before starting 
teaching the students [10]. 
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Status 

• My planning is based on a one-year plan and a common goal for working habits 

• Statistics is the first topic of the year  

• As a new teacher my knowledge of the students is solely based on their written 
responses before the summer holidays 

• All lessons are scheduled as double-lessons 

Goals 

• To work investigatively with systematic data sampling 

• To use IT for calculations and descriptions 

• Be able to use the concept of fraction and percentage to describe statistical material 
including raise and decrease 

• To analyze and relate to statistical descriptions, where statistics are used in argument-
tation 

• To work together with others solving problems by means of mathematics 

• To use mathematics in connection with problems related to nature, society and culture  

• To use statistics for formulating predictions 

Indicat ions 

• The students draw on statistics when arguing on attitudes to societal relationships 

• The students use statistical concepts and are able to adjust their use of everyday 
language and mathematical terms subject to the communication situation 

• The students have a clear and profound understanding of the meaning of concepts such 
as arithmetic mean, median, mode 

• various types of tables, charts, histograms and graphs of occurrence and frequency, 
quartiles 

• The students are critical of graphical representations of statistics 

• The students relate to statistical models in view of extrapolations and future 
developments 

• The students experience that there is room for all 

Actions 

• Pre-test to reflect on status and to provide basis for division in homogenous teams  

• Textbook problems 1–14 

• Selected problems from supplementary textbook for students in need of extra practice 

• Problem 1–6 in Tables tell, chapter 1: Can numbers lie? 

• Concluding project:  An optional theme which may be described by statistics (2 weeks).  

Evaluation 

• Oral presentation of project  

• Eventually a written test. 

 
Could gifted students also make use of such a model? 
It is certainly an important idea for the teacher to invite capable students to think 

ahead; having their own ideas, aiming further than the common goal in class, but still 
in correspondence with the math curriculum.  
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In lower grades the teacher could encourage capable students to learn each their 
own tables way ahead of the rest of the class, or ”tempt” them by mentioning prime 
numbers and square root. In lower secondary or middle school, capable students could 
be prompted to work with reduction or trigonometry at high school level. 

Teachers could encourage the capable students to go deeper or ahead. To go deeper 
probably is harder for the teacher, but we bring examples and inspiration later in this 
book. 

Perhaps math teachers should take regular developmental talks with capable 
students individually or in groups; or differentiation of goal and plan might be handled 
in a whole-class discussion? 

Many teachers in the action research project were considering advantages and 
disadvantages of various forms of organization. In every class students are different: 
they show different interests, intelligence and professional proficiency. Hence, when 
teachers want to present the individual student with learning situations which 
correspond to the student’s background, they need to differentiate the teaching. 

There are plenty of ways to differentiate: 
• Short introduction to new content/tasks 

You can make an arrangement with the class, setting students to work 
independently after a common introduction. The capable students are quick to 
catch the point and may on that account sooner than the rest continue their 
individual work. Students needing further assistance can thereafter go through 
more examples. The capable students work individually or together with the tasks. 
This form relies on teachers to discuss teaching organization with their students. 
One should not emphasize teaching of the able at the expense of weaker students. 
Through participation in meta-discussions students will become conscious about 
learning in various ways; some are quick and pick up matters easily while others 
are slow, having to struggle more with the issue at hand.  

• Grouping by academic criteria  
This is when the capable students are put together in more permanent groups, 
where they challenge each other. In a group of academically capable students you 
could expect more independent work but the group should continue to have the 
attention of the teacher. It must not become a suit-yourself group. When the 
students are grouped at levels, it is easier for the teacher to pose challenging 
questions and tasks and give further inspiration to the gifted as well as to the 
weaker ones. The grouping should be fixed for a period and made by the teacher 
based on joint decisions by teacher and students, possibly backed up by tests. 
When a school has more classes at the same or close-age levels, the grouping could 
also be done by setting. This means more teachers can cooperate to find and 
compose material suited to various levels and thus prepare a more goal-oriented 
teaching of the various groups.  
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• Amount of content/time 
Let students solve the same tasks at different levels – or differentiate in time. The 
more capable students can handle more tasks or the same tasks in shorter time. It is 
crucial that capable students are being challenged and develop a culture, which 
makes it attractive to get as far as they can. This means, you must have a stock of 
extra tasks, preferably different tasks. It may also imply that capable students must 
do more extensive work on tasks, for instance open-ended tasks, solvable at 
different levels. 

• Different tasks 
Working within a content area, you may present tasks in various degrees of 
difficulty, which the student elects/gets handed. Likewise you could differentiate 
by materials, e.g. let capable students use a 10-sided “dice” instead of a regular 6-
sided one, use other basic arithmetic operations, etc. 
Based on our experience and recent action research, we recommend the following 

variety of tools to teachers when it comes to differentiation: 

Difference in 
demands 

You do not have to be equally tolerant of the quality or the quantity of the 
individual work of the individual student. 

You should also be able to: 

• create interest around a topic 

• choose/produce good introductions 

• form teams or groups for collaboration 

• give the students sufficient time 

• promote the "mathematical discourse" 

• create rigorous discipline combined with a pleasant atmosphere. 

Difference in 
time  

The time, given to the individual students for one and the same task may 
differ. It is likewise important to make time to talk with a group or with 
individual students. On that account: 

• Fit out the classroom to enable students to be autonomous, e.g. in 
getting paper, scissors, glue, extra tasks, mathematical games, 
computer programs, calculators, etc. 

• Establish structure, e.g. giving your students a sense of propriety. 

• Arrange to have consecutive math lessons! Eventually this must be a 
collective decision at school. 

Difference in 
assistance 

• Prioritize your use of time for different students. 

• Make use of students helping each other. 
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Difference in 
topics 

• Give students frequent opportunities to work with different topics 
depending on need, interest, and inclination. 

Difference in 
way of teaching 

Vary your approach, of course adjusted to the different students.  

We recommend all these forms in a sensible balance: 

• exposition by the teacher (of new content or homework) 

• discussions between the teacher and the students and among students 
themselves 

• appropriate practical work 

• consolidation and practice of fundamental skills and routines 

• problem solving, including the application  of mathematics to everyday 
situations 

• investigations and experiments.  

Difference in 
educational 
resources 

Textbooks rules (too much!) However, very few teachers will teach 
completely without textbooks. Apply also: 

• supplementary written material (booklets, timetables, statistics, 
advertisements, news; usually such material must undergo a certain 
adaptation). 

• own introductory presentation (eventually with the assistance of 
colleagues) of activities of limited duration and specific goals or 
thematic work for longer time 

• student surroundings in a wide sense (TV, sport, preferences, opinions, 
experiences) 

• observations of students and their work  

• calculators and computers (which are wonderful teaching tools to 
increase variation in content and teaching style; look for suggestions in 
Chapter 5.) 

Difference in 
goals 

Taking-off in continuous assessment the students will set for different goals. 
But the final goal of school and math teaching must be the same to all!  
You may apply "untraditional" methods to obtain knowledge about the 
students’ outcome of mathematics teaching, e.g.: 

• grade 6 students can tell the whole class about the cost of a hobby 

• grade 7 students can write a report about quadrangles instead of a 
ordinary homework 

• grade 8 students can write in a log book once every other week about 
their mathematical findings. 
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You may want to discuss the following issues: 

• When teachers think differently about possibilities for action, it may be 
explained with respect to the responsibility of each teacher for the whole 
class. On the other hand it may also be a matter of different experience, 
knowledge and attitudes to differentiating in their teaching. 

• How should you handle gifted students who may pose questions you 
cannot answer? 

• How do you explain and administer a teacher role where you expect gifted 
students to overcome mathematical hurdles by themselves? 

• Is it possible to ask at your own school: 

o Which plans for action do we have for special students (both weak and 
gifted?) 

o Which methods do we apply to identify the special student as early as 
possible? 

o How do we support math teachers regarding exchange of experience 
and knowledge? 

o Do we make sufficient use of possible networks with colleges of 
education, parents and others? 
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CHAPTER 2 

Mathematical competences 
 

As one reads mathematics, one needs to have an 

active mind, asking questions, forming mental 
connections between the current topic and other 

ideas from other contexts, so as to develop a sense of 
the structure, not familiarity with a particular tour 
through the structure. 

William P. Thurston 
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What does it mean to be mathematically 
competent? 

Mathematical competence is a complex concept. The idea of using it all the way 

from primary school to university was introduced, developed and exemplified by the 

so-called KOM-report [1]. This report was produced in 2002 by a Danish math 

commission in response to 10 questions from the Danish Ministry of Education. 

The report is a comprehensive paper (212 pages) prepared over a period of two 

years by a group comprising 12 people (mathematicians, researchers of mathematics 

didactics, mathematics teachers from all levels and people applying mathematics in 

other fields).  

As we find mathematical competence a promising concept for description and 

prescription of mathematics teaching and learning, also with the focus on the gifted 

students, this chapter is intended to clarify the concept through some examples taken 

partly from the report and partly from developmental – and research work in Denmark. 

In the KOM–report possesing mathematical competence is described as follows: 

Mathematical competence comprises having knowledge of, understanding, doing, using 
and having an opinion about mathematics and mathematical activity in a variety of contexts 
where mathematics plays or can play a role. This obviously implies the presence of a variety 
of factual and procedural knowledge and concrete skills within the mathematical field, but 
these prerequisites are not sufficient in themselves to account for mathematical competence 
[1; p. 49]. 

The report identifies eight mathematical competences that are described as: 

… a well-informed readiness to act appropriately in situations involving a certain type of 
mathematical challenge [1; p. 49]. 

The eight mathematical competences are: 

1. Mathematical thinking competence – mastering mathematical modes of thought 
i.e. being able to pose questions which are typical for mathematics. This is in focus 

in Chapters 3 and 4 (on competitions and clubs). 

2. Problem tackling competence – formulating and solving mathematical problems, 

i.e. being able to detect, formulate, demarcate and define mathematical problems, 

and eventually solve them. 

3. Modeling competence – being able to analyze and build mathematical models 
concerning other areas,  

i.e. being able to analyze the basis and characteristics of a given model and to build 

mathematical models of situations outside mathematics itself.  

This is in focus in Chapters 3, 4 and 5 (on competitions, clubs and IT). 
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4 Reasoning competence – being able to reason mathematically,  
i.e. being able to follow and evaluate a mathematical argumentation as well as being 

able to think of and carry out one’s own informal and formal reasoning. 

This is in focus in Chapter 3 (on competitions). 

5 Representing competence – being able to handle different representations of 
mathematical entities, 

i.e. being able to choose among and interpret various forms of representation. 

6 Symbol and formalism competence  – being able to handle symbols and formal 
mathematical language, 

i.e. being able to deal with and make use of symbol-containing expressions. 

7 Communicative competence – being able to communicate in, with and about 
mathematics,  

i.e. being able to study and interpret written, oral or visual statements or “texts” as 

well as being able to express oneself about matters involving math issues. 

This is in focus in Chapter 4 (on team competitions). 

8 Aids and tools competence – to be able to make use of – and relate to the aids and 
tools of mathematics, 

i.e. having knowledge of possibilities and limitations of relevant tools for 

mathematical activity as e.g. concrete materials, calculators and ICT-programs. 

 

 

Fig. 1. The competence flower [1] 

In addition to these eight competences the KOM-report mentions three kinds of 

active insights in the nature and role of mathematics in the world, which do not 

describe desired actions. Namely an overview and critical judgment on:  
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• the actual application of mathematics in other fields and practices 

• the development of mathematics in time and space, in culture and society 

• the character of mathematics as a well-structured subject area. 

In the following we will present an example on how to use the competence thinking 

in describing the mathematics of a situation in another way than just stating the need 

for a specific knowledge and some given skills. 

How much money to use on an apartment? 

Let us say that you want to purchase a place to live, and for that you need to take 

on a loan/morgage of 400.000 euros. The interest is 0,5% per month for 20 years (240 

months).  Usually you find the formula for annuity loans: 

I

I
MpA

n−
+−

⋅=
)1(1

 

where A is the amount loaned, Mp denotes the monthly payments, I – the interest, and 

n – the number of payments. In this example the equallity works out as follows: 

2401 (1 0,005)
400 000 2851

0,005

−
− +

= ⋅  

How do we look at that situation from a perspective of the eight mathematical 

competences: 

• Thinking competence: recognizing the mathematical questions, e.g. Why divide by 

the interest I?; How to calculate the monthly payments Mp in the formula above?, 

or What happens if you need only 300 000 Euros? Whereas a question like: Why is 
your interest so big? should be recognized as a non-mathematical question. It is 

more likely for an economist to answer a question like that. 

• Problem tackling competence: to formulate and solve problems similarly to what 

we are doing now. Finding the right formula, gathering the right information, and 

using them to answer the questions we are asking. Here we see the link to the 

Thinking competence. 

• Modeling competence: to understand the decisions behind this model, viz. that the 

model is based on the monthly payments being made at the same time as the 

calculation of interest. If that is not the case, then the formula cannot be used as it 

is. Another point is to see what is not included in this model, e.g. fees to the bank. 

In this case the model is already made, but a part of the modeling competence is to 

make models or improve models, e.g. to adjust this model by including fees to the 

bank. 
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• Reasoning competence: to like to work on the proof of the formula – or just to 

understand a presentation of the proof. To argue that for a constant interest (I) and a 

constant number of months of payment (n), there is a linear correlation between the 

size of the loan (A) and the monthly payment (Mp). 

• Representing competence: the ability to read and write different representations of 

the same mathematical object, e.g. the interest of 0,5% = 0,005, also remembering 

that the numbers represent money in Euros, or for different sizes of loan to 

represent the relationship to the Monthly payment in a graph to see the linear 

correlation. Here we see the connection to the reasoning competence. With a well-

chosen representation arguments can be made easier.  

• Symbol and formalism competence: here we use the symbols I, Mp, A and n, and 

(1+I) is raised to the power of –n. Again we see a link to the reasoning- and the 

representing competence. The formalism and the use of symbols make the 

reasoning easier if you understand the symbols. For instance, to argue that there is a 

linear relation between the size of the loan A and the monthly payments Mp one can 

argue for a substitution of the fraction with another symbol since it is a constant for 

constant I and n.  

• Communicating competence: to use the right way to communicate your own 

mathematical ideas and to perceive the ideas of others. Here again the use of the 

above mentioned substitution of the fraction with another symbol to argue for the 

linear relation between A and Mp has a communication value as well, and shows 

the importance of a communicative focus in handling mathematical situations.  

• Aids and tools competence: how to choose and use the right tools and aids to your 

mathematical activity. Similarly to above to work out a table on all the payments by 

using a spreadsheet or a calculator just to calculate the monthly payments. Or to use 

a table containing the relation between the interests and the number of payments as 

it was done in the good old days. It is important to know the use of the different 

tools and their limitations. One should not just copy a result with 18 decimals of the 

calculator when we are talking money. We have to round the result to an 

appropriate number of decimals that makes sense in the situation. 

 

The three dimmensions of a competence 

It goes for all eight competences that they carry within them a duality of both a 

productive side and a perceptive side. On one hand a part of a given competence is to 

produce a valid mathematically action to a given situation. The other part of the 

competence is to perceive and judge the actions of others in relation to a given 

situation. This is called the coverage of the competence. 

In all we talk about three dimensions of a competence, in which coverage is one of 

them. The other two are the degree of action, and the technical level of a given 

competence. 
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The degree of action relates to the number of areas within the subject of 

mathematics or in more general the number of different situations one can act out a 

given competence. For instance not all have the same level of symbol-formalism 

competence within higher algebra as within arithmetic.  

The technical level of a competence refers to the level of mathematical complexity 

of a given situation one can handle. We would say it is easier to handle the 

representation of a situation of linearity in relation to buying potatoes 75 eurocents a 

kilo than the representation of the linearity of the situation presented above.  

Below we will present a few of the eight competences in more details, to exemplify 

how the competence thinking can be used to challenge the more gifted students within 

the frame of the ordinary class work. 

Reasoning competence 
– being able to follow and evaluate a mathematical argumentation as 

well as being able to think of and carry out one’s own informal and 
formal reasoning 

This competence is demanded and demonstrated when one follows and evaluates 

the mathematical reasoning of others, e.g. in a textbook or in an oral explanation by a 

teacher or a fellow student. A mathematical proof is this kind of reasoning, but it is 

also what we would call a convincing argument.  
It is important to recognize the difference between a general proof and an intuition 

or simply an example of something which seems to be a rule. Likewise it is important 

to understand that one counter-example is sufficient to reject a conjecture/hypothesis. 

The competence also includes being able to invent and go through with one’s own 

reasoning. Of course, this is harder than just following ideas put forward by others. 

Let us look at some examples, starting with the informal reasoning encouraged and 

met even in lower grades. 

Algorithms 

Students may make use of their own reasoning and invent algorithms for addition: 

429 + 21 = 450 

There are 4 hundreds 

4 tens and 10 units. 

The units can be changed. 

1 

429 

+   21 

450 

First the units: 10 in total. 

They are changed for a ten. 

429 + 21 

It is 1 more than 449. 
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Russian peasant algorithm for multiplication is difficult to understand and explain 

before grade 7, because it requires higher order reasoning. The initial multiplication
1
 

problem is rewritten in new ways. But in some of the rewritings a factor is not 

transported to the next line: 

22 × 35 = 

11 × 70 

  5 × 140 

  2 × 280 

  1 × 560 

Add the numbers in bold to get the result.  

Sum of angles in a triangle  

• One can cut and arrange the three corners of a paper triangle into a whole angle 

(180°). This concrete approach is a nice way to enter into a more systematic or 

formal investigation. 

• One can investigate and experience the same connection with dynamic software, 

e.g. GeoMeter or GeoGebra. This will convince most people that angles in any 

triangle sum up to 180°. The visual demonstration is of course not a proof in the 

traditional formal understanding. But the immediate visual feedback will act like an 

enzym to the reasoning process when building up mental constructs on this in the 

brain. The computer may strengthen the conviction  when formulating conjectures 

but the important message is that Reasoning from empirical evidence is not a 

mathematical proof” [2]. 

 

• The proof of Euclids is an example of 

a formal proof met in high school, still 

depending on some axioms and other 

conjectures. 

 

Rules for calculating powers 

• 5
2
·5

4
 = 5

6
 

• ab·ac = ab+c
,  a ∈ R; b, c ∈ N  

• a0
 = 1,  a ∈ R 

• a-n 
= (an

)
-1

 = 1 / an
,  a ∈ R\{0};  n ∈ N 

The rules show increasing abstraction from an example to a generalization i.e. the 

technical level increases in relation to both the reasoning and the representation. 

                                                      
1
 mathforum.org/dr.math/faq/faq.peasant.html (Eds.) 
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Gifted students may reason about the power being any real (or even a complex 

number) before this eventually is taught in class. 

Pythagorean theorem 

• Examples of Pythagorean triples such as (5, 12, 13), since 5
2
 + 12

2
 = 13

2
 

• Presenting this conjecture with visual support, and eventually suggesting 

rearrangement of cardboard triangles and squares. 

Poems (verses) related to the Pythagorean theorem, e.g. a poem by H. C. Andersen 

(1831). The Danish title: Formens evige Magie means The Eternal Magic of the Form: 
 

 

 

Excerpt in Danish: 

Trianglen ABC er givet her, Retvinklet og paa 
Siderne Quadrater; Beviset er nu om de to 
Krabater, Det, at Quadraterne paa hvert 
Catheder AC, BC (jeg naevne disse Steder) Er' 
just i Eet og Alt, som den Krabat, 
Hypothenusen kalder sin Quadrat. Nu gaae vi 
da til vore Præparater. En lodret Linie maa man 
som De veed Her drage til den større Side ned, 
Og saa forlænge den endnu til K, Da vil man 
finde, ei det mindste mangler, AB-Quadraten 
ganske rigtig staae Delt (som AK BK) i to 
Rectangler. (Thi tvende Linier, man veed, Har 
just det generelle, Naar paa en tredie de staae 
lodret' ned, Saa er' de ogsaa ganske parallelle.) 
Nu drages en fra A til G, fra C til I, Og da 
Præparationen er forbi. Ei sandt, o Mester! — 
true dog ei med Riset! Nu gaae vi til Beviset. 

 

In fact, this text reflects the proof given by Euclid as Proposition 47 in the 

Elements, Book 1 (see e.g. [3] in which 75 proofs of the Pythagorean theorem are 

presented). 

It could be rendered by a simpler text than this poem displays; however, the poetic 

language at the same time requires and consolidates a profound understanding of the 

proof. It may also be fascinating to some students, that a world famous author in fact 

was also rather good at doing mathematics. 

The examples may be from different subject areas and represent different levels 

than those of the KOM-report. The first two (dialogs) are examples of following and 

evaluating a mathematical reasoning:  
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A: As you square a number, the result always becomes bigger. This is the case for the endless 
number of whole numbers. Therefore it must also be the case for every number. 

B: No, firstly the assertion is wrong, as 
 

= < 
 

2
1 1 1

2 4 2
. Secondly you cannot transfer all 

properties in the set of whole numbers to a more extensive set of numbers. 

 

A: Every odd number is composite. Assume n is odd, then 
+ −   

= −   
   

2 2
1 1

2 2

n n
n , where both 

+
=

1

2

n
k  and  

−
=

1

2

n
m   are whole numbers.  

Since = − = − +
2 2 ( )( )n k m k m k m , n has to be composite. 

B: The reasoning is wrong because − = 1k m , so you only claim that = ×1n n , which does not 
make n a composite number. 

The next example is an illustration of what it may mean to know and understand 

what a proof is (is not): 

A: If =lim ( )f x b , as →x a , and =lim ( )g y c , as →y b , then =lim ( ( ))g f x c , as →x a .  

Since x approaches a , then ( )f x  by asumption must be approaching  b.  This means that 

( ( ))g f x  approaches  c. And that was the assertion. 

B: This is not a valid proof because the handling of the concept of limit is loose and unprecise. 
In fact, the assertion that is attempted to be proven is wrong, unless g satisfies more 
conditions. 
The problem is that the image of f may be contained in the domain of g in such a way that 
the composite function cannot approach c.  

For example let f  and g  be defined this way: 

=( ) 0f x  for all x, and =(0) 1g , but =( ) 0g y in every other instance.  

Then for = 0a , → =( ) 0f x b , as →x a . Also → =( ) 0g y c , as → = 0y b . 

But =( ( )) 1g f x  for every x. 

Therefore it is not the case that ( ( ))g f x  approaches = 0c , as x approaches a. 

The final example shows the ideas in a correct proof: 
 

Gauss’s proof of the formula + + + = +�1 2 ( 1) / 2n n n  rests on the idea to determine the 

sum as follows. By adding + + +� 2 1n  to the left side we get the sum twice, which could be 

presented also as n pairs of numbers with sum +1n , i.e. +( 1)n n . 
 

We encourage you to give and discuss some examples of this competence as it is 

demanded and developed in teaching in your school, college or university. You might 

reflect also on the following question: 
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How should mathematics teachers assess and cope with the possible and 
optimal progression in the 

•   degree of coverage 

•   radius of action 

•   technical level 

of reasoning competence? 

Communicative competence 
– being able to express oneself about matters involving math issues 

This competence is demanded and demonstrated receptively when you study and 

understand other people’s written or oral production of matters involving math issues 

represented through visual statements or texts; and (re)productively when you express 

yourself in various ways and at different levels of theoretical or technical precision 

about matters involving math issues represented through visual statements or texts. 

The (re)production of any written or oral representation of a mathematical activity 

will show the expressive aspect of the communicative competence, e.g. when a student 

shows a solution to a problem, even if it is not his/her own. Reading and understanding 

a page of a math textbook will show the receptive aspect of the communicative 

competence, e.g. when a student enters a discussion on mathematical relations. 

Oral presentations and explanations form parts of the readiness to communicate and 

are also the terms in math teaching used for situations where communication takes 

place with a certain aim: 

• to give students the opportunity to acquire the mathematical language through daily 

practice, gradually becoming more and more able to use language with an 

increasing degree of precision 

• to plan teaching, so that students are forced to express themselves about 

mathematics 

• to design teaching materials, so that students are forced to express themselves about 

mathematics 

This is formulated explicitly in some national curricula, e.g. 
 

Danish Mathematics Curriculum grade 9 (p. 18). 

The teaching must lead the students to acquiring knowledge and skills which enable them  

• to understand and relate to information which includes mathematical expressions 

• to formulate problems, describe methods and give solutions in an comprehensible 
   way, written as well as oral 

• to collaborate with fellow students in problem solving using mathematics. 
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Oral communication requires two parties. 

What should the actively speaking students and the actively listening students do 

for a successful communication? 

 

  

 

 

 

 

 

 

 

 

 

 
 

Thus there are two reasons for a mandatory focus on oral communication: 

• It is an effective means to insight (process). As students explain to each other, e.g. 

how they do multiplication or on the mathematical connection between the activity 

at a certain time and the half-life of radioactive isotopes, they will increase their 

own insight.  

• It serves an educational purpose of its own (product). Students should increase their 

ability to formulate and explain orally. 

Communication competence is demanded when students discuss math containing 

topics with others. Examples may be from different subject areas, and represent 

different levels. The dialog below is an example of a discussion between two students 

in the secondary school: 
 

—  We are always told not to do division by 0. But why? Is it only a rule or what? 

— I suppose it is. 

— But where does it come from then? There must be a reason. 

— Let’s try to see what division is all about. If we were to divide a by 0, we would have to 
find a number which multiplied by 0 gives a. But a number multiplied by 0 gives 0 and 
not a. So the proposed division is impossible. Perhaps this is why it is forbidden. 

— Hey, if a = 0, everything is working. Then you can multiply 0 by e.g. 1 and get 0. 

— OK, or we could multiply 0 by 10
10

 and still get 0. Then 0/0 would be 10
10

. 

— Yes, we could multiply by anything and get the correct result. 

— But then you could also claim that this division does not produce a certain result, when 
anything can happen. And then I suppose it is impossible. 

— So, it is forbiddeen to divide by 0 because we never will get a certain result. In most 
cases we will get nothing, and if a = 0, we will get anything. 

• understand, e.g. by 
reproducing 

• explain, e.g. clarify how they 
got their result to a fellow 
student 

• formulate, e.g. a “math-
story” or a theorem for later 
use 

• reason (convince), e.g. 
convince another student of 
the correctness  

• learn, e.g. pose relevant 
questions to their interlocutor 

• listen, e.g. be quiet, when their 
interlocutor “has the floor” 

• experience, e.g. through their 
interlocutor’s explanations 

• reflect, e.g. on what your 
interlocutor is saying 

• judge, e.g. if they think 
something is missing 
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In this context you might want to reflect on the following issues: 

How do math teachers create an open and confident atmosphere – inviting 
communication and reasoning? 

Are some mathematical subject areas particularly suitable, and may the 
focus be on both the process and the product? 

Are some ways of working in mathematics teaching particularly suitable for 
communication and reasoning? 

What about group work, partner-work, teaching with working cards, 
workshops, theme- or project-work or open assignments? 

Which assessment forms support /register these competences? 

How do the students learn to listen, to pose the right questions, to have 
respect and give room? 

Can parents strengthen the communicating competence of their kid, e.g. by 

often asking: what, how, why? 

How does competence thinking affect teaching? 
The Danish Ministry of Education introduced competence thinking to put an end to 

syllabus thinking, e.g. long lists of concepts and routines to be learned. 

There are several reasons: 

• The traditional syllabus thinking causes too low a level of ambition. Reproduction 

from syllabus is acceptable, however not at all sufficient, and the curriculum is not 

in agreement with it any more, be it in primary school, secondary school or at 

educational colleges. 

• Growth of knowledge brings a packed syllabus to schools and educations and thus 

a risk of superficial or skewed choices.  

• Assessing student qualifications only based on the knowledge of type and amount 

of subject matter does not supply sufficient evidence of their comprehension and 

uptake of the eight mathematical competences as prerequisites to optimal 

mathematical progression between education levels. 

Competence thinking is in accordance with an international tendency for ways to 

represent the teaching proficiency.  

Competence-descriptions of mathematics present interesting possibilities.  

First, concerning two kinds of descriptions: 

• Normatively, when weight and degree of mastering every competence define a 

curriculum. This is now done in Denmark. 

• Descriptively, when competences are used to describe and analyze educations 

including mathematical issues, as well at a curriculum level as in daily education. 

This is partly done by the PISA testing of 15-year-old students in many countries. 
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Second, the competence descriptions offer a meta-cognitive support in daily use – 

both descriptively and normatively – by simply being used as foci between students 

and teachers about: 

• what the math teaching is intended for, and 

• what is actually happening – or ought to happen, both concerning math teaching 

and learning. 

A matrix structure 

In the math curriculum at every level in schools and teacher education a set of 

mathematical competences and a set of subject areas can be said to span the 

mathematical content in a matrix structure (Table 1): 

Subject area →→→→ 

Competence 

Numbers Arithmetic Algebra Geometry ... 

1. Mathematical thinking 

2. Problem tackling 

3. Modeling 

4. Reasoning 

5. Symbol and formalism 

6. Representing 

7. Communicative 

8. Aids and tools 

 

Table 1 Mathematical competences vs subject areas [4] 

The way to think of the link between subject area and competences is to fill out the 

big blank space. Ideally all subject areas can be linked to all eight competences, but of 

course some links seems more natural than others, like functions and modeling, or 

arithmetic and representing, but it is in no way exclusive. It is also important to realize 

that we don’t need to start with a subject area and then add on a competence. It is 

equally valid to choose a competence to focus on, and then pick a suitable subject area 

to work on the given competence. This is what we have done in the following example 

taken from a developmental work carried out in Denmark in a 5
th
 grade class focusing 

on reasoning competence [5]. It was a 90 minutes lesson with a small brake, and the 

pupils were expected to work on an open-ended problem: 

 
House 1 

Here we have a 3 room house seen from above. The red dot is Casper, a small ghost 

who can pass through walls. He is thinking if it is possible to pass through all the walls 
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once and come back to where he started. It might work in house 1 but how about the 

following house 2 (make yourself some more houses): 

 
House 2 

It is important that when presenting the task the teacher makes sure that the pupils 

understand it is the leaning of reasoning competence that is in focus. It is not only to 

get the results of “he can” he can’t” for each of the houses, but to find ways of arguing 

why he can or can’t. So the pupils need to find and express rules to judge by the look 

of a house if it is possible or not for Casper to go through all the walls once and come 

back. 

The focus of the reasoning competence is maintained by the teacher asking 

questions like: Why is it so?, Is it so any time?,  How can you be sure?,  etc. We found 

it very important for the pupils to recognize results from the previous tasks with 

houses in order to accumulate experiences sufficient to build an argument. Pupils who 

just went from one house to another answering “can” or “can’t” (as if it was 20 

multiplication exercises) did not get very fare in the reasoning. It is also important to 

leave time (as much as 20 minutes) in the end to have a class discussion to keep focus 

on the arguments, and letting the pupils listen to the arguments of the others. 

How about the gifted pupils?  

By keeping the perspective of the competences we can as teachers choose to change 

the focus from the reasoning competence to the representation competence. The gifted 

pupils can gain a lot in shifting the perspective from walls and houses to places and 

routes: 

 

 

 

 

 

  

 

 

 

House 1 as places and routes 

 

The walls are now the routes (lines) between the rooms (red ovals), the sizes of the 

rooms are now neglected and finally the prezentation of the space around the house as 
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a “room” (the big oval) as the rest of the rooms is now possible. Now we can look at 

the problem in a way similar to the problem of the seven bridges of Königsberg [6] by 

Euler and we can link it to the more general topic of topology. 

So one way to support the gifted pupils is a shift in focus with respect to the 

competences in order for them to develop a better representation of the problem, and 

thereby use this problem to introduce a new mathematical topic. Here it will be 

possible to expand the pupil’s degree of coverage within the representation 

competence and by shifting back to the reasoning competence expand the degree of 

coverage there as well. 

Another way to use this task is to keep the focus of the reasoning competence but 

ask for reasoning at a higher technical level. This could mean bigger houses, houses of 

more than one floor, where Casper can pass between the floors or not allowing Casper 

to use the outer walls. Another way of increasing the technical level is to ask the pupils 

to write up the arguments in a structured way, with a focus on the logical structure of 

the argument, the definitions, the premises, and so on. This way of organizing the 

teaching sets high demands for the teacher. Next we will look at ways to describe the 

competent teacher. 

Professional competence of the math teacher  
– being able to meet the gifted students 

Most countries distinguish between teacher education for primary school (in 

Denmark including lower secondary) and high school (upper secondary). In the lower 

grades, where authorization as a teacher demands a degree from a College of 

Education and not necessarily specialization in math, you cannot take math teachers’ 

love for the math core of their subject for granted!  

On the other hand, most teachers are skilled practitioners who like to teach. They 

practice in a qualified correspondence with own reflections on general problems of the 

how-to kind, typically applying focus on organizing activities in mixed ability classes. 

Perhaps we  – in Denmark at least  – overemphasize teaching and underemphasize 

mathematics having a college-based teacher education? Over the years, there have 

been many teachers in the public school (grade 1 to 9) teaching mathematics without 

sufficient educational background compared to teachers of other subjects. (in 2002 ca. 

45% in mathematics, ca. 35% in Danish and ca. 15% in English).  This has luckily 

changed over the last ten years where there has been an emphasis at least  in Denmark 

on only educated mathematics teachers teaching mathematics. The last analysis from 

2012 only 18% of the teachers in mathematics did not have a sufficient educational 

background [7]. We recommend all mathematics teachers to have a mathematical and 

math-didactical education when teaching grade 1–12 mathematics. In most countries it 

is unthinkable to teach upper secondary students without a high education in 

mathematics. But in some countries it is still accepted to have a weaker background in 
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mathematics when you teach lower grades. A systematic in-service math education is 

crucial for meeting the needs of every math student. 

Competences for math teachers  

A mathematics teacher must have an overview of the math subject and the ability to 

act convincingly, keeping track of student learning with proficiency and assessment in 

mathematically related situations [3]. But what does it actually mean to understand, 

exercise, apply and take position on mathematics and mathematical action in contexts 

where mathematics do or may play a part? Where competences are acknowledged, 

there will firstly be trust in and accept of the way a competence is expressed.  

The commission report suggests the following six necessary competences for math 

teachers besides the purely mathematical. They are no surprise, whatever the 

juxtaposition may be. The column to the right describes the competences very briefly: 

Curriculum competence,  

i.e. to estimate and work out a 

curriculum 

• To read, analyze and relate to current and future 

frames  

• To describe and carry out aims in a  given 

framework 

Teaching competence, 

i.e. to plan, organize and practise 

teaching 

• To keep track and interact with students, 

establish rich teaching and learning situations 

• To find, evaluate and produce teaching aids  

• To substantiate and discuss teaching content, 

form and perspectives with students 

• To motivate and inspire students to commitment 

to math activities 

Learning uncovering competence, 

i.e. to uncover and interpret 

students’ learning as well as their 

view and attitude to mathematics 

• To understand the cognitive and affective 

backgrounds for mathematical learning of the 

individual student 

Evaluation competence, 

 i.e. to uncover, estimate and 

characterize the students’ 

mathematical competences 

• To choose, construct and make use of a wide 

specter of evaluation tools. Both formatively 

(continuous assessment) and accumulatively 

(final assessment) 

Cooperation competence, 

i.e. to collaborate with colleagues 

and others about teaching and 

framework 

• To combine competences on mathematical, 

pedagogical and didactical problems  

• To collaborate with parents, administration and 

authorities on teaching framework 

Development competence, 

i.e. to further develop one’s 

competences as a math teacher 

• A meta-competence!  

• To reflect on own teaching and identify needs for 

development 

• To choose, arrange and assess suitable activities, 

e.g. further education and collegial initiatives 

• To keep up to date, writing teaching  materials  
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Increased focus on these competences is recommended, eventually to be included 

as main categories to curricula in teacher education. Unfortunately it is neither easy 

nor cheap to develop and recognize all the mentioned competences with certainty.  

Progression  

As seen above the competent math teacher is assumed to keep track of student 

outcome being proficient.  
A competent mathematics teacher consequently must also cover the mathematical 

competences. As mentioned above, the commission report suggested three dimensions 

in a description of each competence: 

• Degree of coverage  

• Action range 

• Technical level  

For teachers of mathematics the request for judgment is added to these.  

A professional mathematician must be able to judge the correctness of own 

mathematical argumentation, while a teacher of mathematics must demonstrate 

judgment in the teaching profession, i.e. in the math lessons.  

The judgment may be applied to goal setting, choice of teaching content within the 

frame of the curriculum (in some countries this is very open), adjusting teaching 

methods, and guiding or grading students. 

Einstein is quoted as saying: Not every thing that counts can be counted. And 

everything countable, counts almost twice in the evaluation picture of today. Therefore 

the introduction of new evaluation tools in schools and teacher education is most 

welcome. 

Indeed many math-teachers do possess these competences, contributing to make 

visible the signs of development in schools and teacher education, boosting respect for 

the teaching profession and elevating the quality of opinion formation and discussion 

about schools and teacher education.  

There is a huge demand for all of them.  

We find the notion of competence fruitful in discussign quality in teaching and 

learning mathematics. The following chapters will show competences like reasoning 

and communication in various settings, as competitions, clubs, the use of software and 

mathematical research at school age.  
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Math competitions –  

achieving your best 

 
 

Competition is a form of cooperation. As such, it 

cannot be opposed to cooperation. 

William F. Vallicella 
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Contributors: Arne Mogensen, Oleg Mushkarov,  
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Competitions: pros and cons 
In this chapter we shall discuss the math competitions – a typical activity gifted 

students can participate in. Many data and studies are available on mathematics 

competitions.  An invaluable source of information on these events worldwide is the 

journal of the World Federation of National Mathematics Competitions (WFNMC), 

Mathematics Competitions.  Several ICMI Studies, in particular those on The 

Popularization of Mathematics and Assessments in Mathematics Education, are 

related to the subject of competitions as well [1]. 

Competitions (as other extracurricular math activities) are one of the best possible 

ways for peer groups of students to learn more about and go deeper in mathematics. 

The students expect to find some fresh and exciting topics that are not likely to be 

presented at the traditional mathematics classes.  

Тhe purposes of organizing math competitions include the following: 

• tо identify, recognize and reward excellence in mathematics 

• to provide more intensive study of mathematics than the standard one offered at 

school 

• to help students get deeper understanding of math arguments 

• to fill partially the gap between the school and university mathematics 

One of the first math competitions for high school students was organized in 

Romania by the journal Gazeta Matematica on 21 May 1885 with 70 participants [2]. 

Тhis initiative was further extended to what is now known as International Math 

Olympiad (IMO) held for a first time in Romania in 1959. Since then it has been held 

every year (except 1980). It was initially founded for former socialist countries, but 

IMOs spread to other nations gradually expanding to over 90 countries from 5 

continents. 

According to the WFNMC Policy Statement [3] math competitions generally fall 

into one of the following two categories, both of which have increased substantially in 

popularity over the past century: 

• Inclusive Competitions  
These competitions are of a popular nature, designed for students of all standards. 

Such competitions give each student the opportunity to solve simple though often 

intriguing problems set in familiar circumstances. Examples of such competitions 

are the multiple choice competitions such as those in Australia, Europe (Kangaroo 

and UK Challenges) and North America (Canada and USA).  

• Exclusive Competitions  

These competitions are aimed at the talented student. The syllabus of the 

competition is rarely formal, although articles, books papers and other materials are 

often available as guidelines for new participants and their teachers. There is vast 

material of a challenging nature which enables students to deepen their knowledge 
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and command of mathematics without the need to accelerate their study. This can 

aid the talented student to mature intellectually and better equip him or her for later 

study or careers. Examples of such competitions are the National and International 

Olympiads in Mathematics.  

Without pretending to do a detailed and complete classification we could consider 

as possible characteristics also the scope of the completion - local, regional, national 

or international. Another distinguishing feature could be the format of the competition 

– individual or group one. A typical feature of the individual math competition is the 

time limitation The increase of group competitions is manifested recently even in the 

countries with very well developed system of individual competitions. The interest in 

organising group competition can be explained with the fact that larger group of pupils 

can be involved and therefore it is possible to improve the math competence of larger 

group of pupils and teachers.  

As argued in [4] math contests are a tremendous social and intellectual 

opportunity for students, but exposing students to contests must be done wisely, else 

they become counterproductive to the goal of encouraging a lifelong interest in 

mathematics and other intellectual pursuits. 

Indeed, despite the obvious benefits of the math competitions as a motivating 

factor in math education there are some serious arguments against them. For instance, 

the prevailing opinion among the pre-service and in-service math teachers is that the 

pupils who could participate successfully in the math Olympiads represent a very 

small percentage and that the level of difficulty of the problems they have to solve in 

the preparation process is unachievable for the majority of pupils at school. A 

potential danger of the math competitions for the self-confidence of the students 

participating in them is expressed by many math educators. For example Rejali [5] 

describes the attitude of many teachers and students in his country (Iran) towards 

competitions as follows: the teachers are less involved, and many students do not take 

part in competitions as they feel unsuccessful if they have not achieved high results in 

these competitions, and, as a result, there are few benefits to mathematics education 

in general from these activities. Although an isolated failure shouldn’t be considered 

too risky, it is its frequency that might be dangerous according to Rusczyk [4]: 

Extending kids beyond their ability (if this happens consistently), the experience goes 

from humbling and challenging to humiliating and discouraging. Even stronger fear 

for the students’ self-esteme could be seen in the opinion of Kohn who asserts that the 

competition actually has a negativ influence on the achievement levels of students and 

that it turns all of us into losers [6]. Although such an opinion is close to extreme it is 

true that there are many highly mathematically gifted and creative students, who do 

not perform well under pressure [7, 8].  

A very essential argument against involving a lot of efforts in training students for 

math competitions is the one posed by the society as a whole – what happens with the 

best achieving math competitors? The answer is not easy since the brain drain from 
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Europe to USA has been one of the most typical phenomena after 1990 and those 

involved in preparing the math tallents to compete should have good arguments for the 

intellectual investments in the young people who are leaving the country. 

Furthermore, even if the winners of the math Olympiads achieve a prestigious 

professional realisation (such as working on Wall Street) aren’t they lost for 

mathematics research? 

A possible answer in favour of math competitions is in broadening their range so as 

to include: 

• math competitions for larger groups of participants, stimulating math competences 

of students, pre-service and in-service teachers alike 

• math competitions with a greater variety of topics and levels of difficulty so that 

different interests and abilities could be covered 

With these ideas in mind and taking into account the specifics of different types of 

contests a special attention was paid in the frames of our project to sharing the good 

practices of the project partners in terms of preparation of students and teachers for 

participation in math competitions on one hand, and to organizing new types of math 

competitions, on the other. 

Here below we consider several examples of good practices related to math 

competitions in different partner countries: 

• making use of a well developed infrastructure which involves national math 

unions, specific math journals, forms of an ongoing preparation of pupils and 

secondary school teachers on national level for math competition  

• organizing a national participation in the frames of an international contest 
which requires a relevant  national infrastructure 

• introducing a math component to an existing event which has an interdisciplina-

ry character and thus is very attractive for a larger group of pupils.  

Now we turn to concrete examples illustrating the above cases. 

The importance of the infrastructure:  
the case of Bulgaria 

There is a well-formed and working system for math olympiads and competitions 

in Bulgaria. They are organized jointly by the Ministry of Education and Science 

(MES) and the Union of Bulgarian Mathematicians (UBM). The active role of UBM 

in the scientific support of these activities should be emphasized. For more than 25 

years a Team for Extracurricular Work embracing math researchers, university 

professors and teachers has been creating problems for the last two rounds of the 

National Math Olympiad and for other types of math competitions in Bulgaria. 

Members of this team deliver lectures in different schools all over the country and 

organize special seminars for preparing teachers for extracurricular work. It is also 

their duty to prepare the national teams for participating in the Balkan Mathematical 
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Olympiad and the International Mathematical Olympiad. For that purpose two-week 

training camps are organised annually. The Union of Bulgarian Mathematicians also 

publishes books on extracurricular topics as well as collections of math problems from 

national and international competitions.  

The fact that for more than 30 years Bulgarian students have been awarded a 

significant number of medals at the International Mathematics Olympiad proves the 

advantages of such an infrastructure: In the informal team ranking Bulgaria has 

regularly been joining the first rank of ten among more than 80 participating 

countries. Very often the Bulgarian team has finished the contest, classified within the 

first six positions, among competitors of incommensurable human and economic 

potential [9]. The importance of the infrastructure for working with mathematics 

talents is emphasized by H. Rogers in an interview with him [10]: Of course, some 

countries are better organized than others for developing their top talent; China and 

US do the best, with Bulgaria, Romania, India, Russia close behind… Each of these 

countries has a community of aspiring students and ambitious teachers that is 

superbly organized to identify and promote top talent. 

Let us discuss the most typical features of the math competition in Bulgaria and the 

atmosphere behind them: 

• Most of the competitions are individual. 

• The difficulty of the math problems (compared with the analogous competitions in 

many other European countries) is relatively high. 

• Most of the competitions are organized in fixed towns approved in advance by 

MES and UBM. Satellite math events (lectures, seminars, round tables etc.) are 

organized during the 2–3 days of the competitions. In this way students and 

teachers from all over the country have the possibility to share their experience in 

preparation for math competitions. This type of competitions requires significant 

human and financial resources.  

• The problems for the national competitions are proposed by teachers and university 

professors after which the problem selection is done by juries approved by MES 

and UBM. The juries together with some invited teachers are in charge of 

evaluating the student's papers. They check the written solutions and form the final 

mark of a student on the basis of the points assigned to each problem. The juries 

also approve the winners of the competitions who then are awarded with diplomas 

signed by the Minister of Education or the President of UBM. 

• A lot of information about the math competitions (problems, solutions, results, etc.) 

is published in the math journals Mathematics, Mathematics Plus and Mathematics 

and Informatics. Information about the winners of the most important competitions 

is also given by the local and the national newspapers, radio and TV stations.  

• The math competitions enjoy a great social popularity in Bulgaria and they are 

considered as some of the most natural and effective ways for motivation and 

stimulation of the young people to study mathematics. 
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The organization of competitions is carefully planned so that the students have 

enough time for preparation and the chance of participating in several competitions 

with increasing level of difficulty or of different format. 

Of special importance is also the analysis of the achievements of the participants 

leading to a refinement of the process of students’ preparation and of teachers’ 

qualification.  

The structure of the schools specialized in math and science which could be found 

in all principal towns of the country also contributes to the organization of contests. In 

some of the towns the specialized schools start from 5
th
 grade. The existence of such 

schools plays a very important role in attracting a larger group of talented pupils to 

mathematics. Let us throw a glance at the atmosphere in one of these schools and the 

role of the teachers there through the eyes of an alumnus, Nikifor Bliznashki, a 

multiple finalist of the Putnam competition for university students in USA:  

We have really talented teachers there [Sofia Math School] who are devoted to working with 
students. In addition to your regular math classes, you have extracurricular meetings, up to 
four or five hours per week... Every grade has at least one teacher who is really into 
contests. So that means at least 10 teachers who are really good. They have to be 
passionate about the problems themselves to make students passionate about them. In 
some grades there are even two or three teachers doing contest math with students.  But 
only a couple of schools in the whole country do that much... Our teachers knew way more 
mathematics than they were supposed to teach. 

Organizing a national participation in the frames of an 
international contest: the case of Denmark 

Next we shall consider an approach of entering an existing contest of high quality 

(initiated possibly in another country). Namely, we shall focus on the so called Nordic 

Math Class Competition- NMCC former known as Nordic KappAbel Competition [11] 

which started in Norway in 1996 and spread (after 2001) in the Nordic countries as 

follows: Norway and Iceland (for grade 9), Denmark, Finland and Sweden (for grade 

8).  

This is a team competition which starts with two web based qualifying rounds in 

November and January. The problems are to be solved by the whole class within 100 

minutes at some time during the two weeks the site is open, which means that it starts 

out as an inclusive competition. In the semi-final and the final the classes are 

represented by a team of three from the class, which makes the last part more in the 

line of an exclusive competition. 

Each country makes its own system to choose classes for the semi finals. An 

important principle is to make sure that the classes in the semi final come from 

different parts of the country. If other division of the countries is more convenient and 

natural, the decision on how to do this is up to each country. If two or more classes 

from the same area end up with the same score after the two qualifying rounds an 

official person decides which class will go further by drawing lots. 
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Some ideas how the class may organize the qualifying rounds 

To include as many pupils as possible in the competition, the class can be 

organized in groups of four while working with the problems (this will be the situation 

in the semi finals). Each group tries to solve all the problems, but it is a good idea for 

each group to start with a different problem so as to make sure that the class as a 

whole will have enough time for all the eight problems. Thus the teacher may organize 

the class so that all groups start with something they can overcome. An example of 

teachers evaluations of the tasks were presented in the Danish Journal MATEMATIK 

[12]: 
The tasks give the pupils opportunities for communicating with each other about 
mathematics and bring a focus on the reading of mathematics. They are formulated in an 
open way enabling discussions on the purpose and content of the tasks… Thus the pupils 
experience the need of the mathematical concepts and precision to create a common 
understanding of the tasks. 

All kinds of materials can be used. Communication out of the classroom (Internet, 

cell phones) is not allowed during the two qualifying rounds. The problems can only 

be solved by the pupils in the class, and everything should be done within the time slot 

of 100 minutes.  

An important part of the semi finals is a project on a given theme. Earlier themes 

show the close relations of mathematics with other fields: 

• Mathematics in local culture, arts and crafts traditions 

• Mathematics in nature 

• Mathematics in games and play 

• Mathematics in sports 

• Mathematics and technology 

• Mathematics and music 

• Mathematics and the body 

Many of the ideas behind the organization of this competition turned out to be 

applicable to another situation – introducing a math component to an existing 

interdisciplinary event. We implemented such an approach in Italy in the frames of 

our project. 

Introducing a math component to an existing event: 
the case of Italy 

The event under consideration is known in Italy as EroeMaiCantato (The Unsung 

Hero) which involves different types of competitions in various fields of science and 

social life [13, 14]. 

The idea to organize a math competition within an interdisciplinary event with a 

well functioning structure was attractive but challenging. Still the idea of competing 

mathematicians was not alien to the Italian history, to mention just the public contests 
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between Tartaglia and Fior, or between Ferrari and Tartaglia in solving algebraic 

equations. (The problems were presented in front of Notary, then they were printed 

and distributed in Italy, which stimulated the math research during the Renaissance.)  

Thus the competition Torneo Vinci was born as a component of The Unsung Hero 

with the hope to inspire more young people to enrol in math studies.  Let us focus 

below on its specifics. 

Torneo Vinci aims at developing students’ skills in problem solving and problem 

posing together with their ability to create math models. Another important goal is to 

develop students’ ability to evaluate critically the proposed math problems. 

The first phase of the competition, Invent a problem, was organized according to 

the following rules: 

• Each team consists of at least 7 participants from the same Secondary School. A 

special commission has the right to consider specific applications for teams formed 

by different secondary schools. 

• Each team can propose a math problem (not necessarily providing its solution).  

• The accepted problems are published on the Internet. The commission has the right 

to modify the text of the proposed problems.  

• The commission assigns points to every team on the basis of the number and the 

difficulty of the problems it has proposed. 

• Each team can vote for the best problem (excluding its own). The vote has to be 

justified by a brief evaluation report. The commission ranks the teams on the basis 

of the votes of the teams. 

• The commission assigns additional points to the teams having sent evaluations of 

problems.  

Of course it was not easy to evaluate the quality of the proposed problems but the 

Invent a problem phase met with positive reaction by the participating teams. At this 

phase all the teams participated via Internet which made it possible to include teams 

not only from Italy but also from Bulgaria. The top five teams were invited to come to 

Pisa so as to participate in the second phase - Three days math. 

The invited teams were formed by 5-7 participants one of them being appointed as 

captain. The first part of the Three days math included a team math competition with 

several specific math problems to be solved for few hours, and the second one – a 

videogame with challenging models of navigation. The problem for the second part 

was given to the teams several days before the official competition so that the teams 

could plan their optimal strategy during the competition. Тhe game was projected on a 

big screen (8 per 10 meters) in the Sport Palace in Pisa and this was very appealing for 

the students. At the end of the videogame the final results of the math competition 

were announced. 

In harmony with the interdisciplinary character of The Unsung Hero the Three 

days math event was held in parallel with a three day music competition, one of the 
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afternoons being dedicated to a mixed competition among teams formed by 

mathematicians and singers. 

The effect of introducing the videogame for navigation was twofold. This 

videogame developed not only student’s modelling competences but also their 

communicative competences since its practical orientation contributed to establishing 

close relations with the Livorno Naval Academy. The students were awarded with a 

three-day theoretical sailing course at Livorno Naval Academy, and a three-day 

practical course on the Amerigo Vespucci sailing ship.  

 

Fig. 1. The winners were awarded by Admiral G. Lertora, 

the chief commander of the Italian Navy squadron 

 

  

Fig. 2. The boat Amerigo Vespucci and some of the Torneo Vinci winners  
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Another rewarding experience for the winners was a seminar at the school Scuola 

Normale led by a famous mathematician and a meeting with the Italian medallists 

from International Mathematics Olympiad. 

Concluding remarks 
Mathematics competitions are an essential component of the extracurricular 

activities in mathematics in view of the rich spectrum of competences they are 

developing and enhancing, e.g. reasoning competence, math thinking competence, 

problem tackling competence, modelling competence, presentation and communica-

tion competences.  

Traditionally, competitions such as the math olympiads are founded as a tool for a 

natural selection and identification of mathematically gifted students. The preparation 

of the early stages of these competitions is done with the active participation of high 

school teachers, while university professors and national math unions are involved 

more actively in the organisation of the final stages.  

The experience of national teams having participated successfully at international 

math Olympiads shows that the high quality of teachers’ mathematics and pedagogical 

expertise involved in the preparation of the teams had been a necessary condition for 

their success.  

Of special importance is also the involvement of a particular professional group of 

university professors (typically former participants at math olympiads) working with 

larger groups of talented students selected during the national math olympiads. 

The effective collaboration between this group and the teachers is another 

necessary condition for a successful performance of the young mathematicians at 

international math olympiads. 

A very promising form of math competitions is the team competitions since they: 
• involve in general larger groups of pupils 

• have as a rule a very attractive and dynamic form 

• enable the introduction of new types of tasks involving explorations,  modeling and 

integration with other fields  

• could become a natural component of some traditional school events 

• could inspire students to keep vivid their interest in mathematics 

• contribute to building skills and competencies such as curiosity, conjecturing, 

problem posing, discovery, collective problem solving and cooperation. 

Following the main goal of the Comenius 2.1 Project we analysed a variety of 

competitions held in the countries within the project and initiated a new one taking 

into account the specific local traditions. Thus we managed to stimulate the creativity 

of pupils and teachers in the context of a team work and to demonstrate the 

applicability of mathematics knowledge in a broader context. 
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In conclusion we would like to draw the attention to some problems related to the 

math competitions which seem to be hardly avoidable by the traditional means: 

• unequal opportunities for students in large cities and rural areas 

• hard dependence of pupils on their teachers` expertise 

• restricted access to suitable sources for preparing students for high level math 

competitions 

• difficulties in spreading the rich experience of some teachers 

• difficulties in organizing the competitions by correspondence or via Internet 

• the great amount of competition stress 

Here is a list of questions for you to consider if you find the ideas presented above 

worth following. 

• Could the math teachers in your school organise a team competition? In what 

way? 

• What practical help will you need to organize a math competition in your 

school? 

• What should be a positive effect of organizing a local competition at your 

school? 

• What would be more appropriate for your school: an individual or a team 

competition? 

• What kind of problems would you propose in these math competitions so as to 

attract more students? 

• Could you convince your students that math competitions are about achieving 

their best, not about being the best among the rest? 
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The Unsung Hero competition – some selected problems 

Vladimir Georgiev 

 

Some selected problems proposed by the teams participating in The Unsung Hero 

competition are considered together with hints, answers or solutions. 

The teams having participated in the first issue of The Unsung Hero competition 

(the school year of 2006–2007) were 12 (6 from Italy and 6 from Bulgaria). Each team 

participating in the first phase of the competition was encouraged to propose a 

problem (but this was not a necessary condition for participation). Thus 10 out of the 

12 teams proposed problems which impressed the Jury with the variety of topics and 

the mathematical culture shown by the competitors. 
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The Unsung Hero competition – some selected problems 

Problem 1 (Liceo Scientifico Leonardo, Brescia, Italy) 

Find all pairs (m, n) of non-negative integers having the following three properties: 

a) n is not divisible by the square of a prime number; 

b) n has no prime divisor p with 33 < p <
233 ; 

c) at least one of the  numbers  

2

2

33

12

n
m

n
+

   and    
)1(33

12
3

2

−

+

mn

m

 

is an integer. 

Problem 2 (Liceo Scientifico Michelangelo di Forte dei Marmi, Italy) 

The orginal problem in Italian reads: La LOLA senza TEO è CUPA, e LOLA vale 

22. Quanti TEO, se non vanno dalla LOLA, la fanno diventare cupa? 

Its literal translation is: LOLA without TEO is CUPA and LOLA is 22. How many 

TEOs not going to LOLA will make her sad? 

(Note that in Italian the word CUPA means sad, while LOLA and TEO are the 

names of two friends.) 

Problem 3 (American College, Sofia, Bulgaria) 

A square of size 9×9 is divided into 81 squares of size 1×1. Write all integers from 

1 to 81 in the 1x1 squares so that the sums of the numbers written in the 9 squares of 

size 3×3 are equal.  

Problem 4 (Istituto Statale 'C. Lorenzini', Pescia, Italy) 

A box contains 48 cylindrical cans ordered in 8 rows so that each row contains 6 

cans. Show that one can put 50 cans in the same box. 

Problem 5 (High School of Mathematics, Rousse, Bulgaria) 

Nine books are labeled by the digits 1, 2,…,9 and are divided into five groups as 

shown below 
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We assign to each group the number formed by the digits of the books in the group. 

(For example, the numbers assigned to the five groups in the picture are 7, 28, 196, 34 

and 5.) 

Change the labels of the books so that the following three numbers are equal: the 

number of the third group, the product of the numbers of the first and the second  

group, and the product of the numbers of  the fourth and the fifth group. Give all 

possible solutions. 

 
Problem 6 (Sofia High School of Mathematics, Bulgaria) 
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Hints and solutions 

1. First, we consider the case, when the number 
2

2

33

12

n
m

n
+

 is an integer. Note that the 

denominator 2
2n

 + 1= 4
n
 + 1 is not divisible by 3; so m=0. Hence we have to find 

all n such that n
2
 divides 2

2n
 + 1. An obvious solution is n = 1. Suppose now that n 

> 1 

and let p be the least prime that divides n. Setting n = kp we have 

)(mod116)(mod14)(mod012
22

ppn
kpkpn

≡⇒−≡⇒≡+ . Let now d be the 

smallest power of 16 which is congruent to 1 modulo p.  Then d divides φ(p) = p – 

1 as well as kp=n and if d > 1, then p is not the least prime divisor of n. So d = 1 

and p = 3 or p = 5. But we know that 3 cannot divide 2
2n

 + 1, so n = 5 and n = 5k. If 

k=1, then n=5 is a solution, since 2
10

 + 1 = 1025 is divided by 25. One can verify 

that the assumption k >1 leads to a contradiction. Indeed, using the same argument 

as above one can show that the least prime divisor q of k divides 16
5
 – 1= 

(5
2
)(41)(3)(11)(31) and the assumptions a) and b) of the problem imply that q = 

3,11,31. To exclude these cases one can use the following lemma: 

Lemma. If r is a prime of the form 4k+3 and r divides x
2
 + y

2
 , then r divides x and 

y. So the only solutions in this case are (m,n)=(0,1) and (0,5). 

Now consider the case when the number 
)1(33

12
3

2

−

+

mn

m

 is an integer. As in the 

previous case one can conclude that n=0. Therefore, we have to find all non-

negative integers m, such that m
3
 – 1 divides 2

2m
 + 1. Note that m = 0 is an obvious 

solution and we can assume that m > 1. Note also that m
3
 – 1 has a prime divisor of 

the form 4k+3. Indeed, m
3
 – 1 =  (m – 1)(m

2
 + m + 1) and considering m modulo 4, 

one can see that either m – 1 or  m
2
 + m + 1 is an integer of the form 4k+3, hence at 

least one of them  has a prime divisor of this form. Let p be the least prime of the 

form 4k+3 that divides m
3
 – 1. Then p = 4k+3 is a divisor of the numerator 2

2m
 + 1 

and applying the Lemma above we conclude that the only solution in this case is 

(m, n) = (0, 0). 

2. The statement LOLA without TEO is CUPA can be interpreted as follows: 

LOLA 

– TEO 

CUPA 

where each capital letter is a digit. The sentence LOLA is 22 can be interpreted in 

the following way: the sum of the digits of LOLA is 22. The question How many 

TEOs not going to LOLA will make her sad? could be interpreted as What is the 

integer part of the number (LOLA + CUPA)/TEO?” 
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All possible solutions according to the above interpretations are given in the table 

below.  

TEO LOLA CUPA [(LOLA + CUPA)/TEO] 

130 8086 7956 123 
150 8086 7936 106 
930 8086 7156 16 
950 8086 7136 16 
120 7078 6958 116 
130 7078 6948 107 
140 7078 6938 100 
150 7078 6928 93 
920 7078 6158 14 
930 7078 6148 14 
940 7078 6138 14 
950 7078 6128 13 

The question How many TEOs not going to LOLA will make her sad? could be 

reformulated as How many TEOs are needed to make LOLA happy? In this case the 

obvious answer is that one TEO is sufficient to make LOLA happy. 

3. Note first that if we solve the problem for the numbers from 0 to 80 then we can 

solve the given problem by adding 1 to each of the numbers in the table found. 

Now the idea is to write the numbers from 0 to 80 in base 3 and to place these 

numbers (we consider all of them as 4-digit numbers in base 3) in the table so that 

in every 3x3 square we have equal quantity of every digit 0, 1, 2 on each of the 

positions in the four-digit number. To do this we use different approaches for each 

of the four positions in order to avoid constructing the same number on two 

different places of the table. 

For the first digit we use the following pattern: 0s in rows 1, 4, 7, then 1s in rows 

2, 5, 8, and 2s in rows 3, 6, 9. 

For the second digit we write 0s in columns 1, 4, 7, then 1s in columns 2, 5, 8, and 

2s in columns 3, 6, 9. 

For the third digit we put 0, 0, 0, 1, 1, 1, 2, 2, 2 in columns 1, 4, 7, then 1, 1, 1, 2, 

2, 2, 0, 0, 0 in columns 2, 5, 8, and 2, 2, 2, 0, 0, 0, 1, 1, 1 in columns 3, 6, 9. 

Finally, for the last digit we write 0, 0, 0, 1, 1, 1, 2, 2, 2 in rows 1, 4, 7, then 1, 1, 

1, 2, 2, 2, 0, 0, 0 in rows 2, 5, 8, and 2, 2, 2, 0, 0, 0, 1, 1, 1 in rows 3, 6, 9. 

Each of these patterns ensures equal distribution of the corresponding digit in each 

3x3 square and hence equal sum of the numbers therein. The resulting table is as 

follows: 
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0000 0110 0220 0001 0111 0221 0002 0112 0222 

1001 1111 1221 1002 1112 1222 1000 1110 1220 

2002 2112 2222 2000 2110 2220 2001 2111 2221 

0010 0120 0200 0011 0121 0201 0012 0122 0202 

1011 1121 1201 1012 1122 1202 1010 1120 1200 

2012 2122 2202 2010 2120 2200 2011 2121 2201 

0020 0100 0210 0021 0101 0211 0022 0102 0212 

1021 1101 1211 1022 1102 1212 1020 1100 1210 

2022 2102 2212 2020 2100 2210 2021 2101 2211 

Then by writing the numbers in the above table in base 10 and adding 1 to each of 

them we get the following solution of the problem: 

1 13 25 2 14 26 3 15 27 

29 41 53 30 42 54 28 40 52 

57 69 81 55 67 79 56 68 80 

4 16 19 5 17 20 6 18 21 

32 44 47 33 45 48 31 43 46 

60 72 75 58 70 73 59 71 74 

7 10 22 8 11 23 9 12 24 

35 38 50 36 39 51 34 37 49 

63 66 78 61 64 76 62 65 77 

4. We may assume the cans are of radius 1, hence the box has dimensions 12 x 16. 

Taking the side of length 12, we put 6 cans in the first row as shown in Fig. 1. Then 

we put five cans over them (only the first one of them is shown in Fig.1), then 6 

cans over these 5 cans and so on. We claim that we can put in the box 5 rows of 6 

cans and 4 rows of 5 cans between them. Indeed, let us denote by A and D the 

centres of the first cans in the first two rows of 6 cans (Fig. 1). Then the smallest 

rectangle covering all 50 cans has sides of lengths 12 and 4AD+2. On the other 

hand, it is easy to check that AD=2*√3. Since 4AD+2 = 8*√3 + 2< 16 we see that 

we can put 50 cans in the box. 
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Fig.1 

5. We label the books by the digits A, B, C, D, E, F, G, H, I as shown below: 

A  B C  D E F  G H  I 

It is easy to see that the digits F, A, C, H, I, B,G are different from 1 (prove this!). 

Then show that up to a symmetry we have to consider the following four cases 

according to the positions of the digits 1 and 5: 

A  5 C  1 E F  G H  I 
 

A  5 C  D 1 F  G H  I 
 

A  B C  5 1 F  G H  I 
 

A  B C  1 5 F  G H  I 

Finally, prove that we have solutions only in the first and the fourth case and that 

all the solutions of the problem are given as follows:  

3  5 8  1 7 4  2 9  6 
 

6  2 9  1 7 4  5 8  3 
 

2  7 8  1 5 6  3 9  4 
 

4  3 9  1 5 6  7 8  2 
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6. One can prove the following assertion: If a board is painted in green and another 

board is painted in red, then there are two consecutive boards of different colors 

between these two fixed boards. The strategy of Huck can be described as follows. 
He chooses the first board from left to right that is not painted and paints this 

board in a colour different from the colors chosen two days before.  

Then one can show that there are at least 49 consecutive couples in different colors 

and this is the desired maximum. 
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Math clubs – doing math together 
 

 

 

 

Co-curricular school activities have evolved from 

the days of math clubs, French clubs, and chess 

clubs to include at least one Harry Potter club. 

CASN News , March 2006 

 
 

Author in charge: Vladimir Georgiev 

Contributor: Arne Mogensen 
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A short description 
Experts in education say the explosion of clubs in various European countries and 

in US over the past decade is partially the result of a societal shift. More parents want 

their children involved in organized and supervised youth activities. Students love to 

talk, play games, teach, and learn from each other but unfortunately mathematics is 

not currently valued as highly as purely recreational subjects like sports, television, 

music, or video games. Still math clubs have serious chances of becoming a favorite 

form of students’ joint activities provided mathematics is presented in more attractive 

way.  

Although there is a great variety of the math clubs even within a particular country 

they could be described more generally as groups of people that meet regularly with 

the common purpose of improving their math knowledge, of studying and finding 

something different from the standard math curriculum. The math clubs can be 

associated with various activities involving both creativity and fun: 

• Lectures on extra-curricular topics 

These lectures are delivered by professors or graduate students at regular meetings 

after classes at universities. The typical audience include in-service teachers and high 

school students. 

• Modeling practical problems 

Some concrete problems from various fields (navigation, geography, astronomy, 

biology, etc.) can be approached by making mathematical models. Although the 

solution might be very difficult the abilities of teachers and pupils to model practical 

problems can be developed in the frames of the club activities. The development of 

appropriate games in support of such modeling could be especially effective. 

• Professional orientation of pupils  

In order to motivate high school students for enrolment in mathematics the math 

clubs would typically organize meetings with math researchers in different fields. 

On the basis of this list of activities one can expect a positive impact of the math 

clubs in the following directions: 

• Math clubs can be considered as an effective tool for strengthening the relations 

between universities and secondary schools.  

• The variety of problems and approaches to solving them can enhance the 

attractiveness of mathematics for students. 

• Math clubs give alternative possibility for students who are interested in math 

(but not necessarily in math competitions) to express their potential. 
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Now we shall describe concrete cases of math clubs in two countries participating 

in the Project – the first one demonstrating a possible way of organizing math clubs, 

and the second one –.a possible version of such forms. 

Math Talents in Tuscany – a new math club in Italy 
The club Talenti Matematici in Toscana (as the name is in Italian) was founded in 

February 2005 in connection with the first preliminary meeting of the project Meeting 

in Mathematics. (Let us mention that math clubs are not typical for the Italian 

educational system.) 

The purpose of this club was to propose new attractive models for working with 

high school students as a result of an improved collaboration between the secondary 

schools and the universities in Tuscany.  

Teachers, pupils and university professors can subscribe to the Club at its 

homepage [1]. There are regular lectures at the meeting of the club after classes, 

practical exercises with flash games offering math challenges, organization of visits to 

university and so on.  

The activities within the math club have some intersection with math competition 

discussed in the previous chapter. Of special interest is the preparation of high school 

teachers for organizing the team math competitions within the activity The Unsung 

Hero [2]. In this sense, the establishment of new forms of interaction with different 

fields of education as philosophy, music, painting, navigation is one of the key new 

points.   

One of the main goals accomplished in the frames of the Comenius 2.1 project has 

been to organize a group of secondary school teachers to work together in the frames 

of the project activities. They participated in special discussions on standard math 

programs and helped in organizing math lectures in different schools. The Math 

Talents in Tuscany Club turned out to be an appropriate form of attracting high school 

teachers working in the region close to Pisa as a reality check of the Project ideas. 

Creativity and further experience of math clubs in Italy 
The selection and stimulation of talented students in mathematics is an important 

challenging problem. Mathematical Olympiads give a standard tool to achieve this 

goal. Recent studies, for example [3], give some concrete enlightening on the impact 

of Mathematical Olympiads on the professional career of a mathematician later on.  

Creativity is another candidate predictor of life achievements [4]. Scientists 

developing new ideas or knowledge that may have profound impact on society usually 

are connected with the so called “big-C” creativity [5]. There is also a lot of creativity 

in everyday life as people try to solve problems at work and at home or on the road in 

between (“little-c” creativity).  
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We shall not discuss in details the research on the general notion of creativity and 

shall recall that creativity is determined by the development of original ideas that are 

useful or influential. The reader can see [6] for more information and references. 

It is well known that problem generation has the potential to stimulate the 

creativity. As students are encouraged to raise questions and pose problems of their 

own, rather than to merely solve standard problems following standard algorithms, 

they take a new and more active role in their own learning. This argument is 

developed in [7].  

Our main goal   is to present some results concerning  the impact of some problem 

posing activities in Mathematical circles (clubs) formed by motivated teachers and 

high school students and the development of pupils’ creativity as a group. Since the 

group creativity and problem generation are studied separately in the literature, it 

seems natural to consider their correlation and effective interaction. To study this 

problem we analyze problems posed and solved by different Math Clubs formed by 

students and teachers in Tuscany, created with the partnership of the Department of 

Mathematics at Pisa University.  

One can accept the challenge to be involved in problem posing activities in order to   

acquire a deeper understanding of arguments presented in standard lectures in class. 

The creation of new ideas derived from any given topic is also a possible attractive 

point. Some new problems can be elaborated during classroom activities, starting from 

the motivation of pupils to pose questions. Our point is slightly different and based on 

the idea that the real world is a source of many mathematical questions and problems. 

Therefore, our initial point seems probably unrealistic, since it is difficult to believe 

that pupils and their teachers can create new deep mathematical problems starting 

from concrete argument or activity in the real world. The examples below show that 

concrete models and units can be constructed and implemented in a class setting. 

However, some natural questions arise when one tries to connect (group) creativity 

and problem generation. 

• Is it possible to evaluate or measure the novelty of the problems posed and the 

creativity of students and teachers involved?  

• Can one expect that a high quality preparation and good results in solving 

mathematical problems imply abilities to create new and stimulating mathematical 

problems? 

• What is the best choice for group activities on problem posing – short term 

appointments (a couple of hours competitions or lectures) or longer term activities? 

Here we try to give some partial answers of the above questions based on a 

concrete data analysis. 

Our approach is based on the following: 
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a) implementing a group method of teaching and studying: small groups  of 

secondary school teachers and pupils work together; 

b) work on a specific subject (in our case – the 400th anniversary of the  Galileo 

Galilei, astronomy and navigation) in the context of studying the world around us 

(e.g. preparing math models and math problems on the subject), 

The math clubs formed by math teachers and their high school students started 

their activities after 2005 in Tuscany, Italy, in connection with the Comenius project 

"Meeting in Mathematics". In 2009 there were ten clubs – four from Italy (Acutangoli, 

Brescia, La Squadra del Forte, DINI4, DINI1), three from Bulgaria (Aprilov, PMG1-

Burgas, Dimitrovgrad), one from Russia (Saint Petersburg) and one from Japan 

(Japan). The purpose of our approach has been on the one hand to improve the 

relations between the secondary schools and the universities in Tuscany, and on the 

other – to improve the quality of math teaching by proposing new attractive models of 

work with pupils. To involve a larger group of teachers and pupils we organized the 

out-of-school activities within a larger and interdisciplinary event – the "Unsung 

Hero".  

It is important to note that the competitiveness was not the dominant element in the 

organization of the work of the math clubs. The key evaluation criteria were the 

creativity and the novelty of mathematical ideas, and the capacity in identifying deep 

mathematical problems in the world around us. 

Below we present examples of problems proposed and submitted (together with 

their solutions) by the math clubs.  

As a first step in spherical trigonometry it was suggested to start with the notion of 

the segments and triangles on a sphere.  

Given two points A and  B  on the sphere with centre O and radius R one can call a 

"segment AB on the sphere" the arc connecting A and B and lying on the plane AOB. 

Naturally, one can make the interpretation that this is the shortest curve or geodesic 

connecting A and B on the sphere. The angle between segments AB and AC on the 

sphere can be defined in an appropriate way. So the general starting point suggested 

was to study how some basic properties of the plane geometry can be “translated” in 

corresponding statements for the geometry on the sphere. Here are some of the 

possible statements or problems proposed by different math clubs. 

Problem 1.  Let A, B and C be points on the sphere with centre O and radius R,  

and AB and AC be "segments on the sphere". Then the "angle" between them (with 

vertex A) is defined by the angle between the tangent lines to the arcs AB and AC.  

Find a triangle ABC on the sphere, such that the sum of "angles" with vertices A, B 

and C is 270°. 
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Fig. 1. Spherical triangles ABC  and ' ' 'A B C  

Another example of the joint work of pupils and teachers in the math clubs is the 

Moon Satellite problem: 

Problem 2. The THETA satellite of the GoogleMoon society is equipped with 

digital camera taking images with an angle of view of 20°. To make photos of high 

quality the satellite must circle around the Moon at a constant altitude (equal to the 

Moon radius R=1738 km) its digital camera being oriented all the time to the center of 

the Moon. Find the minimal length of the satellite’s path such that the whole surface 

of the Moon could be covered by images of the digital camera. 

Some comments 
In general the group approach to problem solving and problem posing applied in 

the project helped essentially the work with a significant number of students and 

teachers. All ten teams participated in the problem posing part by formulating one 

problem each, evaluated by a jury formed by Professors of the Department of 

Mathematics at Pisa University. 

The evaluation was organized by assigning each team a score (ranging from 0 to 

50) based on three components. 

• The first component (up to 30 points) comprised a set of aspects dealing with 

novelty, originality, significance, beauty of the proposed problem, and the 

creativity of the team having proposed it. It is evaluated by the jury based on 

discussions while consensus is reached. 

• The second component (up to 10 points) was called Democratic evaluation of the 

problems. Each team was expected to make a suggestion for the best of all 

proposed problems in the form of a report with a relevant motivation emphasizing 

on the creativity components. The score of the Democratic evaluation is the 

number of votes for a specific problem. 

• The third component (up to 10 points) was aimed at assessing the evaluation skills 

of the teams themselves as demonstrated in their reports in defense of their choice 

of “the best problem”. 
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The scores received by the ten teams for their problem posing skills could be seen 

in (Fig. 2). 
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Fig. 2. Evaluation of the problem posing skills of ten math teams 

Let us note that the process of evaluating the creativity of participating teams was 

organized taking into account the fact that a precise quantitative measure of this ability 

is impossible thus always relative. The specifics of this team "competition" was not its 

competitiveness – there were no particular financial awards but the best teams got 

some concrete opportunities to participate in activities stimulating their interests in 

mathematics.  

What we as organizers were satisfied with was the creative atmosphere of the 

event: the participating teams could propose rather complex, challenging and 

interesting problems; they could exchange various viewpoints and put forward their 

best ideas; they could even take the risk of posing "unsolvable" problems, since there 

is no available information ensuring that an idea or an innovation is guaranteed to 

succeed. Furthermore, the relations among mentors and students on the one hand, and 

among peers on the other were very enriching and stimulating both in scientific and 

social aspect. 

The next step was the evaluation of the long term problem solving, i.e. of the 

solutions prepared by the math teams for a month at least. The problems dealt with 

were the ones posed in the first part of the contest. 

The jury evaluated the originality of the math ideas in the solutions and the 

following results were obtained (Fig. 3): 
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Fig. 3. Evaluation of the long term problem solving  skills of the teams (three out of ten did 

not participate in this part of the contest) 

Finally, the scores for the short term problem skills are presented in Fig. 4: 
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Fig. 4. Evaluation of the short term problem solving skills of the math teams (two out of ten 

did not participate in this part of the contest) 

Besides the influence of some particular factors (e.g. overburdened curricula at 

some schools) it turned out that the Dini4 team (who proposed the Moon Satellite 

Problem) has the best score in the problem posing category, while its problem solving 

results were far from excellent. Of special interest is the result of two other teams – 
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Brescia and Bourgas. These are “professionally” prepared teams for individual and 

group competitions with standard time restriction of few hours and specific problems 

of Olympiad type. Their results were very close to the results of the Aprilov team 

whose preparation has not been oriented to Olympiad-like competitions. As expected, 

the creativity in problem posing and the creativity in problem solving are not 

necessarily correlated to one another, i.e. these are two different facets of creativity. 

Another important conclusion we drew from the math club activities was that it is 

necessary to give students a longer term to manifest their capacity of creating original 

mathematical ideas. The opportunity to work on a specific mathematical problem 

(project) for a longer period is an essential step to conveying the flavor of the real 

research in mathematics to pupils and teachers alike.  

The participating university researchers are able to help teachers and pupils in 

reducing the difficulties in posing real-life problems and solving them with 

mathematical tools. In some cases the real-life problems are only apparently similar to 

the mathematics problems encountered at school, and there are no simple methods to 

solve them. But it is not in vain that one of the definitions of the “problem solving” is: 

what you do when you don’t know what to do… 

Math clubs in Denmark  
Currently we are aware of several Danish initiatives organized in the frames of 

math clubs that seem to be quite different and we shall present two typical examples 

of such activities. 

One such school club has tutoring sessions weekly after classes for students from 

6
th
 grade and up. Only 5-6 students have attended this club but they all have shown a 

great interest and motivation due to the special individual attention they got. It is 

important to have a funny and enjoyable atmosphere during these tutorial sessions. 

The main difficulty the teacher in charge of the club faced was to create continuity due 

to its occasional nature. The teacher’s most important impressions of the club 

activities could be summarised as follows: 

 

• Characteristics of students. What possibly characterizes best the good students in 
their approach to math is their way of seeing their surroundings through ”mathematical 
goggles”. They see mathematics everywhere. They have a problem handling approach to 
the subject, and they can keep on for hours. Their frustration-threshold is high, and they 
get carried away when they solve a problem. 

• The content. All the tasks used in this club involved problem solving skills. It could be a 
problem brought by the teacher or one the students came up with. Or a problem 
formulated with joint efforts. A criterion for a good problem was that it should give the 
student a chance to formulate and try out hypothesis and then reason to reach a formal 
solution. Furthermore, it was a claim, that problems should originate from ”real life”. If the 
solution of the task was elegant and creative everyone was delighted.  
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• Motivation and self reliance of students. When the focus is placed on capable pupils 
their motivation to work with the math subject is enforced and  they get plenty of positive 
reactions from peers 

• The teacher’s role. The teacher has to be supportive to the students in their working 
process, first of all by posing appropriate questions. Such questions activate the thought 
and reflection process. Also the students have to be supported mentally, if needed. It is 
an art to maintain students’ confidence, motivation and concentration when something 
seems unclear. But the teacher should avoid giving too many answers. The students are 
capable to find out the answers themselves. 

Another math club admits only 8–9 graders (9
th
 being the highest grade of the 

school organizing the club). As expressed by most of the club members the main 

reason for attending it has been to prepare better for the next academic level – the 

upper secondary schools. Therefore the club activities are curriculum-oriented.  

Here follows an example of a questionnaire in a Danish math club that you might 

find useful: 

• Are you good at math? How do you know? 

• When do you feel you learn the most in math lessons? 

• Give an example of a task, you find especially fruitful. Why do you find this task so good? 

• Are you working especially well with others in your class? With whom for example? 

• How often do you talk with your math teacher about difficult tasks? 

• Do you think your math teacher is demanding enough of you? Or too much? 

• Do you have a good advice to teachers with talented students in their class? 

Concluding remarks 
As it could be seen from the description of the math clubs considered above they 

have different target groups. The clubs in Denmark involve larger or smaller groups of 

high school students and the topics are closely related to the standard curriculum and 

to the modelling of applied problems, while in Italy the target group consists of 

students interested in math competitions and the topics are mainly of extracurricular 

character. The organization and the management of the clubs in these partner countries 

is quite different: the financial support of the clubs in Denmark is well organized, 

whereas the clubs in Italy depend heavily on the enthusiasm of university professors 

and high school teachers.  

Even with these differences there are some common findings: 

• The motivation of pupils and teachers in participating and organizing extra 

curricula activities can increase thanks to their experience in the club.  

• New ideas of in-service teachers can emerge and then be implemented in the 

activities of the math clubs. Periodic meetings and courses during which teachers’ 
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suggestions can be discussed together with university professors in view of their 

realisation are of special importance. 

• Participants should be encouraged to investigate and explore things on their own. 

• The clubs are a very appropriate form for stimulating interest to mathematics and a 

joy of one’s achievements in the field. 

• The students can acquire important math competences such as: 

o Math thinking competence and Problem tackling competence. Regular meetings 

of the clubs often give a concrete math arguments and problems complementary 

to some points in the standard math curriculum. Some of these problems are 

produced by the members of the Problem posing group being formed in the 

Italian club in Pisa. 

o Modeling competence. It has been enhanced during the regular lectures on how 

to formulate problems originating from real life.  

o Reasoning competence. The work in math clubs helps essentially the 

preparation of teachers and students for solving problems requiring proofs 

which improves significantly this competence.  

o Representing and Communicative competence. Lectures and talks at the clubs 

prepared by teachers and their students contribute to developing these 

competences.  

o Aids and tools competence. The variety of tools (including IT) used in the club 

activities contributes to developing also this competence  

Taking into account these positive effects you would hopefully be stimulated to 

participate in an existing math club (or even initiate a new one) so as to attract your 

students to studying and applying mathematics. 

Before doing this you might still want to consider the following questions: 

• Is there a math club you and your students might join? 

• Are there appropriate conditions in your school to organize a math club? 

• Are there relations with other schools interested in organizing math clubs? 

• Is it possible to establish the necessary relationship with professors from 

universities? (Such relations are crucial for the professional orientation of 

the students.) 

• What ways do you see for finding funds and other types of support for the 

club? 
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It is clear that we could extend the list of possible questions. However, to make the 

first step (no matter how small, e.g. organizing a club in your own school) would be a 

very rewarding action. 
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Purpose 
With the increasing development in Information Technologies (IT), new teaching 

and learning methods are being introduced to advance contemporary education. 

Technology supports global thinking in an educated society and provides information 

to adopt new teaching and learning developments. Technology also creates flexible 

learning environments in which students can easily learn new information and store it 

in their long-term memory. Technological developments enable teachers and students 

to acquire up-to-date knowledge and support critical thinking. It is important to 

determine appropriate technology to increase productivity based on students’ and 

teachers’ needs. 

Potentially, technology increases productivity in educational activities and affects 

the quality of education in terms of meaningful learning and effective teaching. It 

offers the possibility to solve problems and enhance the stability and quality of 

learning in a coherent manner. Technology is not only electronic instruments; it 

includes new teaching-learning methods that can be used in a beneficial way in 

education. 

Rapid technological developments have impacted education. It can be said that the 

practice of teaching mathematics has been more traditional than any other curriculum 

area, yet technological developments have affected mathematics education as well. 

Technology can help math teachers to solve issues and problems in math teaching, e.g. 

to help avoiding monotonous or repetitive activities, or to allow simulations or 

experiments that would be impossible or too time consuming without IT. 

Still, it is important to note that the use of IT does not automatically improve the 

teaching quality and motivation. It is necessary to use IT that is adequate for 

education, and to use it in a way that helps students to a better learning. IT does not 

replace the teacher, neither it makes up for bad teaching, but just the other way 

around: using IT requires competences (not only technological) in addition to 

“classical” teaching competences. 

The fear that the computer could replace the teacher which accompanied the first 

appearance of the computers in the classrooms was closely connected with the 

paradigm of the educational process as one of transferring/consuming knowledge. If, 

on the contrary, we see this process as one of producing knowledge by the teachers 

and students alike, such a fear becomes unjustified. For it is not the introduction of the 

computer to the classroom per se which would change the teaching process for the 

better but rather the way  computers are used. Thus if the computers provide an 

environment where knowledge is being produced the teaching/learning process could 

become challenging, demanding, exciting. Furthermore, in an exploratory computer 

environment learning can be approached as a task of discovering something rather 

then learning about it, the reward being the discovery itself. This determines a new 

paradigm of the teacher ranging from a researcher observing the cognitive 
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development of his students to one who enriches his subject matter as a science and is 

ready to convey its real spirit to his students. 

Three types of competence have been claimed as necessary for the mathematics 

teachers in order to adequately fulfil their new role in an IT environment - 

competences related to mathematics, to informatics and to didactics. The problem is 

that what is hidden behind mathematics competence or didactic competence becomes 

dynamic in the new context. Perfection in teaching mathematics goes far beyond 

transmitting information of the kind here is what is known and here is how it is used.... 

Our experience shows that there are teachers who are well aware of this and tune their 

teaching style in harmony with the nature of mathematics as a science. Instead of 

formulating the problems in prove-that style they let their students be creative and 

formulate as many conjectures as they can about the relationship among elements of a 

given construction; or encourage them to formulate initial conditions yielding concrete 

relationship. Such an attitude makes pupils accept and interpret problems as their own 

which is crucial from psychological point of view. What we have also observed is that 

some problems once achievable only for the potential Olympic champions (in 

mathematics competitions) are now attacked by future champions...in light athletics. 

And even if the final results or proofs are not reached by all the students at least they 

have experienced the taste of a mathematical adventure. For the mathematically 

motivated students the adventure goes even further – to extend the problem, to 

generalise the findings, to prove the hypothesis formulated. 

To help students become good experimenters and conjecturers teachers have to 

cultivate some important skills and strategies, such as: parametrizing a construction so 

as to make it convenient for experiments; modifying initial conditions; generalizing 

the problem; studying some particular cases; recognising situations leading to a dead-

end streets. 

Interdisciplinary work – now demanded or at least suggested by math curricula in 

many countries – can help students to gain motivation by seeing that mathematics is 

used not only in the mathematics classroom, but has applications in other fields. 

Interdisciplinary work in connection with mathematics is possible with almost all 

subjects, not only the “obvious” ones like physics and astronomy, but also history, 

meteorology, psychology, etc. As with IT, the mere use of an interdisciplinary context 

does not make the teaching or understanding better by itself – it also requires (amongst 

other things) the skill to choose a fitting context for a particular class or student: what 

is interesting in one classroom might be boring for the class next door. 

Exploration can be one of the most exciting ways of learning, as it allows the 

students to follow their own path, to search for information themselves instead of 

getting it delivered all ready by the teacher. However, it is also quite easy to go astray, 

so the teacher needs to have the competence of both allowing a large degree of 

openness, but also seeing when openness goes too far. Exploration is therefore not an 
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“easy job for the teacher, as the students do all the work” (which is a frequent quote 

about it), but rather demanding for both the teacher and the students. 

Although good examples of teachers’ creativity are not found in every school our 

endeavour is to spread their achievements through journals and conferences for 

teachers, and based on them to enrich the in-service and pre-service teacher training. If 

we hope for a real change in teacher education, we should bring todays and 

tomorrow’s teachers in situations in which they would stop thinking about the future 

in terms of exams or teaching pupils. We should rather enable them experience what 

they are doing as intellectually exciting and joyful in its own right [1].  

Before going further let us clarify what we mean when using the most frequent 

term in this chapter. 

Some definitions 
While IT has several possible definitions, we will give the one that is probably 

most widely used: Information Technology (IT) is the study, design, development, 

implementation, support or management of computer-based information systems, 

particularly software applications and computer hardware [2]. In particular, IT deals 

with the use of computers and software to convert, store, protect, process, transmit and 

retrieve information. In the past few years the abbreviation ICT (Information and 

Communications Technology) is also widely used, meaning IT with the inclusion of 

electronic communication. In education, teachers and students may have access to 

valuable resources via the Internet or the school network, including software, 

simulations, spreadsheet, and graphing calculators. Students can use comprehensive 

math tutorials. Drill and practice programs offer instant feedback for competence 

building. Higher learning competences can be acquired e.g. through geometric 

exploration programs where learners make geometric constructions, experiment with 

mathematical formulas and visualize data in graphic formats, other software allowing 

interactive changes of objects, etc. 

Interdisciplinary work (in a school context) refers to approaching a subject (or a 

specific problem within a subject) from various angles and methods, cutting across 

disciplines (in school “disciplines” often means “school subjects”, but this is not a 

necessary condition of the definition) and can help to achieve a better understanding 

of the subject or problem, or a better motivation to tackle the subject or problem in the 

first place, as one can see several applications and points of view. This might involve 

collaboration of teachers from several subjects; it can be done in regular lessons or in 

projects or field work; it can be short-term or long(er)-term or even a teaching 

principle for the whole school year; and it can involve students from several 

classrooms (possibly by means of ICT). 

Exploration (in a school context) or exploratory learning is a method in the context 

of open learning, i.e. learning that does not only go one way to have one outcome, but 

allows for different approaches, different directions, and even different outcomes. 
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Exploratory learning starts with the observation of a (given) phenomenon or object. 

The students are invited to take notes of their observations and ask themselves 

questions about them. To answer these questions, the students can do experiments, 

search the literature, search the internet or other information sources, ask experts or 

other people, do their own calculations etc. The centerpiece is not so much the actual 

outcome, but the process of finding answers, of discovering new insights (hence the 

term exploration, originally used for searching or traveling for the purpose of 

discovery). Variations of this method allow for several degrees of openness, from the 

very open “free work” (Montessori) to the mere possibility of choosing one of several 

given methods to achieve the goal. 

Only chaos – or not? 
We are used to a world of determinism, predictability – basically the fact that the 

same conditions lead to the same results (weak causality). Strong causality says that 

similar conditions lead to similar results. Without this, most scientific research would 

be impossible, and life would be quite hard. One just expects if the ball is thrown in 

about the same direction and with the same speed as last time, it will end up pretty 

much at the same place. Or if I cook my breakfast egg of about the same size with the 

same temperature for just about the same time as yesterday, it should be about as hard 

(or soft) as the one from the day before. 

Some systems (particularly complex systems) do not work like this. Their 

development in time is very sensitive to small changes in the starting conditions, 

making long-term predictions impossible. Well-known examples are: the weather (just 

because the conditions today are about the same as yesterday, it does not mean 

tomorrow or next week or in a month there will still be the same weather); stock 

exchange (stock that has been high for the last six months does not have any guarantee 

of staying high next week); turbulence; population dynamics; neural networks, etc. 

Such systems are called chaotic; the underlying structure is called deterministic chaos. 

Yes, chaotic systems still have an underlying structure – even if we are not able to 

make exact long-term predictions in chaotic systems, some limits and contingencies 

still exist. For instance, we cannot predict the weather in the coming winter season in 

Vienna, yet we can give some limits with a high degree of likeliness: it will likely 

snow, it will likely freeze, and very likely the daytime temperature will not be below -

30° or above 20°. Hence the term deterministic chaos: Even in this chaos, there is still 

some degree of determinism. It is believed that life develops on the edge of chaos: Too 

much chaos, and life cannot develop, too much stability and rigidity, and life cannot 

adjust enough to its environment and will become extinct. 

Chaos research is mainly built upon the mathematical model of non-linear dynamic 

systems. The core of these models is the concept of feedback illustrated below: 
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Feedback leads to the repeated execution of an operation, where the result of 

iteration is the start value of the next iteration. The final result depends on the 

operation itself, the start value, the number of iterations, and the value of the 

parameters. 

Good practices 

From Bulgaria 

We cannot teach the art of the problem solving and problem formulating without 

engaging ourselves in inquiry - this is the message of some Bulgarian teachers who 

have developed sets of interesting mathematical problems that are new to the existing 

curriculum. With capable and motivated teachers (even if they are few at the 

beginning), supported by appropriate computer environments, it is possible to help 

students join and share the joy of the discovery. 

The principle of integration was leading in the Bulgarian educational experiment of 

introducing IT in a radically changed curriculum [3]. It has been achieved not only by 

integrating informatics with other school subjects but also through co-operation 

between teachers of different subjects. The idea of learning-through-exploration 

dominated the way we encouraged teachers to work with their pupils. The computer 

was presented as an environment providing a rich collection of tools to play with ideas 

in mathematical context, and also: 

• in physics – modelling certain phenomena and processes and playing with the 

parameters involved 

• in music – formulating certain rules in order to let the computer compose tunes by 

extracting the order out of chaos and by experimenting with tempo, rhythm and 

tonality 

• in languages – inventing patterns in different natural languages and then generating 

text with specific structure 
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• in fine arts ñ visual modelling in order to analyse and then imitate work of avant-

garde artists. 

What follows is an example of how working in a specially designed computer 

environment has helped mathematics teachers engage themselves in exploratory 

activities. (The experience is described in more details in [4].) 

At a conference on math education (organized every spring by the Union of the 

Bulgarian Mathematicians) a colleague of ours brought up a new (i.e. well forgotten) 

problem formulated more than 100 years ago by Ivan Salabashev, a Bulgarian 

mathematician and politician whose anniversary was celebrated at that occasion. The 

problem read: 

Given two circles find the locus of the centers of the circles which are tangent 

simultaneously to the given ones. 

The teacher who proposed this problem was sincerely interested in the solution 

since he had neither managed to solve it nor found a documented one. Thus he threw 

the gauntlet to the audience. Whether it was because the problem seemed to them old-

fashioned or too time-consuming but the specialists in geometry did not take the 

challenge seriously, murmuring something like: "Obviously a second degree curve..." 

With a final spark of hope the investigator of Salabashev’s works asked us to solve the 

problem in Geomland – a language-based computer environment for explorations in 

geometry which was designed and developed in Bulgaria in the early 80s [5]. 

 

Even the very construction of a circle 

tangent to two given circles turned out to 

be interesting and rich of approaches. An 

additional challenge was to: 

• generalize the construction, i.e. to 

make it independent of the initial 

mutual position of the two circles 

• parameterize the construction in such a 

way that when changing the parameter 

the constructed circle would preserve 

its property of being tangent to the 

given circles. 

As a consequence, the dynamics of the 

locus construction could be easily 

followed by visualizing the consecutive 

values of the center of the third circle. 

To see the properties of the locus we 

used the fact that it is an object (a set of 

points) whose elements can be selected 

and checked for some properties.  
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In this case the difference of distances from any point of the locus to the two 

centers turned out to be equal to the sum of the two radii. Furthermore, we could 

check if all the points of the locus were on the conic section passing through 5 of its 

points (arbitrarily chosen). The teacher seemed satisfied at first glance, but at second... 

What if the tangent circle touches one of the given circles internally? he asked. And 

does the result depend on the mutual positions of the given circles? 

 

 

To answer these questions we had to 

revise the program by adding a second 

tangent circle and to study in parallel the 

two loci for different distances among the 

given circles. 

The two loci obtained in the case of 

intersecting circles turned out to be a 

hyperbola (for the externally tangent 

circle) and an ellipse (in the case when 

the circle is tangent externally to the first 

and internally to the second circle). 

At that time some geometers passed 

by and started conjecturing what would 

happen if the given circles are tangent or 

are one inside the other. In search of 

completeness they hoped for some 

degenerated curve in the case of tangent 

circles or for a parabola at least, but their 

expectations were not justified. Other 

conjectures arose concerning the 

particular cases generating a circular 

locus. The result being of interest for its 

sake was not the greatest satisfaction 

achieved. The richness of ideas for 

constructions and explorations, the 

necessity of making the construction both 

universal (independent of the mutual 

position of the circles) and exhaustive 

(embracing all the tangent circles), as 

well as the endeavour to make the 

description readable for mathematicians 

with different background made us return 

to Salabashev’s problem at different 

occasions. 
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A lot of similar experiences convinced us that mathematics teachers can get insight 

when playing in exploratory environments and can suggest ideas for further 

investigations thus sharing with the students the joy of the discovery. 

This inquiry based style of learning has played a key role in a number of European 

projects dealing with the dissemination of innovative strategies in mathematics 

education [6]. The above scenario was implemented in GeoGebra by Toni Chehlarova 

[7] as part of a learning module dealing with conic sections [8]. 

From Austria 

In mathematics teaching, there is mainly experience with Computer Algebra 

Systems (primarily DERIVE), Dynamic Geometry Software (Euklid DynaGeo, Cabri 

and GeoGebra), Spreadsheets (mainly Microsoft Excel) and the programming 

language LOGO. Mathematica is used to a lesser extent. Self-written software and 

internet resources are used as well 

DERIVE is used in Austrian schools since the early 1990s. Despite the existence of 

numerous materials and teaching suggestions for CAS there is hardly any long-term 

study researching the effects of CAS-integrated teaching or the change of 

methodology induced by using CAS or Graphics Calculators. Interesting research in 

that area has been done by Kutzler, Weigand and Barzel. Experiences, learning paths 

and FAQ can be found at [9]. 

There is quite some experience with different Dynamic Geometry Software 

packages, particularly Euklid DynaGeo and GeoGebra. Lots of examples and reports, 

as well as a user forum with exchanges of teaching experience can be found at the 

homepage of GeoGebra’s creator, Markus Hohenwarter [10]. Some Euklid DynaGeo 

materials will be presented in the Appendix of this chapter. 

Logo is a programming language used in mathematics teaching because of its 

graphic orientation and easy introduction. A good collection of links is available at 

Erich Neuwirth’s page [11]. Some Logo-based materials can be found in the Appendix 

of this chapter. 

As for spreadsheets, a very comprehensive list of materials and information can be 

found also at Erich Neuwirth’s page [12].  

There is an extensive list of resources on the Internet, and it can become hard for 

teachers to find suitable things in the vast amount of information. A broad range of IT 

use in mathematics we consider useful could be found in [13–15]. 

Conclusions and recommendations 
The role of new technologies in education is not only to require a new competence 

from the teachers but to provide them with environments rich enough to enhance the 

explorer in them and in their students alike. When tuned to a specific domain, such 

environments can bring into the classroom the spirit of the subject matter as a science. 

Our work at a school and university level has some optimistic examples of 
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mathematics experienced as a field where problems without known answers exist, 

other problems wait for the teachers and/or the pupils to formulate them and then to 

act together as a research team.  

Before introducing IT in your classroom you should think about the following: 

• What are the technical possibilities? 

o Computer Lab (How many PC’s are there?) 

o Laptop 

o Data projector 

o Internet-Connection 

o Software 

• Who should use the IT? 

o Only the teacher 

o Some students (alone or in groups) 

o All students by themselves 

o All students in groups 

• Where will you work? 

o The classroom (Laptop? Computer corner?) 

o The computer lab 

• What is the purpose of using IT? 

o Demonstration 

o Representation (particularly graphic) 

o Reasoning  

o Discovering connections 

o Calculating (also in a broader meaning) 

o Finding data 

o Writing 

o Programming 

• How long and how often should IT be used? 

• Does the software need extensive explanations? 

• Do the students need diskettes, CD’s, DVD’s, USB-sticks…? 

• Do you have sufficient competency with the used IT? 

 

Some of these might sound trivial, yet more than one lesson we observed did not 

work out the way the teacher planned because of neglecting a seemingly obvious 

thing.  

For interdisciplinary work, you might want to think about these points: 
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• Is the work really interdisciplinary or is it arbitrary context put over 

mathematics? 

• Does the teacher have the required competences in all the used disciplines? 

• Is co-operation with other teachers desired? 

 

If you want to use exploration, you should think about: 

• What do you want your students to achieve? 

• Where (how far) should they be allowed to go exploring? 

• Where wouldn’t you like your students to end up? 

• How much time do you want to use? 

• Are the students allowed to get help from other people? 

• How (if at all) should the students present the results of their exploration? 

• Do the students need tools for the exploration (e.g. digital camera, Internet 

connection, interview guidelines …)? 

After reflecting on these questions you would hopefully gain self-confidence to 

lead the pupils to the unknown; to cultivate in them the spirit of adventure and make 

them understand that although open the computer environment is not a jungle where 

they could be lost. 
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A dynamic approach to a classical geometric problem 

This describes how a classical geometric problem – the nine-point-circle of Feuerbach 

– can be constructed with Dynamic Geometry Software. Using the dynamic properties 

of the software, students can then answer several exploratorive questions about the 

construction. 
  

Unity via diversity 

Unity via diversity is a concept whose main idea is that every task could be examined 

by different points of view. Using several approaches we explore variations of curves 

in a language based computer environment (Elica) so that the students could gain a 

deeper understanding of a specific class of curves and could hopefully continue with 

their own investigations.  

 

“The more it changes the samer it gets“  

Here we explore a specific curve of the class considered in the previous section, this 

time in a computer environment with direct manipulation (Euklid DynaGeo). This 

should demonstrate that although the steps in the construction are different than 

before, we will end up with the same object, and hopefully grasp better what it is that 

stays the same.  

 

Fractal geometry 

Several mathematical concepts (e.g. functions, self-similarity, infinity) can be studied 

and discovered in fractals. We show how these "formless", "weird" structures – that 

actually describe nature better than classic geometric forms – can be defined and 

constructed, and – by means of Logo – lead the reader through the beauty and the 

secrets of fractals to a desire to find out more. 



Appendix to Chapter 5 95 

A dynamic approach to a classical geometric problem 

We will describe how a classical geometric problem can be done with Dynamic 

Geometry Software (DGS). We will use Euklid DynaGeo [1] for the demonstrations; 

however the unit can be used with any Dynamic Geometry Software available. 

The nine-point-circle of Feuerbach 

We will start this unit by constructing a triangle – the students can draw any 

triangle of their liking. 

 

Then they construct the feet of the altitudes. 

 

After that they construct the midpoints of the three segments connecting the 

verteces with the orthocenter: 
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Now the teacher can take first guesses by the students: 

• What figure can be constructed out of the 6 points drawn so far? 

• Will this figure be completely inside the triangle? 

After constructing the midpoints of the triangle’s sides it should be rather visible 

that the resulting curve will be a circle. It could be constructed by using the menu 

conic section through 5 points. 

 

Now again some questions can be asked, e.g. 

• What is the circle’s radius 

• Can the circle be inside the triangle? 

• Where is the center of the circle? 

• Is there anything special when we have a right triangle, an equilateral triangle, an 

isosceles triangle? 

Reference 
[1] Euklid DynaGeo, http://www.dynageo.de (April, 2013) 
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Unity via diversity 

Unity via diversity is a concept whose main idea is that every entity could be 

examined by different point of views. Many sources name this conception as 

interdisciplinarity. The mystery of interdisciplinarity is revealed when people realize 

that there is only one discipline! The division into multiple disciplines (or subjects) is 

just the human way to divide-and-understand Nature. 

Demonstrations of how informatics links real life and mathematics can be found 

everywhere. Let’s start with the bicycle – a well-know object liked by most students. 

Bicycles have light reflectors for safety reasons. Some of the reflectors are attached 

sideway on the wheels. 
 

 

Wheel reflector 

 

Reflectors notify approaching vehicles that there is a bicycle moving along or 

across the road. Even if the conditions prevent the driver from seeing the bicycle, the 

reflector is a sufficient indicator if the bicycle is moving or not, is close or far, is along 

the way or across it. 

 

Curve of the reflector of a rolling wheel 

When lit during the night, the wheel’s side reflectors create a beautiful luminous 

curve – a trochoid. 
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A trochoid curve is the locus of a fixed point as a circle rolls without slipping 

along a straight line. Depending on the position of the point a trochoid could be further 

classified as curtate cycloid (the point is internal to the circle), cycloid (the point is on 

the circle), and prolate cycloid (the point is outside the circle).  

   

Cycloid, curtate cycloid and prolate cycloid 

 

An interesting activity during the study of trochoids is to draw them using software 

tools. We are not interested in demonstration-only software where trochoids are pre-

built. Although this type of software assists a quick start for the student, it does not 

always correspond to a successful and effective learning. That is why we prefer to use 

programming environments where students explore mathematical topics through 

programming. 

For our experiments we will use Elica [1] – a free implementation of the Logo 

language which supports graphics, animation, and Object Oriented Programming.  

Let us start with the simplest trochoid – the cycloid. There are various approaches 

to construct a cycloid in Elica. Depending on the circumstances one or another of the 

approaches could be more appropriate in terms of learning. 

Method 1 – a parametric approach 

The first implementation is to use the parametric equation of the cycloid:  
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where R is the radius of the rolling circle and θ  is the parameter for the angle of 

rotation. 

An Elica program which draws a cycloid uses the equation to calculate x and y 

values of a specific point of the cycloid. For each pair (x, y) a point will be drawn on 

the screen. The variable R is the radius of the circle and the locus is a set of points 

generated during the iteration. 
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Drawing a cycloid with Elica 

To draw the other two kinds of cycloids we introduce scale factors as follows: 0.5 

for the curtate cycloid (the tracing point is inside the circle) and 2 for the prolate 

cycloid (the tracing point is outside of the circle). 

 

Drawing a curtate cycloid in Elica 

 

 

Drawing a prolate cycloid in Elica 
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We can decompose the general equation of a trochoid into two separate parametric 

equations representing the linear and the circular movement, respectively 
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The parametric approach (as we shall call it) is straightforward; it gives quick results 

and is highly applicable to various types of curves. 

Method 2 – a constructive approach 

Although the parametric approach is easy to use, it is based on the knowledge of a 

specific formula. Some curves have rather complex parametrical representations. 

Although it is not very hard to program curves by their formulae this approach does 

not necessarily involve a real understanding of the properties of the curve. Thus the 

parametric approach is good mainly for demonstration and initial introduction. 

This is the reason we shall extend the cycloid study with other methods. Another 

possible approach is to make geometric constructions by describing the relations 

between some objects after which the locus of the curve is obtained ‘automatically’. 

For this purpose we can use a library in Elica called Geomland (a successor of 

standalone educational software Geomland considered in Chapter 5). 

 

 

Descriptive cycloid construction with Elica Geomland 

 

The program which generates the cycloid as a set of points describes the construction 

of a specific point of the cycloid. R is the radius of circle K, a is the angle of rotation. 

Point O is the center of K. Segment s starts from O and ends on the circle. The final 
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O 
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point of s is point T which will trace the cycloid. The 

length of the arc covered by T at a certain moment 

equals the length of the segment covered by O during 

its movement parallel to the straight line. Until this 

moment we have only declarations about objects 

relations. The actual construction happens when the 

parameter a is being changed (see the command 

repeat), and the consecutive positions of T are collected 

in a set and displayed. 

The pointon function gets a point on a circle at a 

specific location, defined by an angle. The segment s is used only to enhance the 

animation effect of the rolling. 

 

Heterogeneous approach 

 

For curtate and prolate cycloids it is easy to find where to insert the scaling factor.  

The constructive approach follows the path of constructionist’s thinking – by 

making the construction of the curve themselves the students could get a deeper 

understanding of its intrinsic properties. This method could be applied to many of the 

mathematical problems in school and in real life.  

Method 3 – a transformational approach 

One of the main criteria when choosing a software platform for mathematical 

explorations is the flexibility. Elica provides a broad choice of techniques which 

students and their teachers can use. Users can create and use their own graphical 

libraries with custom notions and methods. Elica by itself has no graphical support – it 

is the external Elica-based libraries which define the graphical microworld which will 

be used. 

Now we will demonstrate another approach which is based on transformations. A 

geometrical world could be seen as a theory in which the basic canonic geometrical 
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objects correspond to axioms. Any other object could be generated by applying 

transformations to the canonicals. There are 9 basic transformations in the space – 3 

translations, 3 rotations and 3 dilations. 

For example, the canonical sphere of radius 1 and center at the origin (0,0,0) can be 

transformed into an ellipsoid somewhere in the space oriented towards some other 

points. This is the essence of the transformational approach. 

In our case we take a point at (0,0,0) (the canonical object) and apply several basic 

transformations until we ‘plant’ the point on the cycloid.  

 
Initial and target points 

 

The first step is to move our point from a center of a circle to the circle itself. We 

do this by applying translation into y direction. The next step is to roll the circle. The 

result will be that the point which was at the ‘top’ will move along the circle to the 

desired angle. 

 
Building and rolling a circle 

 

Then we move the circle up until it ‘stands’ on the horizontal axis. This is again 

translation along y direction at distance R. Now we are ready to move the circle to the 

correct position to be taken after rolling. 
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Placing the circle on the ground and rolling it forward 

 

What we finally got is a point, which is on a circle rolled along a line at a given 

distance. A question may arise. Why do we move the point up twice? Could we do it 

once doubling the translation distance? The short answer is ‘no’. The long answer is: 

Rotation is applied when the circle center is at (0,0,0) because the basic rotation is 

around point (0,0,0) and our point should be rotated around the circle center. 

 

 

Cycloid as a result of transformations 

 

The instructions we have used in the Elica program are movex (translation in x 

direction), movey (translation in y direction) and spinz (rotation around z direction). 

Note that these instructions are used in reversed order because the transformations 

follow the mathematical notation, viz. if T1, T2 and T3 are transformations, O is an 

object, then the application of T1 then T2 and T3 is denoted by T3(T2(T1(O))) or 

T3T2T1O where the transformations are written in reversed order. 
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The transformational power (part I) 

The transformational approach as used so far does not reveal its true power. So 

let us make the problem with the cycloid a little bit harder. What if the ground is 

not flat but curved? What if the bicycle with wheel reflector is used by the Little 

Prince? 

 

 

The Little Prince biking on his small planet 

 

Antoine de Saint-Exupéry was an aviator. Probably he knew that curves made by 

points on a circle rolling on the outside of another circle are called epitrochoids. 

Probably he even knew the parametric equation: 
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Following the parametric approach students can just type in the equation and see 

the curve. Unfortunately this might not lead to any learning benefit unless there are 

special activities based on the curve. By using the constructive method an epitrochoid 

would be slightly more complex to realize than the trochoid. At least there will be 

more graphical elements and more relations to consider. 
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The power of the transformational approach is that it could be easily implemented 

to generate epitrochoid using the ideas of the transformational cycloid. 

The second argument of the epicycloid function below is the ratio R/r. In the 

example, the rolling circle has 6 times smaller radius. The first two transformations 

spinz and movey implement the static circle, while movey, spinz and again movey 

implement the rolling circle. Again movey is split into two moves 

 

Epitrochoid with R = 6r and h = r (also known as epicycloid) 

 

By modifying the arguments we could produce other variants of the curve: 

 

Epitrochoid with R = 6r and h = 2r 

Thus we have constructed the trace of the Little Prince’s reflectors without using 

the complex parametric equation. The only thing we used is a problem description 

with common words. 
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In a similar way we can consider the case of a circle rolling inside another one and 

thus get a hypotrochoid. By looking at the transformational implementation of an 

epitrochoid we need to change only the signs of the transformations of the rolling 

circle: 

 

 

Hypotrochoid based on an epitrohoid 

 

Examining again the program code and ignoring the correspondence with 

geometrical constructions, it is possible to reach an interesting conclusion. Instead of 

negating the three transformations of the rolling circle we could simply provide a 

negated radius: 

 

    movey –:R/:k         movey :R/(–:k) 

    spinz –:t*:k      ⇒    spinz :t*(–:k) 

    movey –2*:R/:k        movey 2*:R/(–:k) 

 

As a result we get that hypotrochoids are epitrochoids with the radius of the rolling 

circle negated. 

The transformational power (part II) 

Except for experiments with already known curves, transformational approach 

could be used to study some exotic examples. Imagine a circle rolling on the outside 

of another circle. Now imagine a third circle rolling outside the second one. We shall 

generate a curve which is a generalization of the epitrochoid for this particular 

construction and we shall call it epiepi-trochoid. To construct the curve we just need 

to copy-and-paste the three transformations for the rolling circle. The second copy is 

responsible for the second rolling circle. 
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Epiepi-trochoid with r1 = r2= R/6 

 

What about an epiepiepiepiepi-trochoid (i.e. epi
5
-trochoid)? Here it is: 

 

 

Epi
5
-trohoid (the second image is a close-up of the central area) 

 

And (epihypo)
2
epi-trochoid, (hypoepi)

2
hypo-trochoid and hypo

2
epi

3
-trochoid? 
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From left to right: (epihypo)
2
epi-trochoid, (hypoepi)

2
hypo-trochoid with radii of rolling circles 
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The third image set-up uses 3/2 as the ratio of the radii of the two successive 

rolling circles. This makes the curve ‘chaotic’, but still cyclic. 

Back to reality 

Trochoids, epitrochoids and hypotrochoids are not just pure mathematical curves. 

They can be seen in many situations. We already mentioned some of them – riding a 

bicycle after sunset, and the Little Prince on his small planet. Next we will show some 

pictures of situations where one of the considered curves is generated. Try to find out 

which one of them! 

And a final question! (Be honest, please). After reading this do you feel more 

confident in finding trochoids around you? Do you see things which you have not seen 

before? 

 
What is the curve of the red nose of the 

lying person? 

 
Adam is on the right gear, Eve – on the left. 

While rotating them what would Eve think? 

Is Adam epi- or hypotrochoiding around her? 
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What is the curve of the pedals relatively to 

the ground? 

 

If a reflector is attached to the smallest wheel 

 its curve will be …? 

 

What curves can a spirograph do? 

 

A double Ferris wheel. What is the curve in 

 respect to someone on the ground?  

Or someone in the other half of the wheel? 

Reference 
[1] Elica, http://www.Elica.net/site/index.html (April, 2013) 
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“The more it changes the samer it gets” 
This colloquial translation by Douglas Hofstadter’s of the well-known French 

proverb Plus ça change, plus c'est la même chose reflects the importance of 

making variations on a theme as a crucial factor for creativity [1]. In the previous 

section we made variations of approaches and variations of curves in a language based 

environment – Elica. Now let us change the environment and play again with the 

epitrochoid, this time using direct manipulation with Euklid DynaGeo. This should 

demonstrate that although the steps in the construction are different than before, and 

we use a different path, we will end up with the same object, and hopefully grasp 

better what it is that stays the same.  

We shall use again the parametric equations of the epitrochoid  
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where r is the radius of a circle rolling around the outside of a circle of radius R, and 

the point tracing th epitrochoid is at a distance d from the center of the exterior circle. 

 
To construct our first epitrochoid, we will go easy and work with fixed radii r = 0.5 

cm and R = 1.5 cm, and with a fixed distance d = 0.3 cm. So we start with constructing 

a circle with radius 1.5 cm and a point on this circle, connect the center of the circle 

with this point, and intersect the circle with the first axis: 
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As all the other parameters are fixed, we only need to measure the angle θ: 

 

 
 

Finally, we have to construct a point (x, y) using the parametric expression of the 

epitrochoid: 
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Now we have just to trace this point, using  and moving the point on the circle: 

 

Already we constructed our first epitrochoid! Only we can not yet see the exterior 

circle, so let us construct it. For that we need a circle of radius r (= 0.5 cm) and the 

point on the inner circle as its center. This circle is then intersected with the line: 
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As we only needed the circle to construct the center of the actual outer circle, we 

will hide the small circle so that it does not confuse us. Then we construct the actual 

outer circle of radius r = 0.5 cm: 

 

To see different forms of an epitrochoid, it would be helpful not to work with a 

fixed distance d, but with a variable one. To achieve this, we construct a “numerical 

object” (basically a variable whose value can be changed by a scrollbar) by using the 

button . 



Appendix to Chapter 5 114 

 

We have only to change the parametric expression so that it uses d as the distance, 

and not the fixed value 0.3. After doing this, sliding the scrollbar to another value 

gives us different forms of epitrochoids. For d = 1 we get: 

 

Task 1: How many different forms of epitrochoids are there, and under what 

conditions for d, r and R do they occur? 

Task 2: Try to change the construction, so that it is possible to vary the radius r. How 

would the epitrochoid look like if r = 0.75? 

Reference 

[1] Hofstadter, D. Variations on a theme as the crux of creativity, in Metamagical 

Themas: Questing for the Mind and Pattern. Basic Books, 1985, p. 253  
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Fractal Geometry 

Fractals in Nature 

For centuries, scientists tried to describe nature with simple geometric forms: 

Circles, squares, cones, cylinders … In other words, objects from Euclidian geometry. 

In the 1970s and 1980s Benoît Mandelbrot challenged that view with his famous 

proverb Clouds are not spheres, mountains are not cones, coastlines are not circles, 

and bark is not smooth, nor does lightning travel in a straight line! [1]. To explain this 

he used several models, of which the length of a coastline is probably the most well-

known: A satellite photography of the UK coastline looks like a soft, uninterrupted 

line that is easy to measure. Flying on an airplane over the same coast, one can already 

see jagged places, indentations, etc. by which the coastline appears much longer. If 

one changes to a small hang-glider, one can see beaches, riffs, harbours, etc. making 

the coastline looking even longer than from the plane. And if one walks along the 

coast, the line looks even more jagged and bizarre – and again, longer! We can see 

where this is going – using finer and finer resolution, the coastline gets longer and 

longer. In fact, it is infinitely long! 

Some Definitions 

It is for such forms (Euclid called them “formless”) that Mandelbrot coined the 

term fractal (from the Latin word fractus, meaning fractured). As we can imagine, it 

is not easy to give a formal definition for these forms (most people use the word 

fractal instead of fractal form), we chose the one that is in our opinion most easy to 

understand: 

Definition 1: 

• An object is self-similar if parts of it contain shrunk (not necessarily exact) copies 

of itself. 

• An object is exactly self-similar if it consists of only exact copies of itself. 

Definition 2: 

A structure (e.g. an object or a set) is called fractal, if the following conditions are 

satisfied: 

• it shows self-similarity 

• its dimension is a real number (sometimes this is also called fractal dimension, to 

distinguish it from Euclidian dimension) 

The second condition is formulated a bit vague (there are several possible 

definitions of dimension), some define fractals as just self-similar objects without any 

conditions as to its dimension. But for our purposes these details are not that 

important. 
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As an example we will show the Koch curve: 

 

 
 

It is not immediately obvious that this is an exactly self-similar structure. But if we 

draw the parts of the curve in different colors, its self-similarity becomes very visible. 

So the Koch curve consists of four exact copies of itself. 

As to fractal dimensions, it is sufficient to say that fractals normally have a non-

integer dimension. From the “normal” (i.e. Euclidian) geometry, we are used to 

integer dimensions: A line has dimension 1, a square, a rectangle, a circle etc. have 

dimension 2, a cube, a sphere, a cylinder etc. have dimension 3. A fractal with a non-

integer dimension, say, 1.262 (the Koch curves’ dimension), is an object that is 

somewhere in between a line and a plane. The closer the fractal dimension is to 2, the 

more the fractal is “filling” a plane, the closer it is to 3, the more it is filling the space. 

Fractal dimensions – the details 

There are several ways to define the dimension of a fractal. Mandelbrot used the 

so-called Hausdorff-dimension. We will only look at a special case of it, the self-

similarity dimension (working only for exactly self-similar objects): 

Definition: 
A geometric object consisting of n disjunctive parts that are exact 1:m-scaled 

copies of the object has a dimension 
m

n
D

log

log
= . 

As the Koch curve consists of four exact copies of itself whose scale is 1:3, its 

dimension is ≈=

3log

4log
D 1.262. 

Let us note that the Euclidian dimension is a special case of the self-similarity 

dimension, i.e. if one calculates the self-similarity dimension of a square, one would 

still get 2 as the result. The definition is independent of the base of the logarithm. 
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Classic fractals 

The term classic fractals is normally used to characterise fractals that are exactly 

self-similar and can be constructed by means of an iterative process of geometric 

replacement: a start object (mostly a line or segment), the so-called initiator, is 

replaced by another geometric figure (consisting of several initiators), the generator. 

In the resulting figure each initiator is again replaced by a generator, and this process 

is repeated indefinitely. The fractal is the limit of these iterations. This can also be 

mathematically described as a recursive function: xn+1=f(xn), where x0 is the initiator 

and f(x0)=x1 is the generator. 

Example: The Koch curve is a classic fractal whose initiator is a segment. The 

generator consists of four segments whose length is one third of the original segment’s 

length, given by trisecting the original segment and replacing the central third of the 

segment by an equilateral triangle whose baseline is cut out. Using the recursive 

function syntax, we may also write 

 f  

These four segments are then replaced by the generator, resulting in 4×4=16 

segments. These segments are then again replaced by the generator etc., leading to the 

following iteration: 

 
In the fourth iteration, we can already identify the structure of the Koch curve as 

shown in the section above. 

The Koch’s snowflake consists of three Koch curves whose initiators are the sides 

of an equilateral triangle. 
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The circumference of the snowflake is three times the length of the Koch curve, 

which is ∞∞∞∞====
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Generally, we get 

This leads to a geometric series with the first element 11 =a  and common ratio 

9

4
=q . The sum of this series is 

5

9

1

1
=

−

=

q

a
s . Now the area of the snowflake (the 

limit of An for n→∞) can be calculated easily: 
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The snowflake has an area of 1.6 times the area of the original triangle. 

Particularly, it has a finite area! So we have a geometric figure with an infinite 

circumference but a finite area, which in Euclidian geometry would be impossible. 

This brings us back to the beginning, where we had an island with an infinitely long 

coastline, yet an obviously finite area. 

Classic fractals with Logo 

Logo is a programming language designed for educational use, created back in 

1967 by Wally Feurzeig and Seymour Papert at the research company BBN in 

Cambridge, Massachusetts, USA [2]. It is particularly known for its list handling 

abilities, recursive programming and turtle graphics making it a powerful 

programming tool while having rather simple syntax. The turtle is basically a model of 

a robot (a movable triangle) with a pen that can be controlled using commands like 

forward, back, right or left.  

The following teaching units have been developed in co-operation with Hannes 

Hohenwarter, who published a logo implementation of both classic and non-linear 

fractals [3]. (We will use MSW Logo for demonstrations.) 

The reason why fractals have been extensively researched rather late is quite 

simple: Doing geometric iteration by hand is a tedious process, drawing fractals by 

hand even more so. Just try to draw the first four iterations of the Koch curve and you 

will know what we mean. The advent of the computer allowed for trying out a lot of 

iterations – still, with quite a few fractals the construction of higher iterations is a 

time-consuming process, even with modern hardware. But to draw the first several 

iterations is a rather simple matter with the help of the computer. Let us give only a 

few Logo commands that we shall use to draw the Koch fractals: 

fd n   moves the turtle forward n units 
bk n   moves the turtle back n units 
rt n  turns the turtle n° to the right 
lt n  turns the turtle n° to the left 
pu  pen up 
pd  pen down 
ht  hide turtle 

 

With these few commands and the notion of recursive procedures, we will be able 

to understand the programs in this section. 
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The Koch curve 

To draw a Koch curve we just have to follow the algorithm of the generator: We 

have an original segment (initiator) of length side. So to draw the generator could be 

to draw a segment of length side/3 (by means of the forward command), turn the 

turtle left 60°, draw another segment of length side/3, turn the turtle right 120°, 

draw another segment of length side/3, turn left again 60°, and draw the last 

segment of length side/3. The code in Logo and the effect of its execution look as 

follows (the colon preceding the side variable means the value of the variable:  

fd :side/3 lt 60 

fd :side/3 rt 120 

fd :side/3 lt 60 

fd :side/3  

 

To create the recursive procedure we need to replace each segment of the figure 

(generated by fd :side/3) with a smaller copy of the same figure, i.e. if we name 

the new procedure Koch we have to replace fd :side/3 (in the body of the 

procedure) by Koch :side/3 :level-1. At level 0 (where no “bump” is 

generated) the turtle should draw a segment of length side and then stop. 
to Koch :side :level 

if :level=0 [fd :side stop] 

Koch :side/3 :level-1 lt 60 

Koch :side/3 :level-1 rt 120 

Koch :side/3 :level-1 lt 60 

Koch :side/3 :level-1 

end 

Problem 1
1
. Chose appropriate values for the parameters side and level to get the 

first 4 iterations of the Koch curve. 

Problem 2. Edit the Koch procedure so that it generates figures of the following 

kind: 

 

                                                 
1
 The problems 1–10 are taken from [4] which is based on a Bulgarian textbook in informatics 

for 10
th

 grade from 1990 (Eds.). 
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Hint: To make it more concise use the REPEAT command whose inputs are the 

number of repetitions and a list of commands, .e.g. to draw a square of side 100 turtle 

steps you could use: 

repeat 4 [fd 100 rt 90] 

Thus before going to the recursive procedure you could write the following sequence 

of commands producing a square “bump” of length side/3 instead of a triangle one: 

fd :side/3 

repeat 3 [fd :side/3 rt 90] 

rt 180 fd :side/3 

What is left for you now is to create the recursive procedure by replacing each 

segment of the figure (generated by fd :side/3) with a smaller copy of the same 

figure, i.e. if you name the new procedure Koch4 you should replace fd :side/3 

(in the body of the procedure) by Koch4 :side/3 :level-1. Then you can run 

Koch4 with appropriate values for side and level, e.g. Koch4 150 3 

Problem 3. Edit the triangle procedure below: 

to triangle :side  

repeat 3 [fd :side rt 120] 

end 

so that it becomes a procedure for drawing iterations of Koch snowflakes. 

Hint: Since you would like to replace the side of the triangle by an iteration of the 

Koch curve, replace the command fd :side by Koch :side :level. Then 

edit the name of the procedure, e.g. Koch_flake, and add a parameter level 

(preceded by a colon) in the title row. Run Koch_flake by giving appropriate 

values to side and level to get the first 4 iterations of the Koch snowflake. 

Problem 4. Use the ideas of Problem 2 and Problem 3 to generate models similar to 

traditional Bulgarian embroidery: 

 
Problem 5. Generalise the triangular “bump” of the Koch curve to be a regular N-gon 

for N > 4. Replace the sides of a regular N-gon by the newly generated figures to get 

generalised Koch-like snowflakes. 
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Problem 6. Experiment with “bumps” that are on the right (instead of the left) side of 

the turtle’s direction. 

Trees 

We start with a simple, symmetric binary tree, beginning with a vertical segment 

(the trunk) of length side, adding two branches of length ¾ side 30° left and right 

off the trunk; then we recursively use each branch as a trunk for a new pair of 

branches.  

to tree :side :level 

if :level=0 [stop] 

fd :side 

lt 30 

tree :side*3/4 :level-1 

rt 60 

tree :side*3/4 :level-1 

lt 30 

bk :side 

end 

Problem 7. Get variations of the binary 

tree on the figure to the right (obtained by 

the command tree 100 8) by running the tree procedure with different inputs. 

Problem 8. Edit the tree procedure so that it could produce slightly more natural 

looking trees by making the turtle turn at different angles to the left and to the right 

(e.g. 30° to the left, but 45° to the right, or 55° to the left, but 35° to the right). 

 

Problem 9. Generalize the tree procedure (e.g. by adding parameters 

angle_left and angle_right in the title line)so that it could generate besides 

the natural looking trees figures as the ones below: 
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Hint: After editing the title line you could change the red lines of the procedure’s 

body as follows: 

lt :angle_left 

tree1 :side * 3/4 :level-1 :a :a1 

rt :angle_left + :angle_right 

tree1 :side * 3/4 :level-1 :a :a1 

lt :angle_right 

Then you could experiment by running the new procedure with fixed values for side 

and level and varying the angles (including right and obtuse ones). 

Problem 10.  Generalize the tree procedure so that it could generate trees with 

multiple branches, e.g.: 

  

Hint: You could do this by adding parameters for the number of branches and the 

angle between them. 

Another  recursive Logo procedure that could produce fractals very close to the real 

nature is fern as described below. 
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to fern :size :par 

if :size<5 [stop] 

fd :size/20 lt 80*:par 

fern :size*0.3 :par 

rt 82*:par fd :size/20 

rt 80*:par 

fern :size*0.3 -:par 

lt 78*:par 

fern :size*0.9 :par 

lt 2*:par 

bk :size/20 lt 2*:par 

bk :size/20 

end 

 

Problem 11. Get variations of the fern above (obtained by the command fern 300 

1) by running the fern procedure with different inputs, e.g. such as the figures 

below: 

  

The Hilbert-curve 

Another fractal structure with interesting properties is the curve first described 

by the German mathematician David Hilbert in 1891 and known by his name. 

to Hilbert :side :level :par 

if :level=0 [stop] 

lt 90*:par 

Hilbert :side :level-1 (-1)*:par 

fd :side rt 90*:par 

Hilbert :side :level-1 :par 

fd :side 

Hilbert :side :level-1 :par 

rt 90*:par fd :side 

Hilbert :side :level-1 (-1)*:par 

lt 90*:par 

end 
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Problem 12. Run the Hilbert procedure with different values of the parameters 

(par is used to change the direction of the turtle’s turn, so its value should be 1 or  

–1), e.g. the Hilbert curve above is obtained by the command Hilbert 10 5 1. 

Hint. Start with a fixed value of side and run the procedure for consecutive values 

of level starting with 1. To get a better understanding of how the consecutive 

iterations are obtained “ask” the turtle to draw with a pen color depending on the level 

of the recursion. The first tree figures should look like the ones below: 

                          
(a)                             (b)                                            (c) 

This should give you an idea about the construction of the Hilbert curve.  

• The initiator is given as (a) in the picture above (e.g. Hilbert 30 1 1) 

The generator is a construction by means of the following transformations: 

• Rotate the initiator clockwise 90º 

• Make a copy of the initiator to the left of it at a distance :side  

• Make a mirror image of this copy above it at a distance equal to the value of 

side (30 in this case) 

• Make a copy of this mirror image to the right of it at a distance :side and 

rotate it counter-clockwise 90°. 

• Connect the four shapes by red segments to get the generator. 

This is repeated for each iteration, thus each iteration contains 4 copies of 

the previous one. 

If Hn denotes the n
th

 iteration of the Hilbert curve the length of Hn 

approaches infinity as n approaches infinity and we obtain the Hilbert space-

filling curve, a continuous curve passing through every point of the enclosing 

square.  
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The Sierpiński triangle 

Take an equilateral triangle, bisect its sides (which gives you three points) and draw a 

new triangle using these points as vertices. This gives you a triangle consisting of four 

equilateral smaller triangles. Repeat this process recursively for each one of the 

smaller triangles but the central one. 

to triangle :side :level 

if :level=0 [stop] 

repeat 3 [triangle :side/2 :level-1~ 

fd :side lt 120] 

end 

(The “~” sign shows that the program line continues on the 

next line.) 

The fractal obtaned is known as the Sierpiński triangle (also called Sierpiński gasket 

or the Sierpiński Sieve) named after the Polish mathematician Wacław Sierpiński who 

described it in 1915. 

The area remaining after each iteration is clearly 3/4 of the area from the previous 

iteration, and an infinite number of iterations results in zero. 

Problem 13. Run the triangle procedure for different values of the parameters. 

Problem 14. What can you say about the boundary and the area of the Sierpiński 

triangle ? 

Hint: Calculate the area remaining after each iteration compared to the area from the 

previous iteration. Do the same for the perimeter. 

The Chaos game 

The rules: We have an equilateral triangle with vertices A, B, and C and an 

arbitrary starting point inside the triangle. In each round one vertex is chosen by 

chance and connected with the starting point. (All three corners are equally likely to 

be chosen – in reality this is done with a dice; if it shows 1 or 2, corner A is chosen, 3 

or 4 chooses vertex B, 5 or 6 chooses corner C.) The midpoint of this line is drawn and 

is the starting point for the next round. 

Problem 15. How does the resulting set of points look like? 

Hint: Play several rounds “by hand”. Do you see a structure? You could combine 

your efforts with your peers by using transparencies and putting them one over the 

other after 20 rounds each.  
 

Once the game is called Chaos one would expect a chaotic set of points. Only one 

thing seems clear – the points all remain in the triangle. Maybe the resulting set is just 



Fractal Geometry 127 

the interior of the triangle? Clearly, with manual playing this might be hard to find 

out. So we will present the procedural part of a Logo program simulating the chaos 

game and the effect of its execution after 10000 iterations: 

to chaos 

pu clean 

make "n first comboboxgettext "input 

repeat :n [plot pick (list :A :B :C)]  
end 

 

to plot :corner 

setheading towards :corner 

fd (distance :corner) * 0.5 

setpixel [0 0 0] 

end 
 

As we can see, the chaos game leads to the Sierpiński triangle! This comes as a real 

surprise, as the two structures do not seem to have much in common, and have very 

different ways of being constructed. This is something happening quite often in chaos 

theory, as well as in mathematics – two very different paths lead to the same result. 
 

Problem 16: Experiment with the chaos procedure by changing the size of the 

triangle. Edit the procedure so that the triangle is not equilateral. Observe what 

happens. 

Problem 17: Apply the What if? strategy by changing the original triangle into an 

arbitrary n-gon; by replacing the current ratio ½ by a variable; by playing with figures 

that are not necessarily convex. 
 

Let us share an experience of introducing the Chaos game to 7-graders during a 

winter camp [5]. When asked what their guess about the trace of the Logo turtle would 

be, most of them believed that the set would be perfectly chaotic. Even those who had 

predicted a certain structure gasped when they saw the outcome. A series of questions 

followed: Is this true only for an equilateral triangle? Does this depend on the starting 

point? Does it matter that the figure is a triangle at all? What would happen if the 

dice is not ideal, i.e. if one of the vertices is chosen more often? Are there chaotic 

games generating other fractals?  

It’s not in vain that the great mathematician Georg Cantor entitled his thesis (as 

translated from Latin) In mathematics the art of asking questions is more valuable 

than solving problems. To awaken the curiosity of the students, to help them realise 

that they could be a part of an exploratory process together with us, the teachers, was 

our endeavor. Although we didn’t know the answer of many of their questions we 

were ready to explore the ground with them as a team! 
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Julia and Mandelbrot 

One of the very first dynamic systems that the chaos theory researched sounds 

rather simple: “multiply a value x with itself and add a parameter c” (mathematically 

this is a recurrent sequence zn+1 = zn²+c). If we start with z0 = 0.5 and c = 0, we get the 

following sequence: 0.5, 0.25, 0.0625, 0.00390625 … After a few iterations we can 

see where this is going – the result gets closer and closer to 0. Not very interesting, 

one would think but different values for z0 and c will lead to surprising results. 

Problem 18: Use a calculator and try the algorithm with the following values: 

• z0 = 0.5, c = –1 

• z0 = 0.5, c = –2 

The first set of values shows an oscillation between 0 and –1, whereas the second 

one does not show any predictability – it is a chaotic system. This recursive series is 

quite often used with complex numbers. 

The French mathematician Gaston Julia was interested in the edge of chaos – he 

wanted to know which of the above-mentioned series (with complex parameters) 

remain in a limited area and which ones are unlimited. The Julia set (for a given 

parameter c) is a subset of the complex numbers, defined as follows: for each possible 

start value z0 (a point of the complex plane) the recurrent sequence zn+1 =zn²+c is 

calculated. If it remains limited, then z0 is an element of the filled Julia set Kc. The 

borderline of Kc is called the Julia set Jc.  

If we take a look at the filled Julia set Kc, it is usually depicted as follows: If a 

complex number z0 is an element of Kc, z0 is colored black in the complex plane. If it 

is not an element of Kc (i.e. it leads to an unlimited sequence), it is drawn with a color 

corresponding to how fast the series diverges. This leads to the following colorful 

depictions of filled Julia sets: 

  

If we zoom into a part of the set, we can see self-similarity again – though this time 

it is approximately self-similar. Mandelbrot (a student of Julia) also looked at the edge 

of chaos – he wanted to see for which parameters c the series zn+1=zn²+c remains 

limited with the start value z0=0+0i. The coloration algorithm is the same as in the 

filled Julia set: If a parameter c leads to a limited sequence it is colored black, if it 

leads to an unlimited sequence it is drawn with a color corresponding to the speed of 
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its divergence. The graphic depiction of the Mandelbrot set is the well-known “apple 

man” (the upper-left figure below). There is a surprising connection between the Julia 

and the Mandelbrot sets: If an element c is in the Mandelbrot set (i.e. is depicted black 

in the “apple man”) the corresponding Julia set Jc is connected (i.e. all areas of Jc are 

connected). 

Journey into the apple man 

If we zoom into the apple man, we will discover self-similarity:  
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And not only… These fascinating forms keep reminding us of forms we see in 

nature. 

And a more recent journey into the apple man
2
 

The generation of an image of the 

Mandelbrot set requires a huge amount 

of calculations [6]. The deeper we go 

inside the fractal, the more resources 

we need to perform the calculations. In 

the autumn of 2008 it was decided to 

use the Mandelbrot set fractal to make 

performance tests of Lhogho [7] ─ a 

compiler for the programming language 

Logo. Attempts with other Logos 

needed more than 10 minutes to 

generate the simplest picture of the 

Mandelbrot set. Using Lhogho took just 

a few seconds without any code optimizations [8]. When the benchmark program was 

ready, it was decided to visualize the generated image in order to verify that all 

calculations were correct.  

The first images strikingly resembled things in the real world, like trees, 

protuberances, and even the curved shape of coffee cream. The images were blended 

with real photographs and sent to colleagues. Their feedback was extremely eloquent 

– Make an exhibition! The next half year was spent in converting the fractal into 

artistic pictures. The figure above is a map of all places selected for the exhibition. 

Each poster was loaded with a lot of information, like the coordinates and the scale of 

the image, a visual track from the whole fractal to the exhibited image, an artistic 

interpretation of the fractal and a short story describing a connection with real life 

objects, phenomena or events. 

The poster featured: 

• sciences like Mathematics, Astronomy, Biology, Palaeontology, Physics, 

Geography, History, Geology, Meteorology, Engineering; 

• a time span from 100 million years in the past up to 5 billion years in the future; 

• life forms from prehistoric spiders to extraterrestrial life; 

• historical events and people, like Eugene Shoemaker (who was buried in the 

Moon), Li Tian (who made the first firecracker) and Menaechmus (who discovered 

the hyperbola). 

                                                 
2
 This section has been added in the current edition of the book as a contribution of Pavel 

Boytchev (Eds.). 
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Additionally, the exhibition was intended to show interesting facts about the 

objects around us. For example, a cup of coffee simulates turbulent atmospheric 

phenomena at a scale that is still not reachable by modern supercomputers; the zipper 

was initially used only for boots and children’s clothing; and the left and right shoes 

did not exist two centuries ago, because of manufacturing problems. 

The exhibition was opened in October 24, 2009 for the 120
th
 anniversary of the 

Faculty of Mathematics and Informatics at Sofia University: 

 

It was called “Seduction” as a reference to Benoît Mandelbrot’s words: 

Being a language, mathematics may be used not only to inform but also, among 

other things, to seduce 

Except for the permanent exhibition at the Faculty of Mathematics and Informatics, 

the posters are also included in a private collection in Australia, in an exhibition in 

American University in Paris. Individual posters are sent to science and educational 

institutions in North America.  

In early 2010 the exhibition was enriched by the film A Journey in The Mandelbrot 

set [9] featuring the Mandelbrot set fractal and the exact locations from the set that 

inspired the exhibition. The film won the first price in the 3
rd

  Annual FractaSpring 

2010 Fractal Art Competition [10] and was featured by New York Times in an article 

about the passing away of Benoît Mandelbrot [11]. 
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A callenge instead of dessert 

What fractals are represented in this picture? 

 
We are proudly presenting our latest kitchenware set featuring a design distilled for 

centuries by moulders all over the world and based on the latest scientific 

breakthroughs.The set includes four pieces: 

Cantor fork :: now you can pin a single kiwi seed. Twice in a row. 

Recursive spoon :: it will never let you spill a drop of soup. Ever. 

Koch knife :: to delicately cut hair-thin slices out of an egg. A raw egg. 

The Infinity Set :: the set includes itself. As a subset.Every piece of the set is inscribed 

with our Julia logo and our motto "The Infinities are Possible". Limited 

quantities. Unlimited price. The kiwi, the drop of soup and the egg are not 

included in the box, but could be ordered separately. 

Conclusions 

It is clear that the essence of mathematics is not to carry out experiments only. But 

they could give us insight and motivation for theoretical arguments. Generating 

hypotheses, observing patterns, finding out the factors which are the most important 

for a given process are all important part of mathematics which we could make 

accessible for the students by providing them with appropriate computer environment. 

When modelling phenomena in such an environment the students are involved not 

only in problem solving but also in problem posing and these problems are meaningful 

for them in the given context.  
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CHAPTER 6 

Math research at school age 

 

For the first time I got to study something that had never been studied before. I 

could not look up the answers on the Internet. I had to figure out them with the 

help of my mentor and tutor. A once in a lifetime opportunity. 

 

A 16-year old student about her math project 
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Introduction 
The general public of today is under the impression that mathematics is mainly the 

art of doing sums. That is hardly its fault though. With so many reforms in 

mathematical education worldwide, we would still agree with G. H. Hardy that if the 

fine arts were taught in the same way, they would be reduced to studying techniques 

for clipping stone and mixing paints. One of the reasons many students come to view 

mathematics as a static body of facts and knowledge divorced from their world of 

experience is that less than 1% of all mathematics concept they learn were discovered 

after the 18
th
 century [1]. 

In this chapter we discuss some approaches and forms of doing math research at 

school age aimed at revealing the real nature of mathematics as a profession. Special 

attention is paid to the role of math projects in developing specific competences and 

enhancing students’ motivation to study mathematics or math related fields. 

The building of math competences (such as recognizing and formulating math 

problems related to real life; modeling such problems; generating new problems) is 

presented together with cultivating some soft skills (e.g. presentation and 

communication skills) in the context of high school research institutes the authors are 

involved in – the High School Students Institute of Mathematics and Informatics 

(HSSI) in Bulgaria, and the international Research Science Institute (RSI) held at the 

Massachusetts Institute of Technology, USA. The main activities of these institutes 

are to create conditions for high school students to work on math projects with 

research elements under the guidance of professional mathematicians. The problems 

of designing mathematics projects for that age are discussed and guidance materials 

for teachers are offered in the Appendix to this chapter. The positive experience of 

collaboration between teachers, math researchers and university professors is shared, 

and the specific role of the mentors of students working on a math project is discussed. 

Some reflections of alumni of HSSI and RSI, years after they participated in these 

institutes, are included. 

Conveying the real spirit of mathematics at school 
Establishing connections between the students’ study of mathematics and the work 

of the current mathematicians can breathe life into the mathematics classroom. The 

young people should be encouraged to see mathematics not only as a “critical filter” in 

career choices, as “opening career doors”, but also as a field broadening one’s 

horizons of appreciating the beauty of logical structures. 

Not only should the students be given the chance of seeing the real nature of 

mathematics at school age but they can begin doing mathematics in their schooldays. 

There is no doubt that being a mathematician is no more definable as 'knowing' a set 

of mathematical facts than being a poet is definable as knowing a set of linguistic facts 

[2]. Some modern reformers of the mathematics education would comment as follows: 
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Yes, they must understand, not merely know. But this misses the capital point that 

being a mathematician, again like being a poet, or a composer or an engineer, means 

doing, rather than knowing or understanding.  

In his Reflections of a mathematician L. J. Mordell [3], claims that certain 

indispensable qualities are needed for becoming a real mathematician – he must have 

hope, faith, and curiosity, and the prime necessity is curiosity. This means that he must 

ask himself why, how and when, and these queries are the mainspring that sets him 

going. As mentioned in Chapter 2 the mathematical thinking competence is closely 

related with the ability of posing questions which are typical for mathematics. 

Thus we as teachers should enhance the scientist in the children by provoking their 

sense of curiosity and demonstrating the importance of posing (not only solving) 

problems in mathematics. Some ideas how to stimulate students to formulate problems 

(in the context of math club activities) were discussed in Chapter 4. But these 

activities were just preparing the ground for doing math research. 

To appreciate the real beauty and meaning of mathematics as a scientific field and 

possibly choose it as their future profession the students should be given the chance to 

participate in some forms in which they could: 

• use mathematics in daily life activities 

• apply mathematical thinking and modeling so as to solve problems that arise in 

other disciplines (art, music, science and finance) 

• use mathematical methods as an integrated whole 

• formulate their own hypotheses and problems 

• attack open problems. 

Possible activities and forms for achieving this were already considered in the 

previous chapters. In Chapter 3 we emphasized on some strategies for cultivating 

skills important at mathematics competitions requiring the ability to concentrate and 

find a solution of a problem for a relatively short time in the presence of other 

competitors. There are however many students who are highly creative only if not 

under time pressure. They could turn with new and valuable ideas just 5 minutes (or 

one day) after the competitions is over. They remain disadvantaged though many of 

them are also highly talented and could become good inventors or scientists in their 

professional lives [4]. Some good practices of involving such students in appropriate 

math activities were shown in the context of clubs and IT environments (Chapter 4 

and 5). All these activities though are directed mainly to provoking and stimulating the 

young mathematical minds without necessarily revealing the real nature of 

mathematics as a profession. Attacking an open problem (formulated by someone else 

or yourself) takes normally a longer period than the activities mentioned so far. The 

first stage normally embraces studying the information available, trying out various 

approaches and techniques to solve it, investigating special cases, classifying the 
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failures, generalizing the problem with the hope that its solution could be obtained as a 

partial case of a more general one for which there is a known method. After some new 

results have been obtained they have to be prepared in written form tuned to a 

particular audience and finally presented at specialized forums. For students at school 

age to experience at least partially these sides of the math research process, they 

should be given the chance to participate in: 

• specialized research programs (organized by schools jointly with academic 

institutions, educational centers, etc.) 

• specialized school sections in the frames of professional conferences 

• symposiums and fairs for young scientists. 

In the frames of the research programs the students are expected to develop a 

project under the guidance of a specialist in a concrete field of mathematics. Then the 

project should be presented in the form of a paper for a math journal and presented in 

front of an audience. 

With an attitude to the teaching of mathematics, when students are encouraged to 

work in the spirit of discovery, they come to see mathematics in a new way—as an 

area in which interesting experiments can be carried out and hypotheses— formulated. 

Even if they happen to reinvent the wheel, the students may feel the joy of the process 

of invention itself and acquire habits of creative thinking. Another important issue is 

for the teachers/mentors to help their students build the so called ICT-enhanced skills 

— a concept coined to denote the synergy between soft skills (e.g. presentation skills, 

skills for searching and selecting information, for working on a project, for working in 

a team) and skills related to the use of Information and Communication Technology 

[5]. 

Supporting students’ creativity in a discovery style 
With this in mind we offer various ideas based on our experience that could enrich 

the existing curriculum and educational strategies in mathematics. We show several 

examples of extracurricular activities in a research style we have provided for students 

at different age. Such examples show not only that mathematics could be made more 

appealing to students but also that they could be encouraged to deepen their 

mathematics knowledge as something essential  for a possible enrollment in 

mathematics and also for professions relying on strategies, decision making, 

modeling, and scientific research in general. Our challenge has been to involve the 

natural intellectual force of young minds in seeing the beauty and power of 

mathematics as well as their own potential to use it effectively in their future careers.  

Below we are discussing some good practices (experienced by the authors in 

Bulgarian and international setting) of offering junior-high and high school students 

better opportunities to do mathematics thus enhancing the math researchers in them. 
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Let us start with an example of visual modeling project for junior-high students 

designed for integrating their knowledge in geometry and art. 

The project Visual modeling had a carefully planned didactic scenario: 

• a task for the students formulated as a challenge – to draw a picture of a person by 

using geometric figures only 

• to create a computer model of it by means of Logo [6] 

• to study two paintings by Pencho Balkanski (Fig. 1) 

• to create a computer model of one of these paintings by means of Logo or a graphic 

editor 

• to discuss in a team  the pros and the cons of the computer program they have used 

for a concrete visual model. 

  

Fig. 1. Paintings by the Bulgarian artist Pencho Balkanski (1908–1985) 

The idea of the project was to use the creative aspect of making sense of 

mathematics since it is a real confidence builder for young students [7]. When 

working with 10–12 year old children from the School academy 21 century (Plovdiv 

and Assenovgrad, Bulgaria) [8] and St. Cyril and St. Methodius School (Sofia) the 

teachers witnessed their great creativity in making compositions out of geometric 

figures. Let us note that in both schools mathematics and fine arts are often integrated 

but in this case the final project had to be realized on a computer. To do this the 

students had to apply geometric transformations, to calculate angles and length of 

segments (often going ahead of the curriculum for the corresponding grade). They 

were highly motivated to bring to life their own project and even refused hints from 

the teachers murmuring: I prefer to use my mind.... 

When building their compositions the children used two styles – top-down 

(designing a preliminary sketch and decomposing it in simpler geometric figures) and 

bottom-up – trying out various combinations of preliminary given geometric elements. 



Math research at school age 143 

In order to get the desired figure they had to apply many properties of the geometric 

nature. They started their sketches with pencils and paper and then continued to build 

a computer model of it. The students were free to choose Logo or a graphic editor. 

When working in Logo they would turn the turtle left or right which brought quite 

naturally to a new definition of symmetry with respect to an axis. Also, they would 

use procedures for the repeating elements. It is interesting to note that lead by their 

own aesthetics they tended to reduce the number of different shapes used as building 

blocks. 

The models in Fig. 2 are designed by 11-year-old children after the paintings in 

Fig.1. What we started as a project for a small group of children was later extended to 

an open contest for students from the whole country for the best computer models à la 

Balkanski organized by the Mathematics and Informatics journal. 

  

 

 

Fig. 2. Computer variations à la Pencho Balkanski by young students 
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Good practices of math research with students 
In this section we shall focus on forms (outside a traditional school context) of 

raising student’s mathematical curiosity, developing their mathematical competence 

so that they get a feeling of the work of a mathematician. A natural step is involving 

them in a project work. Students are directed to a general goal (producing a specific 

product) via a path (the learning process) traced by milestones (intermediate 

objectives). At each milestone, students are expected to have finished a concrete stage 

of the product development and mastered a concrete skill. By passing along the 

milestones, the students are expected to build up a set of enhanced ICT skills 

interwoven with predetermined teaching objectives [5]. 

Working on projects develops naturally skills important in the life of the 

professional mathematicians – planning, searching for and selecting appropriate 

information, integrating knowledge from different fields (including informatics and 

IT), working in a team which could include not only peers but teachers (mentors). 

Since projects are normally time-consuming it is difficult to implement them in the 

traditional class setting. What we can do is to split a project in appropriately small 

tasks and involve the students in carrying them out in mathematics or IT classes or in 

extracurricular activities. The project approach is gaining popularity in many countries 

but it involves a lot of efforts on behalf of teachers and teacher educators alike. 

When working on research projects with secondary school students it is a good 

idea (according to the authors’ experience) to group the activities in several main 

phases: 

• Preparation phase – motivating the students for exploring a topic of interest by 

delivering short lectures and appropriate warm-up problems 

• Research phase –  engaging the students in research activities by formulating 

appropriate: 

o short-term projects (expected to be developed for at most two weeks during a 

summer school or during the school year) 

o long-term projects (lasting from 6 weeks to 4-5 months, in some cases – up to 2 

years); such projects may lead to a publication, be developed in a thesis, etc. 

• Presentation phase – building up ICT enhanced skills for a written and oral 

presentation of the project 

• Passing on the torch – teaching students to act like mentors  

To put the students with special interests in math and science in more realistic 

research situation we, in Bulgaria, have founded a special institute in mathematics and 

informatics for working with high school students (HSSI). This institute inherited the 

good traditions of an earlier movement of the technically creative youth in Bulgaria 

and an international research program – the Research Science Institute (RSI) held at 

the USA. We shall first describe in brief the specifics of the RSI program with an 
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emphasis on its mathematics component. Then we will show how such a program was 

modified in Bulgaria in accordance with the local conditions and traditions. 

The Research Science Institute 

The Research Science Institute (RSI) was developed by the Center for Excellence 

in Education (CEE), a non-profit educational foundation in McLean, Virginia. The 

Center was founded by the late Admiral Rickover and Joann DiGennaro in 1983, with 

the express purpose of nurturing young scholars to careers of excellence and 

leadership in science, mathematics, and technology. Central to CEE is the principle 

that talent in science and math fulfills its promise when it is nurtured from an early 

age. 

RSI, sponsored jointly by CEE and Massachusetts Institute of Technology (MIT), 

is an intensive annual six-week summer program, attended by approximately 80 high-

school students from US and other nations. While the list of the foreign countries 

sending participants in RSI change from year to year it includes Australia, Bulgaria, 

China, France, Germany, Greece, Hungary, Israel, India, Korea, Lebanon, Poland, 

Qatar, Saudi Arabia, Singapore, Spain, Sweden, Switzerland,  UAE, and the United 

Kingdom. 

Once selected, the students go to MIT and work on a research project under the 

guidance of faculty, post-docs, and graduate students at MIT, Harvard, Boston 

University, and other research institutions from Boston-area (e.g. Massachusetts 

General Hospital, Harvard Medical School, Hewlett-Packard Company, Akamai).  All 

the students chosen for the RSI will have already acquired a deep interest in a 

scientific field of inquiry – mathematics, CS and natural sciences. The Institute begins 

with four days of formal classes. Professors of mathematics, biology, chemistry and 

physics give lectures on important aspects of their field and their own research. The 

students also attend evening lectures in science, philosophy, ethics, and humanities 

delivered by eminent researchers including Nobel Prize winners. The internships that 

follow the first week classes comprise the main component of the Institute. Students 

work in their mentors’ research laboratories for 5 weeks. At the conclusion of this 

internship, they write a paper summarizing their results and give an oral presentation 

of their work in front of a large audience at the RSI Symposium.  

Before discussing the style of work of the RSI mathematics mentors let us quote a 

veteran mentor in theoretical physical chemistry, Dr. Udayan Mohanty, Professor of 

Chemistry at Boston College. In an interview in [9] he describes the RSI students as 

highly gifted and says they serve as a secret weapon in furthering theoretical physical 

chemistry research, particularly in cutting-edge and high-risk area: My own strategy is 

to be conservative when I provide my ideas in a grant proposal, but I give the RSI 

students exploratory projects that I or my graduate and post-doctoral students would 

never try!  
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Although such an approach might work for the chemistry or the physics students 

giving the math students something you as a mentor wouldn’t try is not the best idea. 

The math mentors 

The mentors in mathematics at MIT have a slightly different status with respect to 

the mentors in other fields. These are still students who are themselves mentored how 

to be mentors (a kind of a recursive procedure) by highly recognized professional 

mathematicians. After students have exposed their research interests and mathematical 

background in their essays the mentor of mentors discusses the research preferences of 

the RSI students with the mentors-to-be and matches them according to their 

respective research interests and background. Here is how Prof. Hartley Rogers, 

Emeritus Professor of Mathematics of the MIT, who oversaw the MIT mathematics 

section of the RSI from the 90s through 2006, describes his involvement in the 

program as supervisor of mentors [10]: 

I recruit each year a corps of RSI mentors from the rich and vibrant community of 
mathematics graduate students at MIT. They take on either one or two RSI students for a 
five-week period. Each mentor meets individually with each of his/her students for 1+ hours 
each day, and receives a stipend of $1250 per student from the MIT mathematics 
department. About two week before the start of RSI, I receive the admission files for the 
incoming RSI students in mathematics. Each mentor reads these files and submits his own 
ordered list of his top five preferred mentees. I examine these “ballots” and make a final 
matching of mentors and mentees. This system has been surprisingly successful. 
Beginning with the week before RSI starts, and continuing throughout the program, I 
convene a weekly general hour-long meeting of the mentors in which each mentor is given 
an opportunity to report on his own experience and progress, to ask questions or seek help, 
and to offer comment and advice to colleagues. The first two of these meetings are chiefly 
concerned with identifying good problems for the mentees to work on and with reports on 
negotiation and collaboration with mentees on choice of problem. Solving new 
mathematical problems is a chancy and unpredictable undertaking. In particular, the timing 
of success cannot be legislated in advance… But on the whole, the quality of the RSI 
students was so high, and the enthusiasm of the mentors was so great, that extraordinary 
results were achieved. 

During the summer school the young mentors are regularly reporting on the 

progress of their mentees and of possible problems and eventually they write an 

official report describing the project of the students with their results.  
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Fig. 3. Mentoring the mentors: Prof. Hartley Rogers with his team (RSI 2005) 

We will present below what some of the math mentors think about their RSI 

mentoring with the hope that you would feel the flavor and the challenges such a work 

offers: 

• Mentor 1: I would describe my work at RSI as both pleasurable and difficult. The nice part is 
meeting talented and enthusiastic students who are eager to learn mathematics through 
their own investigations of the matter rather than one-way instruction.  The difficult part is 
that mentoring students in a way that benefits them requires a great deal of thought and 
patience, for introducing high school students to mathematical research means teaching 
many important skills at once. 

• Mentor 2: My RSI student was excited to look at any problem or part of a problem, and 
when she had spare time her curiosity pushed her to attempt to generalize what she had 
learned. My other student was unperturbed, even in the face of possible negative or non-
existent results. I was very impressed with both her grasp of the material and her ability to 
interpret the intermediate stages and accept these interpretations.  

• Mentor 3: The approach [to designing a project] depends greatly on the student’s previous 
experience. (…) This makes the choice of problem particularly crucial. The desire to have 
students work on unsolved problems makes this even harder. I would sacrifice the latter goal 
in favor of giving the students something they can get to grips with without too much hand-
holding.  

• Mentor 4: It is unbelievable that a high school student can do such a project. 

Even from these short excerpts from the mentors’ reports one could feel both the 

challenges and the satisfaction such a work brings. The most important thing is that 

there is great variety even among the gifted students and each project could lead to a 

surprise – the problem is too easy for a 6-week project; the problem is too difficult for 

a 6-week project; the problem is interesting and suitable for your mentee but it turns 

out that it has been already solved a week before that, etc. 
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Thus the choice of a problem (topic of the project) is crucial – it would be ideal if it 

is in the field of expertise of the mentor and of interest for the student but this is rarely 

the case. When to make a compromise?, Who should make it? – all these questions are 

discussed among the mentors, their coordinator, and very importantly – the tutors who 

in addition to helping with the written and oral presentation of the projects are 

responsible for the good psychological conditions of the students. 

The tutors 

The tutors are members of the RSI academic staff. They work closely with the 

students, reading and critiquing the draft papers, as well as suggesting avenues of 

research and areas of background reading. 

In order that this be an orderly and seamless intellectual process, it is best to 

characterize the RSI research paper as a progress report for a continuing research 

effort. As expressed by Dr. John Dell, the RSI Director in 2001 – 2002, it is more 

useful to think of the RSI paper in this way than as a paper about a finished research 

project because this model allows students to write progressive versions of the paper 

and to prepare presentations of their work throughout the program using a consistent 

intellectual template to which the tutoring staff can target their support. Progress 

reports typically focus more on methods and process than a final research paper but 

they naturally evolve into final reports as some original results are obtained. The 

transition from progress report to final research paper is typically one of reduction 

through editing of existing text with the perspective of the final results in mind. RSI is 

well structured for this reduction process as last week teaching assistants and nobodies 

(RSI alumni with no formal duties) supply great quantities of quality editing advice in 

the week before the papers are due. 

Especially important in the process of preparation are the milestones – intermediate 

steps of the process. 

Possible milestones for the written presentation are:  

• writing about a mini-project using the same sample as the one for the final paper 

• gradual filling the sample starting with the background of the project and the 

literature studied, the methods used, considering partial cases and possible 

generalizations; classifying the cases of failure, etc.  

Possible milestones for the oral presentation are: 

• speaking for 3 min on a freely chosen topic 

• presenting the introductory part of their project for 5 min, etc. 

Here are some examples of mini-project titles (RSI 2012) under the topic “Do an 

experiment involving an art object found on the MIT campus. Create a hypothesis, 

perform an experiment, analyze the data” [11]. 
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• Distribution of Distances between Adjacent Pseudo-Reflecting Rectangles at the 

MIT Chapel 

• Ratio of Tourists Stepping Inside the Alchemist Sculpture 

• Visibility of the MIT Logo Formed by Parts of Wiesner Building 

• On the Eastman Plaque's Rubbed-out Lucky Areas 

• The Golden Ratio in Works of Art Around MIT Campus 

• Measuring the Infinite Corridor. 

The variety of ideas and desire to be original could be seen even from this small 

sample. What is “the same” though is the structure: i) background, including context 

and motivation; ii) methods, including controls and experimental apparatus; main 

results; discussion of the results; conclusions, acknowledgments, references. 

All the milestones are accompanied by a feedback from the tutors (e.g. editorial 

remarks, suggested additional reading, ideas for improvement of the oral 

presentations, etc.). 

RSI students on mathematics research 

Before coming to RSI  

If you think that it is scary to work with very gifted students you should know that 

most of them are also scared at the thought of meeting a crowd of mathematics nerds 

and real researchers in mathematics. The following fragments are from a forum on the 

Internet at which RSI alumni respond to some newly selected students who had 

expressed their wish to do research in mathematics but also their worries: 

• Are we supposed to already have our own research all outlined and planned, or do we wait 
for the teachers there to give us directions? I've looked on some of the example papers, and 
I am almost 100% sure I could never write something like that. If I get there and don't know 
anything, my mentor and the staff are going to hate me! 

• I'm perfectly willing to work my butt off, especially if it's for math, but I'm much more worried 
that I'm not going to be able to mentally keep up with everyone else, especially my mentor. 

Nothing could sound more convincing than the impressions of someone who has 

undergone the same experience a couple of years before that: 

If the problem proves too difficult, which happens a lot in math I would think, you can always 
change problems, prove special cases, find generalizations, etc. There really isn't anything 
really demanding because you are doing your own research, so nobody can tell you what to 
do. It is a great opportunity to escape the pressures of college preparatory life, if anything. 

It is very stimulating for the RSI tutors to see that even the most successful 

competitors are aware of the difference between participating in a mathematics 

competition and doing research in mathematics, and can be successful in both.  
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Here is what Brian Lawrence (a perfect scorer at the International Mathematical 

Olympiad in 2005) wrote in his essay when applying to RSI: 

• The challenge of the exercise-worker lies in mastery of individual facts, that of the problem 
solver – in synthesis of a complex solution. But even problem solving is not math as the 
mathematician knows it. The research mathematician is confronted with questions which 
s/he may or may not be able to answer; as Gödel showed, they may not even have definitive 
answers. The work of the mathematician is not only to answer difficult questions, but also to 
decide which questions would be best to tackle. The mathematician must have good 
perspective, and cannot – like the exercise-worker and the problem-solver – lock himself in 
a single problem. It is this kind of researcher I want to make myself. 

Later, as a students at Caltech, Brian participated in the William Lowell Putnam 

Mathematical Competition, considered by many to be the most prestigious university-

level mathematics examination in the world, and all four years he has been named a 

Putnam Fellow—an honor that goes to the top-five ranking individuals. Currently, 

Brian does math research as a graduate student at Stanford University. 

To get an idea about the general and more specific impressions of the participants 

in RSI the organizers of the program ask them for written evaluations (presented 

anonymously by the students and explicitly – by the staff at the end of the program). 

At the end of RSI 

Below are the opinions of students from various countries:  

• RSI was one of the best experiences of my life by far. Not only do you get to work with a 
mentor who is an expert in whatever field you're doing, but you get to meet and perhaps 
even work with some of the best and brightest high school students this country and other 
countries have to offer.  

• If you want to have an open-ended problem to ponder for 6 weeks, RSI is the way to go. 
Several of the math people at RSI never qualified for the USA Math Olympiad, but this by no 
means meant they were not perfectly capable of doing the research. 

• I was never particularly keen on Math league – I never found the questions particularly 
challenging and scoring well seemed to be more of a matter of having completed enough 
curriculum and avoiding stupid mistakes than any real problem solving ability. 

• I love how RSI exposes us to so much without any of it being a competition between us.  

As seen the opportunity of doing math research is much more appealing than 

participating in competitions to some students who are very gifted mathematically. 

• There were times I thought I wasn’t going to be able to complete the task but at the end I 
proved myself wrong. This experience has built my self-confidence. 

• What I liked the most was that we had creative freedom, that we could formulate our own 
ideas about a research project, to design experiments, to verify hypotheses.  

• My project failed which made my experience less than perfect though I believe that in the 
long run I will be grateful for this initial setback because it opened my eyes to the hardest, 
least sexy side of research… 
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• RSI taught me work ethics; made me realize that the time organization was important; 
taught me respect for researchers/research. It taught me more in 6 weeks than 3 years in 
high school topics. 

• I have learned so much here about what it means to be a scientist. Now things like grades 
and test scores seem much less important than other measures of ability. I am more 
determined now than ever to go into sciences. 

• My mentor was great because he’d look at what I was working on and say ”work on this” or 
“don’t worry about this thing” and I’d do the things he told me were promising and stuff would 
come out! Not all the time, and sometimes stuff he said wasn’t important, turned out to be. 
But he was right a lot of the time, and if he had been right all of the time, it wouldn’t have 
been my project now would it? …. 

• I always knew I liked math, real math is really different from school math. I like real math 
better than school math. I’m going to be a mathematician! 

It is important to note that even very gifted mathematically students need attention 

both scientifically and psychologically. They are constantly under stress caused by the 

expectations of their parents, teachers, and peers to show outstanding results at all 

circumstances. An environment like RSI offers them the comfort of feeling one of 

many and provides with conditions to achieve their best, not to be expected to be the 

best among the rest.  

The main areas of focus for creating a successful program are identified by 

Matthew Paschke, the RSI’04 Director, as follows [12]: the selection of the students, 

the matching of the students with research supervisors, the creation of an excellent 

program staff, and the creation of a supportive academic and social environment.  

The community of scholars created by RSI remains vibrant as students make their 

way through their programs of study. Many alumni also participate in RSI as staff 

members during the years following their RSI summer. This reinforces their bond to 

the RSI community and aid in the replication of an extraordinary experience for 

younger students. 

To get an idea of the variety of topics of projects performed at RSI you might look 

at the compendiums of three consecutive years [13-15] containing the abstract of all 

the written reports with five selected as representative being published in full. 

The titles of the projects of the Bulgarian RSI participants since 2001 are as 

follows [11, 16]: 

• Slavov, K. On Hurwitz equation and the related unicity conjecture 

• Encheva, E. A Generalization of Poncelet’s theorem with application in 

cryptography 

• Rashkova, I. Graph embeddings 

• Antonov, L. Implementation of motion without movement on real 3D objects 

• Dimitrov, V. Zero-sum problems in finite groups [13] 
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• Kolev, T. A novel command protocol used in a virtual world games framework 

• Rangachev, A. On the solvability of p-adic diagonal equations [14] 

• Simeonov, A. Creating custom board games for fun and profit 

• Petkov, V. The number of isomorphism classes of groups of order n and some 

related questions 

• Kulev, V. Application of decision trees and associative rules to personal product 

recommendation 

• Bilarev, T. Representations of integers as sums of square and triangular numbers 

• Marinov, V. Dynamical processes in real-world networks 

• Chipev, N. On a linear Diophantine problem of Frobenius 

• Petrov, B. Searching for repeating microlensing events 

• Statev, G. On Fermat-Euler Dynamics 

• Evtimova, K. Rational Cherednik algebras of rank 1 and 2 

• Kerchev, G. On the filtration of the free algebra by ideals generated by its lower 

central series 

• Nikolov, A. A milti-objective approach to satelite launch scheduling 

• Rafailov, R. On the Hausdorff dimension of cycles generated by degree d maps 

• Velcheva, K. The competitiveness of binned free lists for heap-storage allocation 

• Markov, T. Extremal degrees of minimal Ramsey graphs 

• Atanasov, S. Rational fixed points of polynomial involutions 

• Staneva, V. Visualizing the energy landscape of a regulatory network in the 

presence of noise 

• Petrova, K. Graph theory applications in neuron segmentation. 

The titles of the papers selected among the five representative ones are in bold. 
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Fig. 4. Working on math projects at RSI happens at any time and place 

After RSI 

The students continue to succeed in their undergraduate and graduate studies, with 

a large fraction of the former participants remaining in science, technology, and 

mathematics after the program.  

• Andrew Kositsky (RSI 2003, currently research assistant at the California Institute of 
Technology): My adventures with mathematics taught me, among other things, how to 
transition from the frustration of thinking "That should have worked, but it didn't!" to the much 
more constructive pondering "Which of my assumptions entering the situation was wrong?" 
Whether the error lies in my thought process, what I did, or what others contributed, taking 
this now-intuitive step allows me to analyze the problem and fix it with a bit of luck and 
plenty of effort. 

• Lauren Ancel Meyers (RSI 1990, today a professor in biology): At RSI I worked on 
developing algorithms for breaking encrypted messages. I entered my freshman tear at 
Harvard eager to learn more mathematics and explore career paths that involve scientific 
research. I majored in math and philosophy, but spent time exploring other subjects like 
biology, geology, physics, and astronomy where mathematics plays an important role. 
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Today I am a professor in biology at the University of Texas where I use mathematics to 
understand and predict the spread and evolution of infectious pathogens, influenza and 
meningitis. RSI introduced me to the exciting world of science, and taught me that math is 
not only fun, but also useful in many disciplines. At RSI, I learned that science isn’t just 
about research itself, but also about the amazing people who do it [17]. 

• Terrence Tao (RSI’89, at the age of 12, a Fields medalist of 2006!): I had a lot of fun at 
RSI back in 1989. It was my first extended period abroad by myself and it was great to be 
surrounded by like-minded people, and to get a taste of what mathematical research was 
really like (even if I have never touched elliptic curve factorization since). I still remember the 
comedy skits, the games and all sorts of other random things [18]. 

In view of its obvious merits the methodology of the RSI program was adopted in 

Bulgaria with some appropriate modifications in harmony with the local specifics. A 

research institution for high school students was established in 2000. 

High School Students Institute  

Background 

The founding of High School Students Institute of Mathematics and Informatics 

(HSSI) was one of the initiatives of the Bulgarian mathematical community in the 

celebration of the World Mathematical Year 2000 [19]. 

Founders of HSSI are the Union of Bulgarian Mathematicians (UBM), EVRIKA 

Foundation, the St. Cyril and St. Methodius International Foundation and the Institute 

of Mathematics and Informatics (IMI) at the Bulgarian Academy of Sciences. Thanks 

to the well-developed network of mathematics and informatics competitions for 

secondary school students in Bulgaria the young people can exhibit their abilities and 

gifts. As mentioned in Chapter 4, for more than 20 years Bulgarian high school 

students successfully participate in the International Mathematics and Informatics 

Olympiads. There are many students however, who are highly creative only if not 

limited by a short fixed time for completing a mathematical problem. It is the mission 

of HSSI to identify such students and to take care of their development as future 

leaders in science. 

An important factor for the creation of HSSI was the long-term collaboration 

between the Center for Excellence in Education and the founders (IMI and St. Cyril 

and St. Methodius International Foundation). Thus one of the main ideas behind HSSI 

was to implement RSI-like activities in Bulgaria, taking into account the local 

conditions and traditions. 

The local conditions included as a crucial factor the infrastructure and activities of 

the UBM which has long-standing traditions in early identification and proper 

enhancement of talents. Since 1980, School Sections in the framework of the annual 

Spring Conferences of UBM have been organized, where high school students 

presented their papers. The interest in these sections shown by teachers as well as 
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students was great. This contributed naturally to the mission of HSSI to keep the 

traditions alive giving them a new spirit and a new content. 

Another important component of the local conditions is the environment provided 

by the Institute of Mathematics and Informatics at the Bulgarian Academy of Sciences 

stimulating the growth and the progress of HSSI – Library, Internet, rooms and 

equipment. Many researchers at the Institute devote significant part of their free time 

to keep the level of extra-curricular work with talented students high. Their work 

supports and enables HSSI to assist the intellectual and professional growth of the 

high school students. 

The participants 

The participants in HSSI are high school students between 8
th
 and 12

th
 grade, 

usually aged 15 to 18, mainly from specialized Science and Mathematics Secondary 

Schools in the country. Every participant in HSSI works individually (or in a team) on 

a freely chosen topic in Mathematics, Informatics and/or Information Technologies 

under the guidance of a teacher or another specialist. A written presentation of the 

project (a paper) is sent to HSSI. All papers are refereed by specialists and the reviews 

are given to the authors. Papers involving creativity elements are given special credit. 

The best projects are accepted for a presentation in the conference sessions of HSSI. 

The distribution of participants shows that big and small towns alike are involved in 

sending their representative in the HSSI. 

The events 

During one school year HSSI organizes three events – two conference sessions and 

a research summer school. The High School Students’ Conference is held in January 

(in the country) and is attended by more than 200 students, teachers, researchers in 

mathematics and informatics, parents, journalists. The conference is held in two 

streams – mathematics and informatics/IT. The authors present their work in front of a 

Jury of specialists in the field and in the presence of the general audience. The jury 

can ask the students various questions at the end of their presentations so as to check 

the level of their understanding and creativity. The projects in informatics and IT are 

additionally run on computers to be judged by a specialist from technical point of view 

before being presented to the general audience and the jury. Parallel to these two 

streams is a poster session. 
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Fig. 5. During a January conference – presenting might be more difficult than an exam 

  

Fig. 6. The Jury at the High-School Section of the 42. Conference of the UBM (April 2013) – 

this time one of the Jury members is an HSSI alumnus 

Based on the merits of the paper and the style of presentation, the Jury judges the 

works and selects the best ones. Their authors receive Certificates for Excellence; all 

other participants are given Diplomas for participation in the event, which by itself is 

already a kind of recognition. 

The authors of the best projects in the High School Students’ Conference are 

invited to take part in an Interview for selecting two Bulgarian participants in RSI and 

to participate in the School Section at the expenses of HSSI. 

The School Section is an independent event – it could be attended by students who 

present their research for a first time. The process of reviewing and selecting papers 

for the School Section is the same as above.  



Math research at school age 157 

The authors of the best projects from this section are invited to participate in the 

Research Summer School at the expenses of HSSI. 

At a recent meeting of the HSSI founders it has been decided to include in its 

Research Summer School international participants. 

It is since year 2000 that the HSSI is in charge of selecting the Bulgarian 

representatives for RSI. The Jury includes researchers from the Institute of 

Mathematics and Informatics, other research institutions, representatives from St. 

Cyril and St. Methodius International Foundation, America for Bulgaria Foundation, 

and very importantly – RSI alumni. The members of the Jury would already have an 

idea about the research potential of the candidates so the students would additionally 

demonstrate their fluency in English, their general and professional culture, their 

talents in singing, dancing, poetry, fine arts (sometimes – even in magic 

performances), as well as their social skills. 

In an attempt to convey the atmosphere of the interview let us share some 

interesting moments of a recent one [20]. One of the challenges coming from a 

member of the Jury was: Quote a fundamental theorem proved in the last 50 years 

which is not the Fermat’s Great Theorem. The student being interviewed formulated 

(with no hesitation) a result presented by two of his HSSM peers, also applying for 

RSI. Another memorable answer was given to the question: What is the next line in the 

monolog “To be or not to be; that is the question”. The student immediately 

responded: The question is not “To be or not to be”, the question is “What to be”… 

The Jury smiled at the ambitions of another participant who expressed his regrets 

that Grigori Perelman has already turned the Poincaré conjecture into a theorem and 

thus has solved a problem which was both among Hilbert problems and the 

Millennium problems – something that deprived our hero of achieving the same…  

 
Fig. 7. The candidates for RSI 2011 
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Often it is from the questions of the RSI alumni that the candidates realize better 

what the participation in RSI is ─ not only a great honor but a challenge and a 

responsibility to pass what they have learned to their peers and to the younger HSSI 

generation.  

 

Fig. 8. Members of the jury of the interview for RSI 2011 assisted by RSI alumni 

Finally, the two representatives are chosen based on their overall performance – the 

work on a project, the presentation skills, the achievements in mathematics and 

informatics events, and the interview. 

   
Fig. 9. Demonstrating various talents in addition to the mathematics ones at the interview  

for RSI 2011 

Attending RSI however (no matter how tempting it sounds) means that one would 

miss another great event – the Research Summer School! 

The three-week Research Summer School takes place in July–August in Bulgaria. 

During the first two weeks, lectures and practical courses in Mathematics and 

Informatics are delivered by eminent specialists from universities, academic 

institutions and software companies. 
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The main goal of the training is to extend the students’ knowledge in topics related 

to their interests and to offer new problems to be studied and solved in further 

projects. Then the students start working on a short-term project. 

The third week is devoted to a High School Students Workshop, where the 

participants report on their results and exchange ideas for further studies. The 

presentations are in front of specialists whose role is to advise the students in finding 

the right topics and problems to be studied, to recommend methods and tools to be 

used to achieve high quality results.  
To help teachers improve their mentoring skills a High School Teachers Workshop 

is organized during the third week of the Research Summer School. Participants are 

the research advisors of the students projects, presented at the events of HSSI during 

the school year.  

Another important activity of the HSSI is its monthly seminar at the Institute of 

Mathematics and Informatics. The aim of the Seminar is to bring together high school 

students, teachers and scientists to present and discuss problems of common interest. 

The most important result of HSSI is the qualitative difference in the knowledge 

acquired by students taught in the traditional manner and by the HSSI students. In 

order to work successfully on a given project the latter students learn a lot of 

additional material, often going far beyond the obligatory syllabus. They understand 

much deeper the topics they learn and are able to apply their knowledge to finding 

answers to questions and conjectures they themselves formulate. This is what happens 

in real research. The opportunity to present results to peers makes the similarity with 

science even stronger. In fact, the students of HSSI get a rather real picture of what 

science is and acquire practical habits in doing research. What happens in HSSI is a 

genuine example of inquiry based learning [11] where the students “are discovering” 

knowledge themselves by searching the existing classical literature and Internet 

resources, by combining in an original way known facts and, sometimes, are obtaining 

original results about the studied topic. The teachers (supervisors in our case) do not 

provide the knowledge in terms of direct instruction. They help the students develop 

the necessary research skills (analytical thinking, formulation of conjectures, 

experimental verification of the conjectures, etc.) and guide the overall process of 

work. 

On the occasion of the 10th anniversary of HSSI its activities and achievements 

were presented at the 39th conference of the Union of the Bulgarian Mathematicians 

[16]. Several people closely involved in the HSSI activities also shared their thoughts 

about this institution, unique in a Bulgarian setting: 

• Stefan Dodunekov (the late President of the Union of the Bulgarian Mathematicians and 
President of the Bulgarian Academy of Sciences): Even if HSSI were to be the only thing left 
after us, as educators, I would be endlessly happy. I feel very proud for having the chance to 
be able to contribute to the founding of this Institute. Nurturing and stimulating young talents 
as well as the development of mentoring skills of the mathematics and informatics teachers 
are extremely important. 
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• Oleg Mushkarov (Director of the HSSI): The activities of the Institute were acknowledged in 
the contexts of the European projects Meeting in mathematics and Math2Earth as the best 
practices with gifted high school students in mathematics and informatics. In the last three 
years the best five informatics students from HSSI are admitted to participation in the 
International Conference CompSysTech conducted every year in Bulgaria and comprising of 
scientists from all over Europe. The two students selected each year by HSSI to participate 
in RSI performed really well. The projects of Kaloyan Slavov (2001), Vesselin Dimitrov 
(2003), Antony Rangachev (2004), Galin Statev (2008), and George Kerchev (2009) were 
ranked among the representative five in RSI in the respective years

1
. Several articles with 

results obtained by HSSI students were published in peer reviewed scientific journals. 
During 2009 an international commission of about 40 scientists from more than 15 countries 
evaluated the activities of every institute of the Bulgarian Academy of Sciences. The 
achievements of the IMI related to the identification and nurturing of young talents were 
evaluated very highly. The evaluating commission was impressed by the fact that eminent 
Bulgarian scientists in various fields of mathematics and informatics work directly with gifted 
high school students and are involved in their development at a level comparable with the 
most developed countries.  

•  Neli Dimitrova (Coordinator of HSSI till 2006): I started working as a coordinator of HSSI 
from its very founding. The first years were the most difficult ones, but very exciting at the 
same time. These were the years during which the goals, the mission, the structure and the 
activities of the Institute were taking shape. There was a lot of work – organizational, 
administrative, financial, coordination of the scientific support of the HSSI conferences and 
summer schools. How could one embrace so many and so versatile activities? There is a 
single answer – with much love, devotion, dedication – the way a mother (and only she) is 
able to dedicate herself to her children. 

• Boriana Kadmonova (President of Evrika Foundation): To me the founding of HSSI was a 
very significant event, organized by people who have dedicated their professional life to the 
young people so that they could surpass their teachers and achieve their dreams for a life 
realization. Unifying the knowledge and the experience of us, the elder people, with the 
motivation and the scientific endeavor of the youngsters, creates the magic – the magic, 
which attracts every year a new crowd of students from all over the country, ready for new 
ideas and projects. The feeling to be part of something magic, something useful, something 
being a symbol of youth, creativity, future and a lot more makes me happy … 

• Borka Parakozova (Coordinator of HSSI since 2006) the ongoing contact with the young 
people is a very enriching experience. I am always moved by the expressions on the faces 
of the candidates for RSI immediately after they have been interviewed. And I make a 
comparison with how they look like after the results have been announced. Some are happy, 
others – disappointed, there are even tears. I would like to see a greater number of happy 
faces but the number of the lucky winners is fixed… I hope that the HSSI alumni after their 
graduation in prestigious universities around the world would not forget us and would pass 
the torch to the next generations of young talents. 

 

                                                 
1
 This list has been recently enriched with the names of Todor Markov (2011) and Kalina 

Petrova (2012) who received the same recognition for their written presentations (Eds.). 
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YouthMath – bringing RSI and HSSI achievements together 

An interesting event bringing together young researchers in mathematics from 

HSSI, RSI and countries form Southeastern Europe was the YouthMath 

minisymposium held in the frames of the First International Congress of MASSEE 

(MAthematical Society of SouthEastern Europe) in Borovets, Bulgaria, 2003. At this 

symposium participants in both RSI (from Bulgaria, USA and Turkey) and HSSI 

presented their research projects performed under the guidance of dedicated teachers 

and scientists, and published later on in the Proceedings of the Congress. The last 

section of the Proceedings, Attracting Talents to Science, shows a great variety of 

topics reflecting the large spectrum of students’ interests [21]. Of course, to qualify for 

participation in RSI is one of the biggest rewards for the HSSI students but it is also 

true, that being invited to participate in a prestigious international congress as this one 

was an even greater recognition.  

The importance of having such an event was emphasized by the President of 

the Program Committee of MASSEE 2003, Acad. Petar Kenderov, who characterized 

it as something special which is not seen very often at congresses. Stimulating a 

greater number of young people to choose mathematics and science as a profession 

would have a great positive impact on the future academic life in Europe which was 

one of the main goal of this mini-symposium. And certainly, it coincides with the 

main goal of the project Meeting in Mathematics. 

What do HSSI students think about math research?  

In the frames of HSSI activities 

Since its foundation the HSSI has shown its vitality and potential in enhancing the 

researchers in the high school students encourage them to choose mathematics and 

science as their future professions. It has revealed the spirit of the contemporary 

science as a field where the joint efforts of representatives of various fields, and 

various countries could bring much better results. Here is what some HSSI students 

think of their research experience: 

• Kaloyan Slavov (HSSI and RSI 2001, Harvard, MIT Graduate, currently member of the 
mathematics faculty of the American University in Bulgaria): What I learned in RSI 
(specifically, from Jenny

2
) about 10 years ago is that when working on a project – or 

anything – it is best to stop at a place where I know how to continue. That way, I have great 
feelings of accomplishment for the day, and a great beginning of my work the next day. I've 
been applying this strategy since RSI and until the completion of my PhD thesis, and I was 
having a great time as a result. Thanks for the advice! 

 

                                                 
2
 In fact this advice belongs to John Littlewood and could be found  in his book A Mathemati-

cian's Miscellany (Eds.). 
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• Anita Georgieva (HSSI 2001): No matter how well you have done something there is 
always someone (or something) whispering to you: You could do better… 

• Iva Rashkova (HSSI 2002): You have to understand the potential of your thinking as a 
researcher and to find out your unique place in it. HSSI showed me what it is in mathematics 
that really matters! 

• Galin Statev (HSSI 2008):  HSSI marked the beginning of my science research activity. 
Before I took part in HSSI for me mathematics was only solving problems. Here I learnt to 
examine the problems in more detail, to use specialized mathematical literature and to work 
in a team with my mentors and the scientist from the institute. My participation helped me 
improve my style in expressing and presenting the examined problems. But undoubtedly 
what I liked best was the great creative atmosphere during the conferences and the friendly 
relationships during the free time. 

• Katrina Evtimova (HSSI 2008): HSSI gave me a chance to look at mathematics from a 
different point of view. It was a new experience – not the routine maths competitions, but 
research work which I find very exciting. I like the idea of concentrating on and being 
absorbed by a single problem, analyzing issues that stir up my interest. I gained a lot of 
knowledge while working on my project and during the HSSI sessions. I met many like-
minded people and learned a lot both from the scientists working in IMI, and from the other 
participants. All this has inspired me to keep on improving my skills in mathematics and I am 
deeply grateful for having been selected to attend the Research Science Institute 2008. 

As HSSI alumni 

A very promising phenomenon is the fact that HSSI alumni keep in touch, carry 

out joint research with other alumni from the Institute, deliver lectures for the Summer 

schools, participate in the Jury for the RSI Interview and serve as mentors for the 

younger generations. Here follow some reflections of an HSSI alumnus: 

• Todor Bilarev (HSSI 2006): My participation in the HSSI summer school turned my 
impression of math entirely. Before that I though that the math profession is monotone and 
boring. But it turned out that in addition to doing research the mathematicians have the 
responsibility teach young people with high interests in mathematics to love it, appreciate it 
and strive for doing real math. I realized that being mathematician means to be a rich 
personality. I met people who have proved an Euler conjecture to be wrong while being 
world champions in chess compositions and composers of music based on π… 
Mathematics teaches you to think and reason – a necessary condition in each field… 

• Sltanislav Atanasov (HSSI and RSI 2011): The HSSI has provided me with the rare 
opportunity to work on math research papers from an early age. In those papers I was able 
to channel my math enthusiasm in the fields I find most appealing – number theory and 
algebra. As participant in the RSI, I had the privilege to work on an open problem posed by 
Jean-Pierre Serre. What is more – I had fruitful talks with prominent mathematicians such as 
Prof. Skinner, Prof. Elkies and Prof. Fox. In these discussions I got a glimpse of what the job 
of a real scientist is and thus solidified my conviction to pursue a scientific career. Moreover, 
those talks taught me how to communicate mathematics with experts – a quality that played 
pivotal role in my interview in Cambridge and resulted in my receiving an offer to study 
mathematics in this university. Furthermore, I am always willing to help youngsters who 
have strong affinity to math and science in their first steps into the exhilarating experience 
called “research”. 
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• Rafael Rafailov (HSSI and RSI 2010): RSI was a great experience for me, as I had the 
chance to work on a problem proposed by a mathematician of the rank of Prof. McMullen (a 
Fields medalist) who gave it to me to work on in the future. The RSI program taught me that 
things don’t always go the way you expect them to go, but that one should always try to get 
the maximum out of every situation and not regret anything, a lesson I think would be very 
useful in the future.  

The greatest reward for the people involved in HSSI and RSI is when the 

collaborative work continues after the programs have finished. One of the most 

inspiring examples of such collaboration is the joint publication [22] of Vesselin 

Dimitrov and Antoni Rangachev (based on their RSI projects) when they were second 

year students at Harvard and MIT, respectively. 

 

Fig. 10. The union makes the force –A. Rangachev and V. Dimitrov at IMI–BAN (2005) 

Some of the HSSI alumni have been enrolled in other fields (e.g. engineering or 

economics) but felt so nostalgic about mathematics that they switched to it and even 

got involved in competitions at a university level. Here is an example taken from an 

interview with Nikifor Bliznashki in 2004: 

• Nikifor Bliznashki (HSSI 2001, a top-finisher in the Putnam Competition 3 years in a 
row with the Duke university team): As a freshman I was intending to study engineering 
instead of math. I was also thinking of doing a double major with engineering and physics. I 
guess everyone interested in math comes to a point where he starts to wonder, why the hell 
he is doing all these things.  What is the meaning, the application?  I was at that point at the 
end of my senior year in high school.  So I went into engineering.  But after one year of 
taking courses designed for engineering majors, which involves engineering classes, 
physics, things like that – and stupid math – I felt as if I missed math a lot.  So I switched, 
and now I’m doing math.  
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I’m not sure what I’ll do exactly later.  Maybe something related to financial mathematics or 
mathematical modeling.  Then I’ll go to graduate school.  But my interests have changed a 
lot over time.  I might end up getting interested in physics from a mathematical perspective.  
You never know. 

I’m not embarrassed about doing math.  I don’t consider that as being any less normal than 
doing economics for instance.  People actually appreciate it.  They are fascinated that you 
might be so good at something and be so passionate about it.  

What do the HSSI and RSI alumni think today 

• Emil Kostadinov (author of an HSSI project on Malfatti's problems presented in the 
Appendix, currently a PhD student of Economics at the University of Essex) 

My most vivid memories from HSSI have to do with the people I met there. With many of 
them I still keep in touch. As a matter of fact, from a certain point on the friendly environment 
and the opportunity to meet interesting people served as a primary motivation for me to 
participate in the events of HSSI. 

I am now a PhD student at the University of Essex, UK. What I do now is not related to the 
projects that I worked on at the HSSI. However, my participation gave me an opportunity to 
be exposed to research environment at an early stage. I benefitted from this by developing a 
set of interdisciplinary skills, e.g. presentation skills, research discipline, appreciation of both 
positive and negative feedback. Most importantly, I made friends with many like-minded 
people at the same stage in life whose experiences have been an important source of 
reassurance and motivation. 

I would like to reassure the participants in HSSI that their interest in mathematics or 
computer science places them in an excellent starting position for excitingly many areas in 
which to realize their potential. Whether they go into mathematics, natural sciences, social 
sciences or business, there will be ways to make use of their skills. If any decide to study 
economics at university, I would advise them to take as many mathematics courses as 
possible.  

• Yoana Gyurova (HSSI 2010, currently a student at MIT – EECS Junior) 

For me HSSI was a great opportunity to experience doing real research and being mentored 
by some of the best mathematicians in Bulgaria while I was still a high school student. Not 
only did I improve in terms of math knowledge, but I was also given the opportunity to meet 
a lot of young and enthusiastic mathematicians and informaticians, who are still my friends 
today and with whom I share a lot of good memories. The combination of serious work and 
fun events is very hard to achieve, but HSSI did a great job doing that. 

• Stanislav Harizanov (HSSI and RSI’00, currently PostDoc at TU Kaiserlautern, Ger-
many) 

At RSI I met about hundred enthusiastic and friendly people possessing a brilliant mind. This 
program was the bridge between the competitive mathematics and its real side – the 
scientific research. I am deeply grateful to all who believed in me and helped me to 
accomplish my dream of becoming a research mathematician. 
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• Katerina Velcheva (HSSI and RSI 2011, currently a student at MIT). The following is  a 
fragment from her application for a Teaching Assistant at RSI 2013) 

RSI has changed my life. Before RSI I wanted to study computer science in Sofia University 
and I wanted to become a programmer in a big company like Google and Facebook. On RSI 
I learned a lot of things. I learned that it is not important whether I will be the best or not. The 
most important thing was my research and whether or not I am happy with it. I still 
remember what Jenny Sendova told me at the very first day of RSI. "Here it is not important 
to be the best among the rest, you just have to do your best”. 

Before RSI I was disappointed when I was second on math competition or when my 
research paper was not the best one at the High school science conference. After RSI I was 
happy to meet someone with a paper better than mine, because I was meeting a person 
from whom I could learn. I remember that in 2010, just after RSI, I participated in a 
competition for research papers in Lisbon. I did not win, and when I spoke with my mother 
after the competition I told her: "Mom, I did not win, but I feel happy because I was able to 
share my research with people from the whole Europe and I saw so many good papers, I 
met so many wonderful people here". She was surprised; she said that this was not her 
daughter speaking on the phone. Yes, the most important thing that I learned at RSI was to 
enjoy my research and enjoy the opportunity to communicate and learn from and together 
with other people. (...) After RSI I did not want to be a programmer anymore, I wanted to be 
a professor, so that I would be able to do research during my whole life. I was "in love" with 
it. Now, after a year and a half as a student at MIT I still want to become a professor.  I have 
changed my research area from computer science to mathematics. I have discovered that I 
love teaching. I have been tutoring students on freshman calculus and I love seeing the 
flame of understanding in their eyes. I want to be TA in RSI 2013, because I want to show to 
the people there that doing research can be amazing. (...) I have received a lot, now it is my 
time to give. 

• Antoni Rangachev (HSSI and RSI’04, currently PhD candidate at the Northeastern 
University) 

My experience at HSSI taught me at an early age how to approach complex problems – 
something which turned out to be of a great importance for my research at RSI, and later -- 
at MIT. The participation in these programs taught me as well about the difference between 
the research in mathematics and the solving of math olympiad-type of problems. Although 
there is an overlapping of the qualities required to be a good researcher and a good 
competitor, there are some which are a “must” for the research in mathematics, e.g. 
persistence, patience, belief in the final success, etc. 

Of course, the feeling of making discoveries, the satisfaction behind the creative process 
itself is unique. It is this feeling which is the real motivation behind the decision to be a 
professional mathematician.  

My observations are that a significant part of the undergraduate and even graduate students 
are lacking a research experience before starting to work on their PhD thesis and are not 
prepared for the difficulties on the road to successful research. To nurture the qualities 
required for a scientific research at a sufficiently early age is a great power of programs like 
HSSI and RSI. 

Another important feature of RSI is the continuity among the generations of the RSI alumni. 
A great deal of the work in RSI is done voluntarily by RSI alumni. This particular aspect of 
RSI impressed me a lot at the time. 
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I also realized the great potential HSSI could have for developing and supporting the future 
generations of Bulgarian mathematicians. It has always been my strong conviction that as an 
HSSI and RSI alumnus I should contribute my best to this cause. I have been collaborating with 
the staff of HSSI ever since I became a student at MIT seven years ago. My sincere hope is that 
during the next 10 years we could establish and make flourish the continuity of generations of 
HSSI alumni, which in my opinion is a driving force behind the success of RSI celebrating its 
30

th
 birthday this year. 

Entering the world of professional mathematicians 

At the end we would like to share our pride of witnessing the development 

of a young mathematician, Vesselin Dimitrov, who made his first research 

steps 10 years ago, and is now quoted in the context of checking the proof of a 

famous math problem – the so called ABC conjecture formulated by the 

mathematicians Joseph Oesterlé and David Masser in 1985 and described as 

the most important unsolved problem in Diophantine analysis [23]. 

The conjecture deals with the relationship between three numbers: a, b, and 

their sum, c. Formulated in colloquial language the conjecture says that if those 

three numbers don’t have any factors in common apart from 1, then the product 

of their distinct prime factors (when raised to a power slightly greater than 

one), is almost always going to be greater than c. 

The most recent developments around this conjecture have found place not 

only in the blogs of leading professional mathematicians but even on the pages 

of The Boston Globe [24]. Here follow some fragments of it: 

On Aug. 30, a Japanese mathematician named Shinichi Mochizuki posted four papers to his 
faculty website at Kyoto University. (…) Over 512 pages of dense mathematical reasoning, 
he claimed to have discovered a proof of one of the most legendary unsolved problems in 
math - the ABC conjecture. 

This problem is considered so impossible that few mathematicians even dared to take it on. 
(…) Mochizuki had been working on a proof of ABC entirely by himself for nearly 20 years. 
During that time, he had constructed his own mathematical universe and populated it with 
arcane terms like “inter-universal Teichmüller theory” and “alien arithmetic holomorphic 
structures.”(…) 

Vesselin Dimitrov, a graduate student at Yale University, has been concentrating on 
reading Mochizuki’s preliminary writing as preparation for reading the proof. In a series of e-
mails, he explained that he’s drawn by both the challenge of the ABC conjecture and the 
elegance of Mochizuki’s thinking. “Reading through Mochizuki’s world,” Dimitrov writes, “I 
am much impressed by the unity and structural coherence that it exhibits.“ 

Dimitrov stressed that it’s too early to predict whether Mochizuki’s proof will stand up to the 
intense scrutiny coming its way. In October he and a collaborator, Akshay Venkatesh at 
Stanford University, sent a letter to Mochizuki about an error they found in the third and 
fourth papers of the proof. In response, Mochizuki posted a reply to his website 
acknowledging the error but explaining that it was minor and didn’t affect his conclusions.  
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Mathematicians are hoping Mochizuki will provide a kind of “executive summary” of his work 
– a 20- or 30-page template that traces the pivot points in his logic. Meanwhile, 
mathematicians like Ellenberg and Dimitrov will continue to poke at Mochizuki’s proof, 
looking for openings, raising questions, and translating Mochizuki’s ideas into terms that a 
wider circle of mathematicians can understand. 

It might be also interesting to quote the observation of Terence Tao in a discussion 

on the Mochizuki proof of the ABC conjecture among specialists in the field [25]  

It looks like Vesselin has located a serious “red flag” in Mochizuki’s argument, in that the 
main Diophantine inequality claimed in IUTT-IV appears to have a robust family of 
counterexamples (assuming the truth some plausible conjectures, including abc) [26]. This 
doesn’t tell us exactly where the source of the error is coming from, though, or how fixable it 
would be. But it would be difficult to be optimistic about the proof until this issue is somehow 
resolved… 

All these reflections of representatives of the mathematics community show how 

diverse the profession of the mathematicians is – solving problems posed by others, 

formulating their own conjectures, and something that is not that exciting at a first 

glance – checking the proofs of others. But we don't have to wait for the check to 

explore some ramifications of the ABC conjecture [27]. To get the feel of it, to see 

how it implies the truth of Fermat's Last Theorem, to learn about several other results 

it implies read the wonderful article by Mark Saul [28]. 

We hope that the quoted opinions of the young mathematicians would be a great 

motivation for you to start working with some of your students on math projects.  

Some questions for you to reflect on 

• If projects create encounters between students and great mathematical ideas, 

should all the students experience the same projects? 

• How many projects should/could be in a course (since they take considerable 

energy on the part of the teachers and students)? 

• Projects take time in and out of the classroom, so it is not possible to cover 

the content of the textbooks. Shouldn’t then some traditional topics be 

deleted or deferred? 

• What projects should be part of everyday student’s school experience? 

• When working on projects do students develop skills that make learning new 

topics in mathematics easier? 

•  If the mentor (teacher) poses an open question to the student how much 

should be the mentor prepared for the answer? And how much should s/he 

reveal to the student in order not to deprive the student of the pleasure of the 

discovery but at the same time wouldn’t let him/her get lost in the jungle of 

possible explorations… 
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The authors’ experience confirms the belief that mathematics could be made more 

appealing to students and that they could deepen their mathematics knowledge as 

something essential for professions relying on strategies, decision making, and 

modeling. Hopefully this will encourage you to involve the natural intellectual force 

of your students in seeing the beauty and power of mathematics as well as their own 

potential to use it effectively in their future careers. 

Specific examples of projects (short-term and long-term alike) developed in the 

frames of the HSSI are given in the Appendix to Chapter 6.  

We would like to end up this last chapter with a statement about giftedness and 

creativity as formulated by Dr. Mark Saul, a distinguished math teacher (a recipient of 

the US highest honor for work in the classroom) who has been Director of RSI for 

more than 10 years: Creativity occurs on all levels of giftedness, from the lowest to the 

highest. And, as educators, we need to foster and value creativity wherever we find it.  
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This appendix contains materials covering a broad range of mathematics activities that 

have been tried out with students in the frames of the High School Students Institute 

(HSSI) of Mathematics and Informatics in Bulgaria. 

 

The article How to cut two circles was delivered as a lecture at the Research Summer 

School 2005 of  HSSI. This lecture served as a base for the development of the long 

term project Malfatti's problems by an 11–grader  in the school year 2005–2006. 

 

The short term project On a metric property of the equilateral triangles was developed 

by a high school student during the two-week Research Summer School 2006. 

 

The article Inequalities for sums of powers has been elaborated in the framework of 

the present Comenius project. We hope that the reader could use it as an example of 

how a very simple problem can be generalized so as to lead  to open problems that 

might be further investigated by high school students. 
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How to cut two circles

Oleg Mushkarov

Abstract

We discuss the Malfatti type problems of how to cut two circles with maximal combined

area from a square or a triangle.

1 Introduction

In this note we consider some combinatorial geometric problems related to the famous
Malfatti problem [4], of how to cut three circles from a triangle so that the sum of their
areas is maximized. More precisely, we present elementary solutions of the Malfatti
problems for two circles in a square or a triangle. We refer the reader to [1]–[5] for the
history of the original Malfatti problem.

2 How to cut two circles from a square

We first consider the Malfatti problem for two circles in a square.

Problem 2.1. Cut two nonintersecting circles from a square so that the sumof their
areas is maximal.

Solution. Assume that the side of the square is 1, and consider two arbitrary noninter-
secting circles inside of it (Fig. 1). It is not difficult to see (the reader is advised to do
this rigorously) that moving the circles inside the square without intersecting them, they
can be inscribed in opposite corners of the square (Fig. 2). Then one can increase the
radius of one of them (which increases their total area) until they touch (Fig. 3).

Thus it is enough to consider the case when the two circles aresituated as in Fig. 4.
If their radii arer1 andr2, then

√
2 r1 + r1 + r2 +

√
2 r2 =

√
2, so

r1 + r2 = 2 −
√

2.
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Fig. 1 Fig. 2 Fig. 3

Fig. 4

Moreover, the fact that both circles lie entirely in the square implies that

0 ≤ r1, r2 ≤ 1

2
.

Now the problem is to find the maximum value of the expressionr2
1 + r2

2 under
the conditions above. Assume for convenience thatr1 ≤ r2. Then there existsx with

r1 =
2 −

√
2

2
−x andr2 =

2 −
√

2

2
+x, where0 ≤ x ≤

√
2 − 1

2
. Thereforer2

1 + r2
2 =

(2 −
√

2)2

2
+ 2x2 is a maximum whenx =

√
2 − 1

2
. In this caser1 =

3

2
−

√
2 and

r2 =
1

2
. Thus the solution of the problem is given by the incircle of the square and one

of the circles inscribed in a corner of the square that is tangent to the incircle (Fig. 5).

Fig. 5
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3 How to cut two circles from a triangle

Using the same reasoning as above, one can solve the Malfattiproblem for two circles
in an equilateral triangle. Next we consider the same problem for an arbitrary triangle,
which is more complicated.

Problem 3.1. Cut two circles from a triangle so that the sum of their areas is maximal.

Solution. Let k1 andk2 be two nonintersecting circles of radiir1 andr2 and centersO1

andO2 in a triangleABC. We may assume that each of them is tangent to at least two
sides of the triangle. More precisely, assume thatk1 is tangent toAB andAC, while
k2 is tangent toAB andBC. ThenO1 andO2 lie on the bisectors of anglesA andB
respectively (Fig. 6). We may also assume that the two circles are tangent to each other;
otherwise, enlarging one of them would clearly enlarge their total area.

Fig. 6

Suppose now that neitherk1 nork2 coincides with the incirclek of △ABC. We shall
show that there exists a circlek′ of radiusr′ without common interior points withk such
that the sum of the areas ofk andk′ is greater than the sum of the areas ofk1 andk2.

Assume for convenience that∠A ≤ ∠B. Without loss of generality we may assume
thatr1 ≤ r2. Indeed, ifr1 > r2, denote byk′

1 the circle of radiusr′1 = r2 that is tangent
to AB andBC, and byk′

2 the circle of radiusr′2 = r1 that is tangent toAC andAB.
Thenr′1 ≤ r′2 and the total area ofk′

1 andk′

2 is the same as that ofk1 andk2. Moreover,
∠A ≤ ∠B impliesO′

2M ≥ O2M (Fig. 7). HenceO′

1O
′

2 ≥ r1 + r2 = r′1 + r′2, i. e.k′

1

andk′

2 have no common interior points.

So, we shall assume from now on that∠A ≤ ∠B andr1 ≤ r2. Setǫ = r − r2 > 0,
wherer is the inradius of△ABC. If r1 ≤ ǫ, thenr1 + r2 < r. Hencer2

1 + r2
2 < r2,

which means that the total area ofk1 andk2 is less than the area ofk. Now consider the
caser1 > ǫ. Setr′ = r1 − ǫ and letk′ be the circle of radiusr′ inscribed in∠A (Fig. 8).
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Fig. 7

Fig. 8

Then

r2 + (r′)2 = (r2 + ǫ)2 + (r1 − ǫ)2

= r2
1 + r2

2 + 2ǫ(r2 − r1) + 2ǫ2 > r2
1 + r2

2,

and it remains to show thatk andk′ have no common interior points. To do this we first

note thatOO2 ≤ O1O
′ since∠

A

2
≤ ∠

B

2
(see Fig. 8). Hence the triangle inequality

implies that

OO′ = OO1 + O1O
′ ≥ OO1 + O2O ≥ O1O2.

Fig. 9
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ThusOO′ ≥ O1O2 ≥ r1 + r2 = r + r′ and thereforek andk′ have no common interior
points.

The above arguments show that two nonintersecting circles in△ABC have maximal
combined area precisely when one of them is the incircle of△ABC, while the other one
is inscribed in the smallest angle of the triangle and is tangent to the incircle (Fig. 9).

4 Exercises

1. Cut two nonintersecting circles of radiir1 andr2 from a given square so that:
(a) r1r2 is a maximum; (b)r3

1 + r3
2 is a maximum.

2. Cut two nonintersecting circles from a given rectangle suchthat:
(a) the sum of their areas; (b) the product of their areas

is a maximum.

3. Cut two nonintersecting circles from a given triangle such that the product of their
areas is a maximum.

5 Solutions to the exercises

1. As in Problem 2.1, one derives that it is enough to consider the case when the radii

r1 andr2 of the two circles satisfy the conditionsr1 + r2 = 2−
√

2 and0 ≤ r1, r2 ≤ 1

2
.

(a) The Arithmetic mean–Geometric mean inequality implies

r1r2 ≤
(

r1 + r2

2

)2

≤
(

1 − 1√
2

)2

,

i. e. r1r2 is a maximum whenr1 = r2 =
2 −

√
2

2
.

(b) We have

r3
1 + r3

2 =
r1 + r2

2

(

3(r2
1 + r2

2) − (r1 + r2)
2
)

.

Sincer1+r2 = 2−
√

2, it follows thatr3
1+r3

2 is a maximum whenr2
1+r2

2 is a maximum,
and the solution follows from Problem 2.1.

2. Denote bya andb, a ≤ b, the side lengths of the given rectangle. Ifb ≥ 2a, then one

can put two circles of radius
a

2
in the rectangle and the sum of their areas is a maximum

(Fig. 10).
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Fig. 10

The interesting case isa ≤ b ≤ 2a. As in Problem 2.1 one derives that it is enough
to consider pairs of circles tangent to each other and inscribed in two opposite corners
of the rectangle (Fig. 11). Letr1 and r2 be their radii. Then it is easy to show that
r1 + r2 = a+ b−

√
2ab, and as in Problem 2.1 one finds that the sum of the areas of the

two circles is a maximum whenr1 =
a

2
andr2 =

a

2
+ b −

√
2ab (Fig. 12).

Fig. 11 Fig. 12

3. Hint. Using the same arguments as in the solution of Problem 3.1 reduce the prob-
lem to the case when the two circles are tangent and are inscribed in two angles of the
triangle. Then use the Arithmetic mean–Geometric mean inequality.
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Inequalities for sums of powers

Vladimir Georgiev, Oleg Mushkarov

Abstract

Motivated by a well-known algebraic inequality we find all pairs of integers(n, m), such

that the inequalityan +bn ≥ am +bm holds true for any positive numbersa andb with sum

2. We also discuss analogous inequalities for more than two numbers and state some related

open problems. We intend to develop some math ideas around these problems so that they

could be explored by high school students with the help of their math teachers.

1 Introduction

A useful heuristic principle in mathematics is that generalizing a problem could help

to find its solution. The reason is that in this way one can realize better the essential

mathematical information hidden in the original problem. Furthermore, generalizing

even a very simple problem leads sometimes to the solution ofa more general problem

as well as to fascinating open problems.

The purpose of this article is to illustrate the above principle by considering the alge-

braic inequality

1

a
+

1

b
≥ a + b

which is true for any positive numbersa andb with sum2. We show that this simple

inequality has a lot of interesting generalizations and in particular we find all pairs of

integers(n,m), such that the inequalityan + bn ≥ am + bm holds true for alla > 0,

b > 0 with a + b = 2. We also discuss some analogues problems for three and more

numbers and state some related open problems that might be explored by high school

students who are interested in algebraic inequalities.
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2 Inequalities for sums of powers of two numbers

Our starting point is the following

Problem 2.1. Prove that
1

a
+

1

b
≥ a + b (1)

for any positive numbersa andb with a + b = 2.

Solution. The inequality (1) is equivalent toab ≤ 1 which follows from the Arithmetic
mean–Geometric mean inequalitya + b ≥ 2

√
ab and the conditiona + b = 2.

Note also that (1) is a direct consequence of the Arithmetic mean–Harmonic mean
inequality

a + b

2
≥ 2

(

1

a
+

1

b

)

−1

.

Next we consider some natural generalizations of the inequality (1) suggested by the
following more general inequality.

Problem 2.2. Prove that for any positive integern and any positive numbersa and b
with a + b = 2 the inequality

1

an
+

1

bn
≥ an + bn (2)

holds true.

Hint. Show that (2) is equivalent again toab ≤ 1.

It is natural to ask if the inequality (2) still holds true, when the powers in its left and
right hand sides are different. To make this question more precise consider any positive
integern and denote byAn the set of all positive integersm, such that

1

an
+

1

bn
≥ am + bm (3)

for any positive numbersa, b with a + b = 2. Note that Problem 2.2 says thatn ∈ An

for any positive integern and our next task is to determine completely the setAn. To get
an orientation of what the answer might be, we first consider the casesn = 1 andn = 2.
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Problem 2.3. Show thatA1 = {1, 2}.

Solution. Suppose thatm ∈ A1. Then settingn = 1, a = 3/2, b = 1/2 in (3) gives
2m+3 ≥ 3(3m + 1). On the other hand, one can check easily by induction onm that
2m+3 < 3(3m + 1) for m ≥ 3. Hencem ≤ 2 and it remains to show that2 ∈ A1

(1 ∈ A1 due to Problem 2.1). To do this write the inequality

1

a
+

1

b
≥ a2 + b2

in the form
2 ≥ ab(a2 + b2) = ab(4 − 2ab)

which is equivalent to(ab − 1)2 ≥ 0.

Problem 2.4. Show thatA2 = {1, 2, 3}.

Hint. Using the same argument as in the solution of Problem 2.3 showthat if m ∈ A2,
thenm ≤ 3. Since2 ∈ A2 (Problem 2.2) we have to prove that1 ∈ A2 and3 ∈ A2. For
m = 1 andn = 2 the inequality (3) can be written asa2 + b2 ≥ 2a2b2 which follows
from a2 + b2 ≥ 2ab andab ≤ 1. Form = 3 andn = 2 the inequality (3) takes the form

a2 + b2 ≥ a2b2(a3 + b3).

Using the identitiesa2 + b2 = 4 − 2ab and

a3 + b3 = (a + b)(a2 − ab + b2) = 2(4 − 3ab),

we see that it is equivalent to(ab − 1)2(3ab + 2) ≥ 0.

The above two problems lead to the conjecture thatAn = {1, 2, . . . , n + 1} for any
positive integern. We shall prove it in the next proposition.

Proposition 2.1. For any positive integern the setAn is given by

An = {1, 2, . . . , n + 1}.

Proof. We first show that the conditionsm ≥ 2, m ∈ An, imply m − 1 ∈ An. To see
this note that ifa > 0, b > 0 anda + b = 2, then

2(am + bm − am−1 − bm−1) = 2(am + bm) − (a + b)(am−1 + bm−1)

= (a + b)(am−1 + bm−1) ≥ 0
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and therefoream + bm ≥ am−1 + bm−1. Hence, ifm ≥ 2 andm ∈ An, then

1

an
+

1

bn
≥ am + bm ≥ am−1 + bm−1

which shows thatm − 1 ∈ An.

Now it is clear that to prove the proposition it is enough to show thatn + 1 belongs
to An, butn + 2 does not.

Lemma 2.1. If a > 0, b > 0 anda + b = 2, then

1

an
+

1

bn
≥ an+1 + bn+1.

Proof of Lemma 2.1. The given inequality can be written as

an(1 − b2n+1) + bn(1 − a2n+1) ≥ 0.

To prove it we use the identity1 − b = a − 1 and write its left hand side in the form

(1 − a)

2n
∑

k=0

(bnak − anbk)

= (1 − a)

[

n−1
∑

k=0

(ab)k(bn−k − an−k) +

2n
∑

k=n+1

(ab)n(ak−n − bk−n)

]

= (1 − a)





n−1
∑

j=0

(ab)n−j−1(bj+1 − aj+1) −
n−1
∑

j=0

(ab)n(bj+1 − aj+1)





= (1 − a)
n−1
∑

j=0

(

(ab)n−j−1 − (ab)n
)

(bj+1 − aj+1).

Now the desired inequality follows from the obvious inequalities

(ab)n−j−1 − (ab)n = (ab)n−j−1(1 − (ab)j+1) ≥ 0

and

(1 − a)(bj+1 − aj+1) = 2(1 − a)2(bj + bj−1a + · · · + baj−1 + aj) ≥ 0.
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Lemma 2.2. For any positive integern there exist positive numbersa andb, such that
a + b = 2 and

1

an
+

1

bn
< an+2 + bn+2.

Proof of Lemma 2.2. Using the same argument as in the proof of Lemma 2.1, we see
that the expression

1

an
+

1

bn
− an+2 − bn+2 =

(1 − a)

(ab)n

2n+1
∑

k=0

(bnak − anbk)

can be written as
2(1 − a)2

(ab)n
· S,

where

S =





n−1
∑

j=0

(ab)n−j−1(1 − (ab)j+1)(bj + bj−1a + · · · + baj−1 + aj)





− (ab)n(bn + bn−1a + · · · + ban−1 + an).

Note that the expressionS changes the sign forab ∈ (0, 1), since it is positive forab = 0
and negative forab = 1.

Thus, the proof of the proposition is completed.

Now we shall use Proposition 2.1 to solve a more general problem. Given an integer
n denote byA(2)

n the set of all integersm, such that the inequality

an + bn ≥ am + bm (4)

holds true for any positive numbersa, b with a + b = 2.

Proposition 2.2. If n is a positive integer, thenA(2)
n = {0, 1, . . . , n}. If n is a nonnega-

tive integer, thenA(2)
−n = {−n,−n + 1, . . . , n, n + 1}.

Proof. We shall use the following

Lemma 2.3. For any positive integersn, m with n > m and any positive numbersa, b
with a + b = 2, the following inequalities hold true:

(i) an + bn ≥ am + bm

(ii)
1

an
+

1

bn
≥ 1

am
+

1

bm
.

The equality in(i) or (ii) is attained iffa = b = 1.
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Proof of Lemma 2.3. Note that to prove the inequalities(i) and(ii) it is enough to show
that they hold true form = n − 1. Hence, the lemma follows from the inequalities

2(an+bn−an−1−bn−1) = 2(an+bn)−(a+b)(an−1−bn−1) = (a−b)(an−1−bn−1) ≥ 0

and

2

(

1

an
+

1

bn
− 1

an−1
− 1

bn−1

)

= (a + b)

(

1

an
+

1

bn

)

− 2

(

1

an−1
+

1

bn−1

)

= (a − b)

(

1

bn
− 1

an

)

≥ 0.

Let n be a positive integer. Then it follows from Lemma 2.3(i) that the only non-

negative integers belonging toA(2)
n are0, 1, 2, . . . , n. Suppose now thatm is a positive

integer, such that−m ∈ A
(2)
n . Then it follows from Lemma 2.3(ii) that for anya > 0

andb > 0 with a + b = 2 we have

2n = (a + b)n > an + bn ≥ 1

am
+

1

bm
≥ 1

a
+

1

b
=

2

ab
,

i. e. ab > 21−n. This is a contradiction, since for any0 < ε < 1, the numbersa = 1 +√
1 − ε, b = 1−

√
1 − ε are positive,a+b = 2 andab = ε. Hence,A(2)

n = {0, 1, . . . , n}.
Letn be now a nonnegative integer. Then it follows from Proposition 2.1 that the only

positive integers belonging toA(2)
−n are1, 2, . . . , n+1. Moreover, it follows from Lemma

2.3 (ii) that the only nonpositive integers belonging toA
(2)
−n are−n,−n + 1, . . . , 0.

Hence,A(2)
−n = {−n,−n + 1, . . . , n, n + 1}.

3 Inequalities for sums of powers of three numbers

Denote byA(3)
n the set of all integersm, such that the inequality

an + bn + cn ≥ am + bm + cm (5)

holds true for any positive numbersa, b, c with a + b + c = 3. The setA(2)
n has been

determined in Proposition 2.2 and it is natural to ask if we can determine the setA(3)
n .

We first show that for positive integersn it coincides withA(2)
n .

Proposition 3.1. For any positive integern we haveA(3)
n = {0, 1, . . . , n}.

Proof. We shall proceed in the same way as in the proof of Proposition2.2.
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Lemma 3.1. For any positive integersn > m and any positive numbersa, b, c with
a + b + c = 3 the following inequalities hold true:

(i) an + bn + cn ≥ am + bm + cm,

(ii)
1

an
+

1

bn
+

1

cn
≥ 1

am
+

1

bm
+

1

cm
.

The equality in(i) or (ii) is attained iffa = b = c = 1.

Proof of Lemma 3.1. It is enough to prove inequalities(i) and(ii) for m = n − 1. To
do this we may assume thata ≥ b ≥ c. Thenan−1 ≥ bn−1 ≥ cn−1 and it follows from
Chebishev’s inequality that

3(an + bn + cn) ≥ (a + b + c)(an−1 + bn−1 + cn−1),

which is equivalent to(i), sincea + b + c = 3. The inequality(ii) follows in the same
way.

An immediate consequence of Lemma 3.1 is that the only nonnegative integers be-
longing toA

(3)
n are0, 1, · · · , n. Suppose now thatm is a positive integer and−m ∈ A

(3)
n .

Then using Lemma 3.1(ii) we see that

3n = (a + b + c)n > an + bn + cn ≥ 1

am
+

1

bm
+

1

cm
≥ 1

a
+

1

b
+

1

c
,

that is
1

a
+

1

b
+

1

c
< 3n

for any positive numbersa, b, c with a + b + c = 3. But this is a contradiction, since
settinga = ε, b = c = (3 − ε)/2 and lettingε → 0, we see that the expression

1

a
+

1

b
+

1

c

is not bounded from above.
Hence the proposition is proved.

We now determine the structure of the setA
(3)
n for nonpositive integersn.

Proposition 3.2. For any nonnegative integern we have

A
(3)
−n = {−n,−n + 1, . . . , 0, 1, . . . , a(n)},

wherea(n) is a positive integer, such that1 ≤ a(n) ≤ n + 1.
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Proof. It follows from Lemma 3.1(ii) that the only nonpositive integers belonging to

the setA(3)
−n are−n,−n + 1, . . . , 0. Suppose now thatm ∈ A

(3)
−n andm ≥ 2. Then

it follows from Lemma 3.1(i) that m − 1 ∈ A
(3)
−n and1 ∈ A

(3)
−n. Hence, we have to

prove that the setA(3)
−n is bounded from above. We have already proved in Proposition

2.2 that the setA(2)
−n is bounded from above byn + 1. Takingc = 1 in (5) we see that

A
(3)
−n ⊆ A

(2)
−n. In particular,n + 1 is an upper bound for the setA

(3)
−n. Hence it has the

form
A

(3)
−n = {−n,−n + 1, . . . , 0, 1, . . . , a(n)},

where1 ≤ a(n) ≤ n + 1.

The above proposition reduces the problem of determining the setA(3)
−n to finding its

largest elementa(n).

In the next problem we list some useful properties of the numbersa(n).

Problem 3.1. Prove that
(i) a(n) ≤ a(n + 1) for n ≥ 0,

(ii) a(n) ≤ n for n ≥ 1.

Hint. (i). Use Lemma 3.1(ii).
(ii). We know thata(n) ≤ n + 1. Suppose thata(n) = n + 1. Then we set

a = b =
3

4
, c =

3

2

in (5) and get the inequality

8n(2n+1 + 1) ≥ 32n+1(2n + 2).

But this is a contradiction, since

32n+1(2n + 2) >
3 · 9n(2n+1 + 1)

2
> 9n(2n+1 + 1) > 8n(2n+1 + 1).

Hence,a(n) ≤ n.

Problem 3.2. Prove thata(2) = 2 for n ≥ 0.

Hint. It follows from Problem 3.1 thata(2) ≤ 2 and it remains to prove the inequality

1

a2
+

1

b2
+

1

c2
≥ a2 + b2 + c2

for a, b, c > 0, a + b + c = 3. For a proof of this inequality see for example [1, Problem
12, p. 75].
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4 Some open problems

In this section we shall discuss some open problems related to the results obtained in the
previous sections.

The first one is connected with the equality case of Problems 3.1 and 3.2.

Problem 4.1. Find all integersn ≥ 1, such thata(n) = n.

Hint. Prove the equality forn ≤ 5. Find a counterexample for anyn ≥ 6.

Note that the equalitya(n) = n for 1 ≤ n ≤ 5 implies that in these cases

A
(3)
−n = {−n,−n + 1, . . . , 0, 1, . . . , n}.

For the casen ≥ 6 we havea(n) ≤ n−1, but we do not know the precise value ofa(n).

Open Problem 1. Find the values ofa(n) for n ≥ 6.

Another direction for further investigation is to study inequalities for sums of powers
of more than three numbers.

To be more precise, letk ≥ 2 andn be arbitrary integers. Denote byA(k)
n the set of

all integersm, such that the inequality

an
1 + an

2 + · · · + an
k ≥ am

1 + am
2 + · · · + am

k

holds true for any positive numbersa1, a2, . . . , ak with a1 + a2 + · · · + ak = k.

Then we pose the general problem of determining the setsA
(k)
n for all k ≥ 3. The

next problem shows that the interesting case is whenn is a negative integer.

Problem 4.2. For any integersk ≥ 2 andn ≥ 1 we haveA(k)
n = {0, 1, . . . , n}.

Hint. Follow the proof of Proposition 3.1.

The next step is to determine the structure of the setsA
(k)
−n for k ≥ 2 andn ≥ 1. We

leave the next problem as an exercise to the reader.

Problem 4.3. For any integersk ≥ 2 andn ≥ 1 we have

A
(k)
−n = {−n,−n + 1, . . . , 0, 1, . . . , a(n, k)},

wherea(n, k) is a positive integer, such that1 ≤ a(n, k) ≤ n + 1.
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Hint. Follow the proof of Proposition 3.2.

Some useful properties of the quantitiesa(n, k) are listed below (compare with Prob-
lem 3.2).

Problem 4.4. Prove that

(i) a(0, k) = 1 for any k ≥ 2;

(ii) a(1, 2) = 2 and a(1, k) = 1 for k ≥ 3;

(iii) a(2, 2) = 3, a(2, 3) = 2 and a(2, k) = 1 for k ≥ 11;

(iv) a(n, k) = 1 for n ≥ 0 and k ≥ 2n+2;

(v) a(n, k + 1) ≤ a(n, k) ≤ a(n + 1, k) for n ≥ 0, k ≥ 2;

(vi) a(n, 2) = n + 1 for n ≥ 0.

The following open problem is closely connected with Problem 4.1.

Open Problem 2. Find all integersn ≥ 1 andk ≥ 2, such thata(n, k) = n.

Fork = 2, 3 the answer was given in Propositions 2.2 and 4.1 respectively but we do
not know it fork ≥ 4.
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On a metric property of the equilateral triangles
Emil Kostadinov

Mathematics High School “Acad. S. Korolov”, 11 grade
Blagoevgrad, Bulgaria

Abstract

We prove that ifABC is an equilateral triangle then the only positive integersn such that

the sumAMn+BMn+CMn does not depend on the position ofM on the circumcircle of

△ABC aren = 2 andn = 4. Some related plane and space problems are also considered.

1 Introduction

It is well-known that ifM is a point on the circumcirclek of an equilateral triangleABC
then the sum

AM2 + BM2 + CM2 (1)

does not depend on the position ofM onk. An analogous but less-known fact is that the
same holds also true for the sum

AM4 + BM4 + CM4. (2)

So, it is natural to ask the following question:

Find all positive integers n such the sum

AMn + BMn + CMn (3)

does not depend on the position ofM onk.

The answer to this question was given by J. Tabov [1] in 1981, who proved the fol-
lowing theorem:

Theorem 1. The only positive integersn for which the sum (3) does not depend on the
position of the pointM on the circumcircle of an equilateral triangleABC are n = 2
and n = 4.
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To prove this theorem Tabov used Roll’s theorem which allowed him to show that it
holds also true if one considers arbitrary (nonzero) real numbersn.

The main purpose of this project is to give an elementary proof of Theorem 1 as well
as to consider some natural generalizations of this result in the plane and space.

The project is organized as follows. In Section 2 we give two different proofs of the
facts mentioned above that the sums (1) and (2) do not depend on the position ofM on
the circumcircle of an equilateral triangleABC. The first one is geometric in nature and
uses Ptolemy’s and Cosine theorems, whereas the second one uses analytic geometry.
In Section 3 we present an elementary proof of Theorem 1 whichdoes not use Roll’s
theorem. In Section 4 we consider a generalization of Theorem 1 in the plane. More
precisely, we prove that ifABC is an arbitrary triangle andk is a circle in the plane then
the sums (1) and (2) do not depend on the position of the pointM on k if and only if
ABC is an equilateral triangle and the circlek is concentric to its circumcircle. Finally,
in Section 5 we prove a space analog of Theorem 1 for regular tetrahedrons.

2 Two metric properties of the equilateral triangles

In this section we give two different proofs of the followingwell-known result:

Theorem 2. Let ABC be an equilateral triangle of side-lengtha and letk be its cir-
cumcircle. Then for any pointM onk the following identities hold true:

AM2 + BM2 + CM2 = 2a2 (4)

AM4 + BM4 + CM4 = 2a4. (5)

Proof. We first give a geometric proof of the identities (4) and (5) bymaking use of
Ptolemy’s and Cosine theorems.

Geometric proof. Let M be an arbitrary point on the arc
⌢

AB (Fig. 1). Then applying
Ptolemy’s theorem for the cyclic quadrilateralAMBC we get

AM BC + BM AC = CM AB.

On the other handAB = BC = CA and it follows that

AM + BM = CM. (6)

Squaring both sides of (6) gives

AM2 + BM2 + 2AM BM = CM2. (7)
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Fig. 1

On the other hand using the Cosine theorem for△AMB (∠AMB = 120◦) we get

AM2 + BM2 − AB2 = −AM BM. (8)

Now the identities (7) and (8) imply that

AM2 + BM2 + CM2 = 2a2,

i. e. the identity (4) is proved.

To prove the identity (5) we first note that if the pointM lies on the arc
⌢

AC, then

AM + CM = BM, (9)

and ifM lies on the arc
⌢

BC, then

BM + CM = AM. (10)

These two identities can be proved in the same way as (6). Now (6), (9) and (10) imply
that for any pointM onk we have

(AM +BM +CM)(AM +BM−CM)(AM +CM−BM)(BM +CM−AM) = 0,

which is equivalent to the identity

AM4 + BM4 + CM4 = 2
(

AM2 BM2 + AM2 CM2 + BM2 CM2
)

. (11)

Squaring both sides of (4) gives

AM4 + BM4 + CM4 + 2
(

AM2 BM2 + AM2 CM2 + BM2 CM2
)

= 4a2

and using (11) we getAM4 + BM4 + CM4 = 2a4. Hence the identity (5) is proved.
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Fig. 2

Analytic proof. Let the centerO of k be the origin of an orthogonal coordinate
system whose axis

−→
Oy coincides with the ray

−−→
OC (Fig. 2). Without loss of generality

we may assume that the radius ofk is equal to1. Then for any pointM(x, y) on k we
have

x2 + y2 = 1. (12)

On the other hand it is easy to check that the coordinates of the verteces of the triangle

areA

(

−
√

3

2
,−1

2

)

, B

(√
3

2
,−1

2

)

andC(0, 1). Hence using (12) we get

AM2 =

(

x +

√
3

2

)2

+

(

y +
1

2

)2

= 2 + y +
√

3 x

BM2 =

(

x −
√

3

2

)2

+

(

y +
1

2

)2

= 2 + y −
√

3 x

CM2 = x2 + (y − 1)2 = 2 − 2y.

ThenAM2 + BM2 + CM2 = 6 and the identity (4) is proved. Moreover, the above
identities give

AM4 + BM4 + CM4

= (2 + y +
√

3x)2 + (2 + y −
√

3x)2 + (2 − 2y)2

= 2(2 + y)2 + 6x2 + 4 − 8y + 4y2 = 12 + 6(x2 + y2) = 18,

which proves the identity (5).
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3 A new proof of Theorem 1

In this section we shall prove Theorem 1 without using Roll’stheorem.
Consider an equilateral triangle with circumcirclek (Fig. 3). Without loss of gener-

ality we may assume that the diameter ofk is equal to 2. Letn be a positive integer such
that the sumAMn + BMn + CMn does not depend on the position of the pointM on
k. Denote byZ the diametrically opposite point ofA on k. Then settingM = A and
M = Z we get

2ABn = AZn + BZn + CZn. (13)

Fig. 3

SinceAZ = 2, BZ = CZ = 1 andAB =
√

3 it follows from (13) that

2
(√

3
)n

− 2n − 2 = 0. (14)

Now we shall prove that the identity (14) holds true if and only if n = 2 or n = 4.
To do this suppose first thatn = 2k + 1 is an odd number. Then (14) implies that
√

3 =
22k+1 + 2

2 · 3k
, i. e.

√
3 is a rational number, which is a contradiction.

Assume now thatn = 2k is an even number. Then the identity (14) can be written as

2 · 3k = 4k + 2 (15)

and it is easy to check that it holds true fork = 1 andk = 2. Next we shall prove that
these are the only positive integers satisfying (15). To do this we shall show by induction
onk that if k ≥ 3 then the following inequality holds true:

2 · 3k ≤ 4k + 2. (16)

If k = 3 then2 · 33 = 54 < 66 = 43 + 2. Suppose that (16) is true for some
k > 3. Then using the obvious inequality4k > 4 it follows that2 · 3k+1 = 3 · 2 · 3k <
3(4k + 2) < 4k+1 + 2, i. e. the inequality (16) is valid fork + 1. Hence the inequality
(16) holds true for anyk ≥ 3 and Theorem 1 is proved.
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4 A generalization of Theorem 1

Having in mind the results in Section 3 and 4 it is natural to ask the following question:

Are there a non-equilateral triangleABC and a circlek in its plane such that the
sums (1) and (2) do not depend on the position of the pointM onk?

The next theorem shows that the answer to this question is negative.

Theorem 3. Let ABC be a triangle andk, a circle in its plane. The sumsAM2 +
BM2 + CM2 andAM4 + BM4 + CM4 do not depend on the position of the pointM
on k if and only if the triangleABC is equilateral and the circlek is concentric to its
circumcircle.

Proof. Consider an orthogonal coordinate system with origin at the centerO of k. Let
the pointsA, B andC have coordinates(a1, b1), (a2, b2) and(a3, b3) respectively and
let M(x, y) be an arbitrary point onk. If r is the radius ofk then

x2 + y2 = r2. (17)

It follows by the first condition of the theorem and (17) that

3
∑

k=1

(

(x − ak)
2 + (y − bk)

2
)

= 3r2 − 2x

3
∑

k=1

ak − 2y

3
∑

k=1

bk +

3
∑

k=1

(a2
k + b2

k) = const

for arbitraryx andy such thatx2 + y2 = r2. Hence

3
∑

k=1

ak =

3
∑

k=1

bk = 0,

i. e. the pointO is the centroid of△ABC. Now it is easy to see that the second condition
of the theorem is equivalent to the following system:

a1 + a2 + a3 = b1 + b2 + b3 = 0

a2
1 + a2

2 + a2
3 = b2

1 + b2
2 + b2

3

a1b1 + a2b2 + a3b3 = 0 (18)

a1(a
2
1 + b2

1) + a2(a
2
2 + b2

2) + a3(a
2
3 + b2

3) = 0

b1(a
2
1 + b2

1) + b2(a
2
2 + b2

2) + b3(a
2
3 + b2

3) = 0.
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Seta2
1 + b2

1 = p1, a2
2 + b2

2 = p2 anda2
3 + b2

3 = p3. We shall show thatp1 = p2 = p3.
To do this suppose first that any two of these three numbers aredifferent. Consider the
system

a1 + a2 + a3 = 0

p1a1 + p2a2 + p3a3 = 0

a2
1 + a2

2 + a2
3 = q.

Substitutinga3 = −a1 − a2 in the second and the third equation we get

a1(p1 − p3) + a2(p2 − p3) = 0

a2
1 + a2

2 + a1a2 =
q

2
.

(19)

Hence
a2 = −a1

p1 − p3

p2 − p3
= t · a1

and the second equation of (19) implies thata2
1 + t2a2

1 + ta2
1 =

q

2
, i. e.t2 + t+1 =

q

2a2
1

.

The same reasoning forb1, b2 andb3 givest2 + t+1 =
q

2b2
1

. Hencea2
1 = b2

1, a2
2 = b2

2

anda2
3 = b2

3 , bi 6= 0, i = 1, 2, 3. Setai = εibi, whereεi = ±1. Substituting in the first
two equations of (18) gives

ε1b1 + ε2b2 + ε3b3 = 0
b1 + b2 + b3 = 0.

(20)

If ε1 = ε2 = ε3 it follows from the third equation of (18) thatb2
1 + b2

2 + b2
3 = 0,

which is a contradiction sincebi 6= 0. Therefore we may assume thatε1 = ε2 = −ε3.
Then (20) implies thatb1 + b2 − b3 = 0 andb1 + b2 + b3 = 0. Summing up these two
identities we getb3 = 0, a contradiction.

Let us assume now thatp2 = p3. Thenp1 6= p3 and (19) implies thata1 = 0;
thusa3 = −a2. The same reasoning forb1, b2 andb3 givesb1 = 0, b3 = −b2. Then
it follows from the second and the third equation of (18) thata2

2 = b2
2 anda2b2 = 0.

Hencea2 = b2 = a3 = b3 = 0, a contradiction.
Thus we have proved thatp1 = p2 = p3, i. e.OA = OB = OC. HenceABC is an

equilateral triangle since its centroid coincides with thecircumcenter.
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5 A space analog of Theorem 1

In this section we shall prove a space analog of Theorem 1.

Theorem 4. Let ABCD be a regular tetrahedron and letn be a positive integer. Then
the sum

AMn + BMn + CMn + DMn (21)

does not depend on the position of the pointM on the circumsphere ofABCD if and
only if n = 2 or n = 4.

Proof. We first prove that ifn = 2 or n = 4 then the sum (21) does not depend on
the position of the pointM on the circumspherek of ABCD. To do this we consider
the orthogonal coordinate system in space with origin at thecenterO of k, coordinate
axis

−→
Oz coinciding with the ray

−−→
OD and coordinate axis

−→
Ox parallel toBC (Fig. 4).

Assume that the radius ofk is equal to1. Then it is easy to check that the coordi-

nates of the verteces of the tetrahedron areA

(

0,
2
√

2

3
,−1

3

)

, B

(

−
√

2

3
,−

√
2

3
,−1

3

)

,

C

(

√

2

3
,−

√
2

3
,−1

3

)

andD(0, 0, 1). Let M(x, y, z) be a point on the circumsphere of

ABCD. Then

x2 + y2 + z2 = 1. (22)

Fig. 4
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Now using (22) we get

AM2 = (x − 0)2 +

(

y − 2
√

2

3

)2

+

(

z +
1

3

)2

= 2 − 4
√

2

3
y +

2

3
z

BM2 =

(

x +

√

2

3

)2

+

(

y +

√
2

3

)2

+

(

z +
1

3

)2

= 2 +
2
√

2√
3

x +
2
√

2

3
y +

2

3
z

CM2 =

(

x −
√

2

3

)2

+

(

y +

√
2

3

)2

+

(

z +
1

3

)2

= 2 − 2
√

2√
3

x +
2
√

2

3
y +

2

3
z

DM2 = (x − 0)2 + (y − 0)2 + (z − 1)2 = 2 − 2z.

Summing up these identities givesAM2 + BM2 + CM2 + DM2 = 8. We also have
that

AM4 + BM4 + CM4 + DM4 =

(

2 − 4
√

2

3
y +

2

3
z

)2

+

(

2 +
2
√

2√
3

x +
2
√

2

3
y +

2

3
z

)2

+

(

2 − 2
√

2√
3

x +
2
√

2

3
y +

2

3
z

)2

+ (2 − 2z)2

and after easy algebraic manipulations we see that the righthand side is equal to 32.
We shall show now thatn = 2 andn = 4 are the only positive integers such that the

sum (21) does not depend onM . To do this we shall use the same reasoning as in the
proof of Theorem 1. LetZ be the diametrically opposite point ofA onk. Then it is easy
to check that

AB = BC = CA = AD =

√

8

3
, AZ = 2, BZ = CZ = DZ =

2
√

3

3
. (23)

Let n be a positive integer such that the sum (21) does not depend onthe position of
M onk. Then settingM = A andM = Z in (21) and using (23) gives the identity

3

(

√

8

3

)n

= 2n + 3

(

2√
3

)n

. (24)

We have to prove that (24) holds true forn = 2 andn = 4 only.
Suppose first thatn = 2k + 1 is an odd number. Then1 =

√
2 · 2k −

√
3 · 3k−1 and

we get
√

3 =
22k+1 − 1 − 32k−1

2 · 3k−1
. But this is a contradiction since the number

√
3 is

irrational.
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Let n = 2k be an even number. Then the identity (24) takes the form

3 · 2k = 3k + 3. (25)

It is obvious that this identity is satisfied fork = 1 andk = 2. Next we shall show by
induction onk that fork ≥ 3 the following inequality holds true:

3 · 2k ≤ 3k + 3. (26)

If k = 3 then3 · 23 = 24 < 30 = 3k + 3. Assume that (26) holds for somek > 3.
This together with the inequality3k > 3 implies that3 · 2k+1 = 3 · 2 · 2k < 2(3k + 3) <
3k+1 + 3, i. e. the inequality (26) is true fork + 1. We conclude by induction that (26)
holds true for anyk ≥ 3 and Theorem 4 is proved.
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Malfatti’s problems

Emil Kostadinov
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Blagoevgrad, Bulgaria

Abstract

The purpose of the present project is to consider the original Malfatti problem of cutting

three circles of maximal combined area from a given triangleas well as various related

problems of this type. The project is divided into five sections. In Section 1 some useful

formulae for the radii of the Malfatti circles of a triangle are given. In Section 2 a trigono-

metric inequality (Zalgaller’s inequality) for the anglesof an acute triangle is proved. In

particular, it is shown that the Malfatti circles never givea solution of the Malfatti problem.

In Section 3 we solve the Malfatti problems for equilateral triangles and squares by using an

approach different from the one proposed by Zalgaller and Loss. It is based on the so-called

dual Malfatti problems. In Section 4 the possibility for solving Malfatti type problems by

means of the greedy algorithm is discussed. In the last section of the project we state some

open problems that might be objects of future investigations.

1 Introduction

In 1803 the Italian mathematician Gianfrancesco Malfatti [3] posed the following prob-
lem:

Given a right triangular prism of any sort of material, such as marble, how shall
three circular cylinders of the same height as the prism and of the greatest possible
volume be related to one another in the prism and leave over the least possible amount
of material?

It is clear that this problem is equivalent to the plane problem of cutting three circles
from a given triangle so that the sum of their areas is maximized. As noted in [1],
Malfatti, and many others who considered the problem, assumed that the solution would
be the three circles that are tangent to each other, while each circle is tangent to two
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Fig. 1

sides of the triangle (Fig. 1). These circles have became known in the literature as the
Malfatti circles, and we refer the reader to [2] and [5] for some historical remarks on the
derivation of their radii.

In 1929, H. Lob and H. W. Richmond [2] gave a very simple counterexample to the
Malfatti conjecture. Namely, they noted that in the case of an equilateral triangle the sum
of the areas of the incircle and the two circles tangent to it and inscribed in two angles
of the triangle is greater than the sum of the areas of the Malfatti circles. Moreover,
M. Goldberg [1] proved in 1967 that the Malfatti circles never give a solution of the
Malfatti problem.

To the best of the author’s knowledge the Malfatti problem was first solved by V. Zal-
galler and G. Loss [6] in 1991. They proved that for any triangle ABC with angles
∠ A ≤ ∠ B ≤ ∠ C the solution of the Malfatti problem is given by the three circles
k1, k2 andk3, wherek1 is the incircle of the triangle,k2 is the circle inscribed in∠A
and externally tangent tok1, andk3 is either the circle inscribed in∠A and externally
tangent tok2 (Fig. 2) or the circle inscribed in∠B and externally tangent tok1 (Fig. 3),

depending on whethersin
A

2
≥ tg

B

4
.

Fig. 2 Fig. 3

The proof of the above result given by Zalgaller and Loss is very long (more than
25 pages) and at some key points it uses computer computations. In short the proof
goes as follows. The first step is to show that it is enough to consider the following 14
configurations of the three circles:
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Then configurations 3 – 14 are excluded by using case-by-casearguments showing that
the respective three circles have less combined area than those of configurations 1 or 2.

The purpose of this project is two-fold. Firstly, we discussin details one of the
main difficulties in the Zalgaller and Loss solution of the Malfatti problem, namely the
exclusion of configuration 6. Note that this is equivalent toprove that the Malfatti circles
never give a solution of the Malfatti problem. Secondly, we give new solutions of the
Malfatti problems for an equilateral triangle or a square byusing the so-calleddual
Malfatti problems. At the end of the project we discuss the possibility of applying the
so-calledgreedy algorithmfor solving Malfatti’s type problems and state some open
related problems.

The project is organized as follows. In Section 2 the well-known formulae [2] for
the radii of the Malfatti circles of a triangle are derived. In Section 3 a trigonometric
inequality for acute-angled triangles, due to Zallgarer [6], is proved. It implies that the
Malfatti circles never give a solution of the Malfatti problem. Section 4 is devoted to
some problems which in a sense are dual to the Malfatti problems for two circles. More
precisely, we find explicit formulae for the side-lengths ofthe smallest equilateral tri-
angle and square containing two non-intersecting circles of given radii. These formulae
are used to solve the Malfatti problem for an equilateral triangle or a square. In Section
5 we consider some problems of Malfatti’s type and show that they cannot be solved by
using the so-calledgreedy algorithm. In the last section of the project we state some
open problems that might be objects of future investigations.

2 Malfatti’s circles

It is well-known that for any triangle there exist three circles such that each of them
is tangent to the other two and to two sides of the triangle. These circles are uniquely
determined and are known in the literature asMalfatti’s circles.

In this section we shall derive some useful formulae for the radii of the Malfatti circles
of a triangle.

Theorem 2.1 [2]. Let ABC be a triangle with anglesα, β, γ and inradiusr and letrA,
rB andrC be the radii of the Malfatti circles inscribed respectivelyin the anglesA, B
andC. Then



Malfatti’s problems 203

rA =
r

2

(

1 + tg
β

4

)

(

1 + tg
γ

4

)

(

1 + tg
α

4

)

rB =
r

2

(

1 + tg
α

4

)(

1 + tg
γ

4

)

(

1 + tg
β

4

) (1)

rC =
r

2

(

1 + tg
α

4

)

(

1 + tg
β

4

)

(

1 + tg
γ

4

) .

Proof. Let OA andOB be the centres of the Malfatti circles inscribed in anglesA and
B, and letL andM be their tangent points with the sideAB (Fig. 4). Then

AL = rA ctg
α

2
, MB = rB ctg

β

2
,

LM =
√

(rA + rB)2 − (rA − rB)2 = 2
√

rArB.

Fig. 4

On the other handAB = r

(

ctg
α

2
+ ctg

β

2

)

and we get the identity

rA ctg
α

2
+ rB ctg

β

2
+ 2

√
rArB = r

(

ctg
α

2
+ ctg

β

2

)

.

The same reasoning shows that the radiirA, rB andrC of the Malfatti circles are solu-
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tions of the following system:

rA ctg
α

2
+ rB ctg

β

2
+ 2

√
rArB = r

(

ctg
α

2
+ ctg

β

2

)

rB ctg
β

2
+ rC ctg

γ

2
+ 2

√
rBrC = r

(

ctg
β

2
+ ctg

γ

2

)

(2)

rC ctg
γ

2
+ rA ctg

α

2
+ 2

√
rCrA = r

(

ctg
γ

2
+ ctg

α

2

)

.

Now we shall check thatrA, rB and rC given by formulae (1) satisfy the above
system. The uniqueness of the solutions of (2) is proved in [2].

Set tg
α

4
= x, tg

β

4
= y and tg

γ

4
= z. Then

ctg
α

2
=

1 − tg2 α
4

2tgα
4

=
1 − x2

2x

ctg
β

2
=

1 − tg2 β
4

2tg β
4

=
1 − y2

2y

ctg
γ

2
=

1 − tg2 γ
4

2tg γ
4

=
1 − z2

2z
.

Hence plugging the expressions forrA, rB andrC from (1) in the first identity of (2) we
see that we have to prove the identity

(1 + y)(1 + z)(1 − x2)

2(1 + x)x
+

(1 + x)(1 + z)(1 − y2)

2(1 + y)y
+ 1 + z =

1 − x2

2x
+

1 − y2

2y
.

Simple algebraic manipulations show that the above identity is equivalent to the identity

x + y + z + xy + yz + zx − xyz = 1. (3)

On the other hand tg

(

α

4
+

β

4
+

γ

4

)

= tg
π

4
= 1 and using the formula

tg

(

α

4
+

β

4
+

γ

4

)

=
tg

α

4
+ tg (

β

4
+

γ

4
)

1 − tg
α

4
tg

(

β

4
+

γ

4

)

=
tg

α

4
+ tg

β

4
+ tg

γ

4
− tg

α

4
tg

β

4
tg

γ

4

1 − tg
α

4
tg

β

4
− tg

β

4
tg

γ

4
− tg

γ

4
tg

α

4
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we get

tg
α

4
+ tg

β

4
+ tg

γ

4
+ tg

α

4
tg

β

4
+ tg

β

4
tg

γ

4
+ tg

α

4
tg

γ

4
− tg

α

4
tg

β

4
tg

γ

4
= 1.

Hence the identity (3) holds true and the Theorem is proved.

3 An inequality for acute triangles

In this section we shall prove an inequality of Zalgaller [6]for the angles of an acute
triangle which implies that the Malfatti circles never givea solution of the Malfatti prob-
lem. In the exposition below we follow [6] and [7].

Theorem 3.1. Let α, β andγ be the angles of an acute triangle. Then

(

1 + tg
α

2

)4
+

(

1 + tg
β

2

)4

+
(

1 + tg
γ

2

)4

(

1 + tg
α

2

)2
(

1 + tg
β

2

)2
(

1 + tg
γ

2

)2

≤ C +
2

3

(

tg4 α

2
+ tg4 β

2
+ tg4 γ

2

)

, (4)

where

C =
9

(
√

3 + 1)2
− 2

9
≈ 0, 98355.

The identity is achieved only for equilateral triangles.

Proof. We first prove two lemmas.

Lemma 1. Let

f(x) =
4

3
x4 +

(1 − x2)4

24x4
− 8x2

(1 + 2x − x2)2
− (1 + 2x − x2)2

4x2(1 + x)4
. (5)

Then the minimum of the functionf(x) in the intervalx ∈ [0, 4 , 1] is attained at the

point x =
1√
3

and is equal tof

(

1√
3

)

=
2

9
− 9

(
√

3 + 1)2
= −C.

Proof of Lemma 1. Set

A(x) =
4

3
x4 +

(1 − x2)4

24x4
, B(x) = − 8x2

(1 + 2x − x2)2
− (1 + 2x − x2)2

4x2(1 + x)4
.
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Direct computations show that the derivatives ofA(x) andB(x) are given by

A′(x) =
(3x2 − 1)(11x6 + 3x4 + x2 + 1)

6x5

and

B′(x) = − 3x2 − 1

2x3(1 + x)5(1 + 2x − x2)3
· (11x9 + 49x8 + 140x7

+ 148x6 + 194x5 + 214x4 + 140x3 + 52x2 + 11x + 1).

Hence

f ′(x) = A′(x) + B′(x) = (3x2 − 1)
ϕ(x)

φ(x)
, (6)

where

ϕ(x) = −11x17 + 11x16 + 118x15 + 14x14 − 474x13 − 546x12 + 301x11

+ 1091x10 + 892x9 + 424x8 − 132x7 − 408x6 − 234x5 + 22x4

+ 89x3 + 47x2 + 11x + 1

and
φ(x) = 6x5(1 + x)5(1 + 2x − x2)3.

It is obvious thatφ(x) > 0 for x ∈ [0, 4 , 1]. On the other hand the functionϕ(x) can
be represented as a sum of positive and non-negative functions in the given interval as
follows:

ϕ(x) = (1 − x3)6(22x4 + 68x3 + 39x2) + (1 − x8)2 + 11x(1 − x7)2

+ 8x2(1 − x6)2 + 21x3(1 − x5)2 + 220x16(x − 0, 4) + 320x9(x − 0, 4)

+ x16(408x2 − 65) + x8(441x2 − 70) + x8(141x3 − 9)

+ x19(132 − 39x − 68x2 − 22x3) + 3x17

+ x11(940 + 814x − 55x2 − 579x3 − 913x4 − 167x5).

Henceϕ(x) > 0 and it follows from (6) that the functionf(x) decreases in the interval
[

0, 4 ,
1√
3

]

and increases in the interval

[

1√
3

, 1

]

. This shows that the minimum of

f(x) in the interval[0, 4 , 1] is attained at the pointx =
1√
3

and the lemma is proved.
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Lemma 2. Theorem 3.1 is true for isosceles triangles.

Proof of Lemma 2. Let the angles of an isosceles triangle beα, α and2
(π

2
− α

)

, where

π

4
< α <

π

2
. Set tg

α

2
= x. Then the identity tg

π

8
=

sin
π

4

1 + cos
π

4

=
1√

2 + 1
=

√
2 − 1

shows that
√

2 − 1 < x < 1. It is easy to check that in this case the inequality (4) has
the form

8x2

(1 + 2x − x2)2
+

(1 + 2x − x2)2

4x2(1 + x)4
≤ C +

2

3

[

2x4 +
(1 − x2)4

16x4

]

and Lemma 2 follows from Lemma 1.

Now we are ready to prove Theorem 3.1. Denote byp, R andr the semi-perimeter,
the circumradius and the inradius of a triangle, respectively. Without loss of generality
we may assume that

4R + r = 1. (7)

Under this condition we have the following well-known identities:

tg
α

2
+ tg

β

2
+ tg

γ

2
=

1

p

tg
α

2
tg

β

2
+ tg

β

2
tg

γ

2
+ tg

γ

2
tg

α

2
= 1

tg
α

2
tg

β

2
tg

γ

2
=

r

p
.

Hence we may express the following symmetric functions of tg
α

2
, tg

β

2
and tg

γ

2
by

means ofp andr:

tg4 α

2
+ tg4 β

2
+ tg4 γ

2
=

1

p4
(4rp2 + 2p4 − 4p2 + 1),

(1 + tg
α

2
)4 +

(

1 + tg
β

2

)4

+
(

1 + tg
γ

2

)4
=

1

p4
(4rp2(3p + 1) − 7p4 − 8p3 + 2p2 + 4p + 1),

(

1 + tg
α

2

)

(

1 + tg
β

2

)

(

1 + tg
γ

2

)

=
1

p
(r + 2p + 1).
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The Euler’s inequalityR ≥ 2r and (7) imply that0 < r ≤ 1

9
. On the other hand by

Blundon’s inequality [4] we have

2R2 + 10Rr − r2 − 2(R − 2r)
√

R2 − 2Rr

≤ p2 ≤ 2R2 + 10Rr − r2 + 2(R − 2r)
√

R2 − 2Rr.

Hence for fixedr andR =
(1 − r)

4
the semi-perimeterp ranges from

pmin(r) =

√

1

8
+

9r

4
− 27r2

8
− 1 − 9r

8

√

1 − 10r + 9r2

to

pmax(r) =

√

1

8
+

9r

4
− 27r2

8
+

1 − 9r

8

√

1 − 10r + 9r2

andp = pmax(r) is attained for isosceles triangles only. Note thatp < πR =
π(1 − r)

4
<

π

4
< 1. It is also well-known [4] thatp > 2R + r =

1 + r

2
for acute triangles.

The admissible values ofr andp are presented by the regionKLM on Fig. 5, where

KL : p = pmax(r), ML : p = pmin(r), KM : p =
1 + r

2
.

Consider the function

φ(r, p) =
2

3

(

tg4 α

2
+ tg4 β

2
+ tg4 γ

2

)

−

(

1 + tg
α

2

)4
+

(

1 + tg
β

2

)4

+
(

1 + tg
γ

2

)4

(

1 + tg
α

2

)2
(

1 + tg
β

2

)2
(

1 + tg
γ

2

)2

=
2

3

(

4rp2 + 2p4 − 4p2 + 1
)

− 4rp2(3p + 1) − 7p4 − 8p3 + 2p2 + 4p + 1

(r + 2p + 1)2p2
.

Direct computations show that the partial derivative ofφ(r, p) with respect tor is
given by

∂φ

∂r
=

2

3p2(r + 2p + 1)3
(

4p4r3 + 12p4(2p + 1)r2

+ 6p2(8p4 + 8p3 + 2p2 + 3p + 1)r

+ (32p7 + 48p6 + 24p5 − 53p4 − 54p3 + 12p + 3)
)

> 0.
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Fig. 5

Hence the minimum of the functionφ(r, p) is attained forp = pmax(r) (see Fig. 5),
i. e. for isosceles triangles only.

Now we shall use Theorem 3.1 to prove that the Malfatti circles never give a solution

of the Malfatti problem. Set̃α =
π

4
− α

4
, β̃ =

π

4
− β

4
, γ̃ =

π

4
− γ

4
. Then

(

1 + tg
α

4

)2
= 2

1 + sin
α

2

1 + cos
α

2

= 2
1 + cos 2α̃

1 + sin 2α̃
=

4

(1 + tg α̃)2

and we get from Theorem 2.1 that

r2
A = r

(1 + tg α̃)2

(1 + tg β̃)2(1 + tg γ̃)2
.

Consider the three circles that are inscribed in the angles of the triangle and are tan-
gent to the incircle. It is easy to check that their radii are given by

rα = r
1 − sin

α

2

1 + sin
α

2

, rβ = r
1 − sin

β

2

1 + sin
β

2

, rγ = r
1 − sin

γ

2

1 + sin
γ

2

.

Note also thatrα = r tg2α̃ etc. Hence Theorem 3.1 implies the inequality

r2
A + r2

B + r2
C < r2 +

2

3

(

r2
α + r2

β + r2
γ

)

(8)
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since it is equivalent to the inequality

(1 + tg α̃)4 + (1 + tg β̃)4 + (1 + tg γ̃)4

(1 + tg α̃)2 (1 + tg β̃)2 (1 + tg γ̃)2
< 1 +

2

3

(

tg4α̃ + tg4β̃ + tg4γ̃
)

.

The inequality (8) shows that the incircle and the two largest circles inscribed in the an-
gles of a triangle and tangent to the incircle have greater combined area than the Malfatti
circles.

4 The Malfatti problems for equilateral triangles and squares

In this section we shall give simple proofs of the Malfatti problems for equilateral trian-
gle and square. To do this we shall use the so-calleddual Malfatti problems.

4.1 Dual Malfatti problems for equilateral triangles and squares

We first consider the dual Malfatti problem for equilateral triangle and two circles.

Problem 4.1. Given two positive numbersa and b find the side-length of the smallest
equilateral triangle containing two nonintersecting circles of radiia andb respectively.

Fig. 6

Solution. We shall assume thata ≥ b. LetABC be an equilateral triangle of side-length
x which contains two nonintersecting circlesk1(O1, a) andk2(O2, b). Then the inradius
of ABC is not less thana and therefore we have the inequality

x ≥ 2
√

3 a. (9)
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Further note that the centerO1 of the circlek1 lies inside the equilateral triangleA1B1C1

whose sides are at distancea apart from the sides of triangleABC (Fig. 6).
AnalogouslyO2 lies inside the equilateral triangleA2B2C2 whose sides are at dis-

tanceb apart from the sides of triangleABC. Denote byO the center of triangleABC.
Then

O1O2 ≤ A2C1. (10)

Since the distances fromO to AC and A1C1 are respectively
x

2
√

3
and

x

2
√

3
− a it

follows that
A1C1

AC
=

x

2
√

3
− a

x

2
√

3

. HenceA1C1 = x − 2
√

3 a. AnalogouslyA2C2 =

x − 2
√

3 b. Let M be the foot of the perpendicular fromC1 to A2C2. Then

A2M = A2C2 − MC2 = x − 2
√

3 b − A2C2 − A1C1

2

= x − 2
√

3 b − x

2
+

√
3 b +

x

2
− a

√
3 = x − (a + b)

√
3.

Now using the Pythagorean theorem for△A2C1M we get

(A2C2)
2 = (a − b)2 + (x −

√
3 (a + b))2. (11)

On the other hand sincek1 andk2 are nonintersecting circles we have

(O1O2)
2 ≥ (a + b)2. (12)

Hence (9), (10), (11) and (12) imply the inequality

x ≥
√

3(a + b) + 2
√

ab. (13)

Sett(a, b) = max
{

2
√

3 a,
√

3 (a + b) + 2
√

ab)
}

. Then it follows from (9) and (13)

thatx ≥ t(a, b).
Now we shall show that an equilateral triangleABC of side-lengtht(a, b) contains

two nonintersecting circlesk1 andk2 of radii a andb. Indeed, ifa ≥ 3b thent(a, b) =
2
√

3 a and in this casek1 is the incircle of triangleABC. Let k be the circle inscribed
in angleA and which is tangent tok1. Then it is easy to check that its radius is equal to

r =
a

3
. Hence we can place a circlek2 of radiusb in the interior ofk and it does not

intersect the circlek1. If b ≤ a ≤ 3b thent(a, b) =
√

3 (a + b) + 2
√

ab and we can take
ask1 andk2 the circles of radiia andb with centers at the pointsC1 andA2, respectively.
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Note that these circles are inscribed in anglesC andA of △ABC, respectively and they
are tangent to each other.

Thus we have shown that the side-length of the smallest equilateral triangle contain-
ing two nonintersecting circles of radiia andb is equal to

t(a, b) =

{ √
3 (a + b) + 2

√
ab if b ≤ a ≤ 3b

2
√

3 if a ≥ 3b.

Now we shall solve the dual Malfatti problem for a square and two circles.

Problem 4.2. Given two positive numbersa andb find the side-length of the smallest
square containing two nonintersecting circles of radiia andb.

Solution. The solution is similar to that of Problem 4.1. LetABCD be a square of side-
lengthx containing two nonintersecting circlesk1(O1, a) andk2(O2, b), wherea ≥ b.
Since its inradius is not less thana we get

x ≥ 2a. (14)

The centerO1 of k1 lies inside the squareA1B1C1D1 whose sides are at distancea apart
from the sides ofABCD (Fig. 7). Analogously the centerO2 of the circlek2 lies inside
the squareA2B2C2D2 whose sides are at distanceb apart from the sides ofABCD.
Hence

A2C1 ≥ O1O2. (15)

Fig. 7

Now we shall find the length ofA2C1 in terms ofa, b andx. Let C1C
′

1⊥A2B2 and
C ′

1 ∈ A2B2 . Then△A2C1C
′

1 is an isosceles right triangle withC1C
′

1 = x− a− b and
therefore

A2C
2
1 = 2(x − a − b)2 ⇒ A2C1 =

√
2(x − a − b). (16)
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On the other hand since the circlesk1 andk2 are nonintersecting we have that

O1O2 ≥ a + b. (17)

Hence (14), (15), (16) and (17) imply that
√

2 (x − a − b) ≥ a + b, i. e.

x ≥ (a + b)

(

1 +
1√
2

)

. (18)

Sett(a, b) = max

{

2a, (a + b)

(

1 +
1√
2

)}

. Then it follows from (14) and (18) that

x ≥ t(a, b).
Now we shall show that a square of side-lengtht(a, b) contains two nonintersecting

circles of radiia andb. If a ≥ b(
√

2 + 1)2 thent(a, b) = 2a andk1 is the incircle of
the square. Letk be the circle inscribed in angleA and which is tangent tok1. Then
it easy to check that its radius isr = (

√
2 − 1)2a. Hence we can place a circlek2 of

radiusb in the interior ofk and it does not intersectk1. If b ≤ a ≤ b(
√

2 + 1)2 then

t(a, b) ≥ (a + b)

(

1 +
1√
2

)

and we can take ask1 andk2 the circles of radiia andb

and centers at the pointsA2 andC1, respectively.
Thus we have shown that the side-length of the smallest square containing two non-

intersecting circles of radiia andb is equal to

t(a, b) =







2a if a ≥ b(
√

2 + 1)2

(a + b)

(

1 +
1√
2

)

if b ≤ a ≤ b(
√

2 + 1)2.

4.2 The Malfatti problems for equilateral triangles and squares

In this subsection we shall solve the Malfatti problems for equilateral triangles and
squares by using Problems 4.1 and 4.2. We first consider the case of an equilateral
triangle.

Malfatti problem 1. Three nonintersecting circles lie in the interior of an equilateral
triangle. Prove that the sum of their areas is maximal when one of them is the incircle of
the triangle and the other two are inscribed in its angles andare tangent to the incircle.

Proof. We shall assume that the side-length of the triangle is1. Then the radius of its

incircle is equal to
1

2
√

3
and the radii of the circles inscribed in its angles and tangent

to the incircle are equal to
1

6
√

3
. Let us consider three arbitrary nonintersecting circles
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lying in the interior of the triangle and denote their radii by a, b andc, wherea ≥ b ≥ c.
We have to prove that

a2 + b2 + c2 ≤ 11

108
.

To do this we shall consider two cases.

Case 1. Let a ≥ 3b. The inequalitya ≤ 1

2
√

3
impliesa2 + b2 + c2 ≤ a2 + 2b2 ≤

a2 +
2a2

9
≤ 11

108
and the above inequality is proved.

Case 2. Let b ≤ a ≤ 3b. It follows from Problem 4.1 that
√

3(a + b) + 2
√

ab ≤ 1.
Seta = 3x2b, wherex > 0. Then the above inequalities are equivalent to

1√
3
≤ x ≤ 1 and b ≤ 1√

3(3x2 + 2x + 1)
.

Hence

a2 + b2 + c2 ≤ a2 + 2b2 = (9x2 + 2)b2 ≤ 9x4 + 2

3(3x2 + 2x + 1)2

and it is enough to prove that

9x4 + 2

(3x2 + 2x + 1)2
≤ 11

36
for x ∈

[

1√
3
, 1

]

.

It is easy to check that this inequality is equivalent to225x4 − 132x3 − 110x2 − 44x +
61 ≤ 0 in the given interval forx. We can rewrite the latter inequality in the form

(225x3 + 93x2 − 17x − 61)(x − 1) ≤ 0. Hence it is fulfilled forx ∈
[

1√
3
, 1

]

since

(x − 1) ≤ 0 and225x3 + 93x2 − 17x − 61 = 51x(x2 − 1

3
) + 174x3 + 93x2 − 61 ≥

174x3 + 93x2 − 61 ≥ 174

3
√

3
+

93

3
− 61 > 0. This completes the proof.

Next we consider the case of a square.

Malfatti problem 2. Three nonintersecting circles lie in the interior of a square. Prove
that the sum of their areas is maximal when one of them is the incircle of the square and
the other two are inscribed in its angles and are tangent to the incircle.

Proof. We shall assume that the side-length of the square is1. Then the radius of its

incircle is equal to
1

2
and the radii of the circles inscribed in the angles of the square and
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tangent to the incircle are equal to
(
√

2 − 1)2

2
. Let us consider arbitrary three nonin-

tersecting circles lying in the interior of the square and denote their radii bya, b andc,

wherea ≥ b ≥ c. Then we have to prove thata2 + b2 + c2 ≤ 35 − 24
√

2

4
. To do this

we shall consider two cases.

Case1.Let a > b(
√

2+1)2. Thena2 + b2 + c2 ≤ a2 +2b2 = a2

(

1 +
2

(
√

2 + 1)4

)

.

Sincea ≤ 1

2
we geta2

(

1 +
2

(
√

2 + 1)4

)

≤ 1

4
+

1

2(
√

2 + 1)4
=

35 − 24
√

2

4
.

Case 2.Let b ≤ a ≤ b(
√

2 + 1)2. Then it follows from Problem 4.2 that

(a + b)

(√
2 + 1√

2

)

≤ 1.

Seta = tb, wheret > 0. Then the above inequalities are equivalent to

1 ≤ t ≤ (
√

2 + 1)2 and b ≤
√

2

(
√

2 + 1)(t + 1)
.

Hence

a2 + b2 + c2 ≤ a2 + 2b2 = (t2 + 2)b2 ≤ 2(t2 + 2)

(
√

2 + 1)2(t + 1)2

and it is enough to prove that

2(t2 + 2)

(
√

2 + 1)2(t + 1)2
≤ 35 − 24

√
2

4
for t ∈

[

1, (
√

2 + 1)2
]

.

Simple algebraic manipulations show that the former inequality is equivalent to

(2
√

2 − 1)t2 + (4
√

2 − 18)t + 7 + 2
√

2 ≤ 0. (19)

Since this inequality is quadratic and2
√

2−1 > 0, it is enough to check that it is fulfilled
for t1 = 1 andt2 = (

√
2 + 1)2. Setf(x) = (2

√
2 − 1)x2 + (4

√
2 − 18)x + 7 + 2

√
2.

Thenf(1) = 8
√

2 − 12 < 0 andf((
√

2 + 1)2) = (2
√

2 − 1)(3 + 2
√

2)2 + (4
√

2 −
18)(

√
2 + 1)2 + 7 + 2

√
2 = 0. Hence the inequality (19) is true fort ∈

[

1, (
√

2 + 1)2
]

and the equality is attained if and only ift = (
√

2 + 1)2.
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5 Malfatti type problems and the greedy algorithm

The Theorem of Zalgaller and Loss shows that the solution of the Malfatti problem is
given by using the so-calledgreedy algorithm. Namely, at each step we cut the largest
possible circle. As we saw in Section 3 the same is also true for the solution of the
Malfatti problem for a square. Of course, one can formulate various other Malfatti type
problems and it is tempting to conjecture that their solutions are given by using the
greedy algorithm. The purpose of this section is to show thatthis is not true in general.

Let us consider the following problem:

Problem 5.1. Given a circle cut three nonintersecting triangles so that the sum of their
areas is maximal.

Fig. 8 Fig. 9

We shall show that the greedy algorithm does not give a solution of this problem. To
do this let us assume the contrary. Then at the first step we have to cut an equilateral
triangleABD, inscribed in the given circle (Fig. 8). This is so, since it is well-known
that among all triangles inscribed in a given circle the equilateral triangles have the
greatest area. Then according to the greedy algorithm at thenext two steps we have
to cut two triangles of maximal areas from the segments of thecircle cut by the sides
of triangleABD. Consider, for example, the segment cut by the sideAD. Then the
triangle of maximal area that we can cut from it isADE, whereE is the midpoint of the

arc
⌢

AD. Therefore the solution of the problem given by the greedy algorithm consists

of trianglesABD, ADE andBDC, whereE andC are the midpoints of the arcs
⌢

AD

and
⌢

BD (Fig. 8).
Consider now the regular pentagonPQRST inscribed in the given circle (Fig. 9).

Then, as is well-known, the area ofPQRST is greater than the area of the pentagon
ABCDE since the latter is not regular. Therefore the sum of the areas of triangles
PQS, PST andQSR is greater than the sum of the areas of trianglesABD, ADE and
BDC. This shows that the solution of Problem 5.1 is not given by the greedy algorithm.
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It is easy to prove that the solution of Problem 5.1 for two triangles is given by any
two isosceles right triangles forming a square inscribed inthe circle. So, it is natural to
conjecture that the solution of the analogous problem forn triangles is given by anyn
triangles forming a regular(n + 2)-gon inscribed in the given circle. It is interesting
to note that if the above conjecture is true then the solutionof the problem for an odd
number of triangles is not given by the greedy algorithm, whereas if the number of
triangles is an even integer of the form3 · 2n+1 − 2, a solution of the problem can be
obtained by using the greedy algorithm (Fig. 10).

Fig. 10

6 Concluding remarks and questions

As we noted in the Introduction the solution of the Malfatti problem given by Zalgaller
and Loss [7] is very difficult and we presented in Section 3 a different approach for
solving this problem in the case of an equilateral triangle.This approach was based on
the so-called dual Malfatti problem for two circles and we saw that the same idea can
be used also for solving the Malfatti problem for a square. One may also consider the
respective Malfatti problems for four (or more) circles andtry to use the dual Malfatti
problems for equilateral triangles and squares and three circles. Unfortunately we do not
know how to solve these problems in the general case.

Another interesting question is connected with Zalgaller’s inequality [6] which im-
plies that the Malfatti circles never give a solution of the Malfatti problem (see Section
2). Its proof is based on Blundon’s inequality and the investigation of a rather com-
plicated function of two variables. So, it is interesting toknow whether one can prove
Zalgaller’s inequality by using only Blundon’s inequality.

Finally, let us note that we do not know how to solve Problem 5.1 and its analogs for
n > 2 circles.
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